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Beryn

[Ipejamerom aHaiTu4YHOL reoMeTpil € KJjacuyuHl 00’ €KTh JIOC/ILJKEHHST eJIeMEeHTapHOl
reoMeTpil, Takl sK IpsgAMI Ha IJIOMKUHI 1 B MPOCTOPI, IJIOMIUHUA B IPOCTOPl, a Ta-
KOYK TeOMeTpUYHI (pirypu Ha TJIOIMKWHI uK B ipocTopi. MeTojioM JlocijiKeHH s € Me-
TOJI, KOOPJIMHAT, 1110 Oa30BaHUil HA CUCTEMATUYHOMY BUKOPUCTAHHI BEKTOPHOI MOBU
IIpU PO3B’s3aHHI MeOMETPUIHKNX 3aJa4d. Po3B’s3K1 3a/1a1, 1110 BUKOHAHI 38 JIOIIOMO-
I'OI0 BEKTOPIB, HE MICTATH iH(OpMAIll IIPO BUMIPHICTH IIPOCTOPY, B SIKOMY BJIaCHE
po3B’sd3yBaJjach 3aja4ua, i TOMY JIO3BOJISIOTH JIaJIeKOCSI»KHI y3araJibHEeHHs.

[TeBHuit Kac 3a/1a9 — HO3UIIRHUX — He NOMPEOYE HASIBHOCTI CIIOCOOY BUMIPY JI0B-
>KIH BIJIPI3KiB, TOOTO Mempuyunoi cmpyrmypu. Taki 3agadi MOXKYTh OYTH PO3B’sI3aH1
3a HasgBHOCTI adinHol cucremu KoopauHat. Lle 3a/at4i Ha B3aeMHE PO3TAILYBAHHS TO-
YOK, TPAMUX 1 TJIONTNH.

[Himmit Kjaac 3aja4 — METPUUHUX — nompebye HAsIBHOCTI Mempuunoi cmpyxmy-
Pu, 10 BU3HAUAETHCA CKAJSIPHUM JIOOYTKOM. 3a HAsSBHOCTI CKaJSIPHOTO JOOYTKY Ha
ILJIOIIMHI YU B IIPOCTOPI MOXKHA 00paTh MPAMOKYTHY JEKapTOBY CUCTEMY KOOPJIUHAT
1 HaJIaTH 1HIIIOTO 3MICTY PIBHAHHAM MPAMUX 1 IJIOHUH, CIIPOCTUTH PO3B’s3aHHS 110~
BUIIHHUX 3a/1a4, BUKOHATH OOYMCJIEHHSI JIOBXKUH BIAPI3KIB, KYTiB MiXK HPSAMUMU Ta
IJIOTIMHAMY B PI3HUX KOMOIHAIIAX, BIJICTaHel MIXK TOUKAMU, IPIMUMH 1 IIJIONUHAMI
B pI3HMX KOMOIHAIISX, ILJIOI] IJIOCKUX Ta 00’€MiB IIPOCTOPOBUX (MITryp.

Poznin 1 nociburka MiCTUTH OCHOBHI BIJIOMOCT1 3 BEKTOPHOI aJireOpu, BBOJUTHCS
HOHATTs Da3UCy BEKTOPHOI'O 1IPOCTOPY, adiHHOI cucTeMu KoopjiuHar. Po3s’si3ytoTbest
MO3UIIIHI 3a/1a41 B3a€EMHOT0O PO3TAITYBaHHS TOYOK, TPAMUX 1 TIJIOMINAH.

Posnin 2 MicTuTh po3B’sd3aHHs MO3UIIAHO-METPUIHUX 33024 JIJII TOUOK, IIPAMEIX
1 TIJIOTIWH Ha TJIONIMHI Ta, B TPOCTOP1 3 BUKOPUCTAHHAM CKaJSIPHOTO, BEKTOPHOTO Ta
MiIaHOro JIOOYTKIB BEKTOPIB Y JIEKApPTOBI#l 1PsiMOKYTHI# cucremi Koopjmuar. Bu-
3HAYAETHCST METPUTHA (hOPMa, IIOIIUHE Ta TTPOCTOPY BiTHOCHO ahiHHOT (KOCOKYTHOT )
CUCTEeMH KOOPJIMHAT 1 OIUCYETHCS METOJIMKA PO3B sI3aHHS JIEIKUX METPUIHUX 33121
Ha ILJIOIIMHI 1 B IPOCTOPI 3 apiHHOIO CHUCTEMOIO KOODJIMHAT.

Po3zin 3 mictuTh 3aCTOCYBaHHSI METOJIB aHAJITUIHOI IeOMeTpil JI0 OIUCY T'€0-
METPUIHUX MICI[b TOYOK, OMKUCY PYXiB (i30MeTpiil) MIOMKHA Ta TPOCTOPY (TeopeMu
[lass), 0bepTajbHOTO PyXy HABKOJIO OCI 3a JOMOMOTO0 KBATEDHIOHIB, OIKCY OILy-
KJIMX MHOXXWH Ta PO3B’s3aHHs 3aja4il JIHIHHOIO MporpaMyBaHHSI.

Poziis 4 j10 ieBHol Mipu € pakyjibTaTUBHUM 1 MICTUTD y3araJbHEHHs TO3UITHHIX
Ta METPUYHKUX 3aJa49 Ha BUMIAJ0K adIHHAX IPOCTOPIB BUMIpHOCTI n > 3.



MarepiaJi mociOHUKa TOJAHUN y BUIVISI MOCTIIOBHOCTI 3a/1ad PI3HOINO CTYIIEHS
CKJIAJIHOCT1. ¥ HEOOXIIHUX MICISIX HaJIaHO O3HAYEHH:, 10 BUKOPUCTOBYIOTHCS TIPH
dbopmysbosi 3ajad. esiki 3amaqi (raxi, sk reopemu Ilasst, merpuuni 3ajgaui B
OaraTOBUMIpHUX HPOCTOPAX Ta iH.) GAKTUIHO € HETPUBIAJILHUMU TEOPEMAMU 1 TOMY
MOJIAI0OTHCA 3 TIOBHUMHU JIOBEJIeHHAMU. PO3B’A3KM OLIBIIT TPOCTUX 3a/1a4 MOJIAHO JIJIs
HAOYTTS YMTadeM JIOCBIJly BUKOPUCTaHHSI I€OMETPUIHUX MeToJiB. Besuka vactuna
3a/1a4 110JIaHa 3 NJIKA3KaM# Ta BIIIIOBLISIMHA.

[TociOHMK clipsiMOBaHMIA MEpI 33 BCe Ha CAMOCTIHHY pOOOTY B OBOJIOJIIHHI METO-
JlaMHU aHAJITUYIHOI TeoMeTpil CTy/leHTaMu MaTeMaTHIHUX CIeliaJbHOCTell yHIBEpCH-
TeTiB. 3MICT TOCIOHWKA BIJINMOBIIa€ KyPCYy aHAJITHIHOI TEOMETPIT, 1110 BUKJIAIAE€THCS
Ha ¢akysibreri MareMaruku 1 indopMmaTukn B XapKiBCbKOMY HalllOHAJILHOMY Y Hi-
Bepcuteri iMeni B. H. Kapagina.

ABTOp BHCIOBIIOE TONISIKY KoJieraM 3 Kadeapn (yHIaMeHTaJbHOI MaTeMaTHKH
€. B. Ilerpory, O. O. yraitno ta €. O. KaposiHchbkoMy 3a KPUTHUHI 3ayBarke-
HHS 1 TTOpajii MO0 3MICTY Ta METH MOCIOHWKA, a TAKOXK CTyJAeHTaM (aKyJIbTeTy
mareMaTuky 1 iHgopmaruku I. Pociauk Ta I. I'aBpuieHky 3a HajJaHHS aKypaTHUX
KOHCIIEKTIB JIEKIIIA.



Pozmia 1

Ilozuiiiina aHaJITHYHA IreoMeTPis

1.1 Bekropunu ii onepaiiili HaJ HUIMHI

B mupokomy posyminni ajredpa — 1ie Hayka PO olepaliil HaJl [IeBHUMU 00 €KTaMu
Ta PO BJIACTHBOCTI UX omepariii. B janomy po3misi po3riasaaloThes omepariil Hal
BEKTOpAMU, TOOTO €JIEMEHTH GEKMOPHOL aN2eOPU.

Cnpamosanum 61dpi3kom Ha IJIOMKMHI D0 B POCTOPI HABUBAETHCS YIIOPSIIKOBA-
ra mapa To4uoK (A, B). Touka A Ha3MBaeThCsl MOYATKOBOI TOUKOIO, a00 Nouamxom
CIIPSIMOBAHOIO BIJIpi3Ka, a TouKa B — floro KiHIEeBOIO TOYKOI, ab0 KiHUEM CIIPIMO-
BaHOTO BiJpizka. CrupsMoBaHuUil BiIPI30K 3 ogarkoM B To4dIl A i kinmnem B Touni B
O3HAYAI0TL CUMBOJIOM AB.

JIBa crpssMOBaHI BIAPI3KU HA3UBAIOTHCA KOAIHEAPHIMU, SIKITIO BOHA PO3TAIIOBaHI
Ha OJIHI abo Ha napaJieJibHUX MPAMUX.

Hexaii [ — npsma, O € [. Touka O po3dusae [ Ha Bl miBIpsmi. 3adikCyeMo TOUKY
A # O na upsawiit. IIpomenem 3 nodarkom y Touri O HA3UBAETHCs 00’ € THAHHS YCiX
Bi,szi3KiB,£o MICTSITh TOUKY A 1 MafoTh criabauil Kigernsb y Touri O. CupsMoBaHuit
Blpizok OA 0/IHO3HAYHO BUBHAYAE HPOMiHb, 10 MK 1103HaUUMO Yepe3 ray(OA).

Hexaii E, (75 — KOJIiHeapH1 CIPSIMOBAHI BIJIPI3KU, w0 Aedncamb Ha 00nit npa-
miti. i Bipisku HasuBaoThes cniscnpamosanumu (nosuadenns AB 11 C'D), gxio
ray(zﬁ) D ray(@) abo fray(@) D ray(@). Y IPOTUIIEXKHOMY BUIIQJIKY CIIPSsi-
MoBaHi Biapisku AB i @ HA3MBAIOTHCs Npomusesicho cnpamosanumu (AB 1) CD).

3 akcioM IIaHiMeTpil BiJIoMO, IO IpsMa pO30UBAE ILJIOMINHY Ha, /1Bl MiBILJIOIIMHA.
Hexait AB 1 C'D xoniHeapHi cIpsIMOBaHI BIJIPI3KH, W0 HE AEHCATNG WA 00WIT NP~
Mit. BoHN HAa3UBAIOTLCS CNIBCNPAMOBAHUMUY, AKIINO TOUKK B 1 D jexarb B 0dHil
miBIIOMMHI BignocHo mpsamol AC 1 TPOTHIEKHO CIPSIMOBAHUMH, SKIIO TOUYKKA B i
D nexatb B pisnux MiBILIONMHAX BigHocHo npsimol AC.

Hosotcunoto CripsiMOBaHOTO BijIpi3Ka, AB Ha3MBaETHCs JIOBXKWHA BiJIIOBIIHOIO
Biypiska [A, B]. Josxuna cupsivoBanoro sijipiska AB nosnauaerncs sik |AB|.

JIBa cupsiMoBaHI BIAPI3KU HA3UBAIOTHLCS PL6HUMU, TKITO BOHU CIIBCIPAMOBAaHI i
MalOTh OJIHAKOBY JIOBXKHUHY.

Teomempuntum 6EKMOPOM HA3UBAEMDBCA CYKYNHICMY YCIT PISHUT MINC 00010
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8 PO3JILT 1. HO3SUIIIHA AHAJIITUYHA I'EOMETPIS

cnpamosanur 610piakie. KoxkeH 3 TaKUX CIIPSIMOBAHUX BIJIPI3KIB HA3UBAETHCS MIPEJI-
CTaBHUKOM BeKTOpa. BekTopu, Ha BiJIMIHY BiJi CIPSIMOBAaHMX BiJIpi3KiB, OyIeMO II0O-
3HAYATH MaJIMMU HaAIBXWPHUMU JiTepaMi JIaTuHCHLKOTO asibasity. Hampukia,
a,b.c,....

Koken cnpsimoBaHMil BiIPi30K OJHO3HAYHO BH3HAYAE BEKTOD, 1 KOXKEH BEKTOD
Ma€ CBOTO NPEJCTABHUKA 3 TOYATKOM Y Oy/b-sIKiii TOYIN TLIOIIMHKA ab0o MPOCTOPY.
BucnosmioBanns “3adamu npedcmasnura sexmopa 6 daniti movyi’ e€KBIBaJEHTHE
BUCJIOBJIIOBaHHIO “ Bidkaacmu sexmop 6id danoi mowku”. 11106 He 0OTSKYBaTH TEp-
MIHOJIOT0, HaJiaJli BEKTOD 1 CHPSIMOBAHUI BIJIPI30K PO3PI3HATH HE OYyIeMO B TOMY
PO3YMIHHI, 1110, 2080PAYUU NPO GEKMOP, W0Pa3y bydemo obupamu 020 npedcmasHu-
Ka 6idxaadenoz2o 610 nompibroi moyuku. I Ba BEKTOPH HA3BUBAIOTHCST KOAIHEAPHUMU,
SIKITIO BIJIIIOBI/IHI CIIPSIMOBAHI BIJIPI3KH JIexKaTh Ha OJHIA ab0 Ha mapaJjebHuX IIpsi-
mux. Tpu BEKTOPW HA3WBAIOTHCS KOMNAGHAPHUMY, STKITO BIMOBIIHI CITPIMOBaHI
BIPI3KM JiexKaTh B OHIN ab0 B napajebHUX ILJIOIIMHAX.

1.1.1 BekropHuii mpocTip, 6a31c BEKTOPHOTO IMPOCTOPY, KOOPANHATU BE-
KTOpa

Hexait a, b 3ajgani Bekropu. Cymoro a + b BekTopiB a i b HasuBaeTbcs BEKTOD,
MOYATOK SIKOTO 30Ira€ThCsi 3 MOYATKOM BEKTOpPa a, a KiHelb — 3 KiHlleM BeKTopa b
3a YMOBH, 110 BeKTOp b BijiKJajieHUil Bij KiHIlsl BEKTOpa a.

JIOIIOBHMMO MHOXKHUHY CIIPSMOBAHKUX BIAPI3KIB “BiIPI3KOM~, IOUATOK 1 KiHEIb SIKO-
ro 306irarorbes. JJoB:KuHa TaKOro BiJipizka jiopiBHIOE (), a HAIIPSAMOK — HEBU3HAUYCHHUIA.
BusnauuMo nyavo6utl 6exmop K “BeKTOp’, 10 NpeJICTaBJIeHU y KOXKHIil TouIll Hy-
JILOBUM CIIPSIMOBAHUM BifpiszkoM. ITozHauaTu nynposuit BekTop Oynemo 0. BekTop b
HA3UBAETHCS NPOMULENHCHUM JIO BEKTOPa &, skIio a+ b = 0. Takwuit BekTop Oy/1eMO

nmo3HadaTH —a. 3po3ymio, mo | —a| = |a|.
BuactupBocTsiMu JiojlaBaHHsl BEKTOPIB, 10 BUILIMBAIOTH 3 O3HAYEHHs 1XHBOI CY-
MU, €
KOMYTATHUBHICTD a+b=Db+a;
ACOTIATUBHICTD (a+b)+c=a+ (b+c);
icuye BekTop 0 Takwmit, 110 a+ 0 = a 51 OyJb-sIKOI'0 BEKTOpa, a;

7uist OyJib-sIKOro a icHye — a rakwuii, mo a4+ (—a) = 0.

(1.1)

Hexait a — BekTop, A — aiiicae uncyo. Jobymxom wucia A Ha BEKTOD a Ha3UBaE-
ThCs BEKTOP b, BU3HAUEHMI HACTYIHUMH BJIACTUBOCTSAMHU

( [b[ = |Af[al;
b 1T a, gkmo A > 0;
b 1) a, gakmo A\ < 0;

L 0, akmo A = 0.



1.1. BEKTOPH I1 OIIEPAIIII HAJI HUMU 9

st moOyTKy BEeKTOpa Ha YHCIO BXKUBAETHCA MO3HAUYeHHsS Aa. fAxmo a = 0, To
Aa = 0 st 6y/1b-IKOro A.
Ao a — Bektop 1 A, 1 € IR, TO

Apa) = (Ap)a; (A+p)a= A a+ pa; AMa+b)=Xla+pa; la=a. (1.2)

MHuoXunHa JTOBLILHOI IPUPOJU, Ha sKiil BU3HAUYEHI oepallil JOoJaBaHHS 1 MHOYKEHHS
Ha YUCII0, MO MatoTh Biactuocti (1.1) ta (1.2), nazubaerbest didicnum® cerxmopnum
npocmopom. EjeMeHTn BEKTOPHOIO MPOCTOPY HA3WUBAIOTHLCS Gekmopamiu. BexTop-
Huil npocrip OyjemMo 1mo3nadaru Jjirepoio V. BekTopHuil npoctip € ysarajbHEHHSIM
BEKTOPHOTO MPOCTOPY T€OMETPUIHIX BEKTOPIB.

JIinitinor Kombinayiero BEKTOPIB ay, . . . , &, HA3UBAETbCI BUpa3
Aag + dsas + - - + \ya, ()\1, D WS B)

JliniftHa KOMOiHAaIlisi BEKTOPIB € BeKTOpPOM. JIiHifiHa KOMOIHAIS HA3UBAETHC MPU-
61AALHOM0, SKIO BCl KoepllenTn \; = A9 = ... = A\, = 0. Tpuslagpua miniifaa
KoMmOiHaIis 3aBxk,1u jgopisuioe 0. JIiniiiHa KoMOIHAIIST HA3UBAETHCSI HEMPUBLANDHOTO,
SIKITIO X0ua O oJuH 3 KoedinienTiB i€l KoMOIHaIl He dopisHioe HYAlO.

CyKynHICTH BEKTOPIB Ay, ..., a, HA3UBAETHCI AIHITUHNO HE3AAEIHCHOI0, SIKIIO HE
icHy€e HeTpHUBiaJbHOI JIIHINHOI KOMOIHAIIT 1IUX BEKTOPIB, 110 jopiBHIOE 0. V iHIIOMY
BUTIAJIKY T CHCTeMa Ha3UBAETHCA AHIUHO 3aneacroro. CYKYIHICTh BEKTOPIB 3a3BU-
Jail Ha3UBaIlOTh CUCMEMOTO.

1. Axwo cucmema sexmopis ay,...,a, micmumsv 0, mo 6ona AMHIGHO 3asedCHa.
Hosecmu.

Po3p’a30k. He nopyuyoun 3arajgbHOCTI, MOXKHa BBaxkaTu, 1110 a; = 0. BizbMme-
MO Oynb-sike amcyio Ay # 0. Jliniiina koMmOiHaIisa

>\1a1+0a2+---+0an:0

He € TpuBlaJbHOIO, aje jopiBaioe 0. Orxe, ay,. .., a, — JIHIIHO 3aJ€XKHA CHCTEMA.
|
2. Cucmema eekmopis ay, . . ., a, AHIGHO 3aAeHCHA MOJTE T MIALKY MOodL, KOAU 00UH

3 BEKMOPIG CUCTNEMU MOACHA NOJATU Y 8UAADL MIHITHOT KOMOTHAUL] THULUL BEKINO-
pi6 uiei cucmemu. osecmu.

Poss’a30k. Hexaii cucrema aq, ..., a, Jixiitno 3ajexxa. [le oznadae, 1o
)\1&1 + )\2&2 + -+ )\nan = 0,

npudoMy xoda 6 onuH 3 KoedilieHTiB He € HysjaeMm. He mopyrmryioun 3arajbHOCTI,
npuryctumo, 1mo A; # 0. [lomHOXKIMO 001/1BI YacTUHE OCTAHHBOI piBHOCTI Ha 1/A1.
O epkumo

A2

+ fog 0
a —a -+ —a, =0,
1 ¥ 2 N

I TepmMin 06yMOBJICHHUIT YHCIOBOI0 MHOMKIUHOIO B O3HAYEHHI JOOYTKY Ha YHCIIO.
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a OTXKe, a] = g+ - -+ [hnpQy, JI€ o = —i—?, ey iy = _/A\_T' Obepuene TBEpPI2KEHHsI
TpUBlaJIbHE.
]
YropsIKoBaHa CHCTeMa BEKTOPIB ay, ..., a, HA3UBAETLCI 0A3UCOM GEKMOPHO20
npocmopy V, AKIIO:
e cucrema ai, ..., a, JIHINHO He3aJeXKHA;
e Jijisi Oyjib-sikoro b € V cucrema BeKTOPiB ay, . . ., a,, b JiHIIHO 3a/eXKHA.

Bazuc BekTopHOro npocropy moxke OyTu obpanuii y 6e31i4 ciocobiB, aJjie KijJibKiCThb
BEKTODIB Oa3ucy He 3ajeKuTh Bijl BuOOpy Oasucy (reopema [lreiinina). Kinpkicrs
BEKTOPIB 0a3MCy HA3MBAETHCS GUMIPHICTIO 6EKMOPHO20 NPOCMOPY 1 TTOZHATAETHCS
dim V. Bekropuuit npocrip BUMIPHOCTI 1 1IO3HAYAETHCA cuMBOJIoM V.

3 JIpyTol BJACTUBOCTI Oa3ucy BUILINBAE, MO OyIb-dKuit b € )V Moxke OyTu mnoja-
HUR Yy BUIVISLL JTiHIAHOT KOMOiHAaIIl BEKTOPIB ay, . . ., a,, TOOTO

b:)\lal—l—---—l—/\nan.

3. Jlosecmu, wo MHONCUNG GEKMOPIE, KONHEAPHUL PIKco8aHIT NpAMIT, YmMeople
sexmopnuti npocmip, eumipuicms sxozo dimY = 1. Basuc y V! cxaadae 6ydo-arud
nenyavosuti sexmop 3 V3.

Bekropu ay, ..., a, Ha3UBAIOTLCA KOMNAAGHAPHUMU, TKIO CIPIMOBAHI BIIPI3KH,
110 X MPEJICTAB/ISIOTH, PO3TAINOBAHI B OJ(HI a00 MapaJebHUX TIOIMHAX.

4. osecmu, w0 MHONCUHG BEKMOPLE, KOMNAGHAPHUL PIKcOBAHIT NAOUUHT, YMEO-
proe eexmopnuti npocmip, eumipnicms axozo dimV = 2. Basuc y V? ckaadae 6y0b-
AKG NAPE HEKONIHEAPHUL BEKMOPIE.

5. Jlosecmu, wo MHoCUNG BEKMOPIE Y NPOCMOPL YMBOPIOE GEKMOPHUT NPOCTILD,
sumipricmo axozo dimV = 3. Basuc y V3 cxaadaromo 6ydo-aAxi mpu HeKOMNAG-
HAPHL BEKMOPU.

BaxxuBuMu Hac/iKaM¥u TIOTIEpeJIHIX TBEpPXKeHb € HACTYITHI KpuTepii JIHIHHOT
3AJIE2KHOCT1.

6. /[ea sexmopu xoaineapni modi i miavku modi, KOAU GOHU AIHITIHO 3ANEHCH].
7. Tpu sexmopu Komnianapui modi © miavky mModi, Ko 60HU NHITHO 3ANEHCHI.

Hexait V" BekTopHuMii ipoctip i eq, ..., e, 6a3uc y ubomy. Hexait a € V" j10Bljib-
nuit Bextop. Toji?
a=oa'e +a’ey + -+ a"e,, (1.3)
nea’ € R (i =1,...,n). Ynopaaxosanuii nabip uncen {al, ..., a"} nasupaerncs
K00pIUNAAMU 6EKMOPA & BIJIHOCHO Oasucy €1, ..., €e,, a Bupa3s (1.3) HazuBaerbes
PO3KAADAHHAM BEKMOPG 34 DAHUM OA3UCOM.

2He nyTaTn BepxHiit iHgexc 3 mokaxkaukom crenens (1).
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8. Bexmop posxaadacmovesa 3a danum 6a3ucom 6 edunuti cnocib.

Badikcyemo bas3uc eq, . . ., e, Bekropruoro npocropy V". Hexait ai b aBa goBiabHi
BekTopu B V. BijinocHo obpanoro 6asucy a i b Mmoxyrb OyTu B3a€MHO 0JIHOZHAYHO
IpecTaB/IeHl CBOIMU KOOPJUHATAMHU, TOOTO

a—{a',...,a"}, b—{b.. . b}
9. Josecmu, wo a+b — {at + b, ..., a" +1"}; da— {\al,..., \a"}.
Bamicts a — {a, ..., a"} upuitnaro samcysatu® a = {a, ..., a"}.

10. /lea sexmopu a i b xoaineapni modi © miavku modi, Koau irHi KoopIuHaMU
nPoONOPULTIHI.

Posp’a30k. Hexait a = {a',...,a"}, b = {bl,... 0"} xoopaunarni Bupasn
BekTOpiB a 1 b. Ilpumycrumo, 1mo BoHM KoJjiHeapHi. 3a BIPaBoi 6 BOHU JIIHIAHO
zaJiexkHi, ToOTO pa + Ab = 0 g jgedakux A\, p € IR. Ilepexonsun 1o KOOpawHAT,
MAaEMO

plat, . . a"} + A0, 0") ={0,...,0}

abo

p{at, ... a"} = =A{b', .. 0"

3a BIpaBo 8 KOOpIMHATHA BEKTOPa BIJIHOCHO JAHOrO O6A3UCy BU3HAUEH] €UHUM Y-
2 n

1 _
HOM. SHaunTh, pa' = —A\b', ..., pa™ = —\b". Orxe, T=E= = (: 7/\) :

11. Tpu sexmopu a, b, ¢ kKomnaanapni modi i misvku modi, KOAU KOOPIUHAMU
001020 3 HUL € MHITHUMU KOMOIHAULAMU 610N06IOHUT KOOPOUHAM, THWUT 6EKMOPIE.
osecmu.

1.1.2 Adinna cucrema KOOpANHAT

Badikcyemo B npocropi Touky O i JoBlibHMi 6azuc e, ey, e; € V3. Hexait M
— JjioBlibHa, Touka. Toxi BekTop OM Hasubaerbesi padiyc-eexmopom touku M i
nozaadaeTbesa r(M). Poskmagemo r(M) mozo obparoro 6asucy, a came

r(M) = xe; + yes + zes.

Habip wucen (x,y, z) ogHosHavHO BusHauae TOUKY M 1 HABUBAETHCS adiHHuMU KO-
opdunamamu, troukn M. [Tobynosana cucrema KOOpAWHAT HA3WBAETHCS ainHot0 1
nozuadaerses (O er, e, e3). Sanuc M (z,y, z) o3nadae Trouky M 3 adinHuMu KOOp-
muHaTaMu (T, Y, 2).

3Hacmpasai KOOpIHHATH BEKTOPIB CJTiJ 3aIICYBATH ¥ CTOBIYHK, ajle A7 eKOHOMII MicIig MI 6yIeMO 3aIlICyBaTH
KOODJMHATH BEKTOPIB ¥ PIrypHUX TyKKAX.
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12. Hexat Mi(x1,y1,21) ma Ms(xe,ya, 22) d6i dosinvui mouwku npocmopy. ose-

cmu, w0
MM, = {xe — 21,92 — Y1, 20 — 21}

Po3w’a30k. Maemo, r(M;) = x1e; +yi1es + z1e3, r(Mo) = x9€1 + Y269 + 20€3.
Toni M1M2 = r(Ms) — r(My) = x9€1 + ys2€9 + 2963 — (x1€1 + Y1€2 + 21€3) =
(x2 —x1)e1 + (y2 — y1)ea + (22 — z1)es, wo i Oysio 1orpibHO JloBECTH,

|

Bynora adinnoi crucreMy KOOpJMHAT Ha TJIOMMHI 4M TPSMIA [IJIKOM aHaJori-
yHa. Pizuuiig jsmine B KiJibKOCTi BekTOpiB Oazucy. st crpoiientst no3HadeHb 4acTo
BUKOPUCTOBYtOTH yroay r(M) = r, r(M;) = r;, r(M;y) = ry, ..., a TakoXK
M(z,y,2) = M(x), M(z1,51,21) = Mi(r1), Ma(xa,92,22) = Ma(ra), ...,
1o J1a€ 3Mory (HOpMYJIIOBATH 33/1adl He3aJeKHO Biji BUuMipHocTi (T06TO 49U TO Ha
IpsiMiif, 9M TO Ha IUIONIMHI, YU TO B IIPOCTOPI).

Haiinpocriiie 3acTocyBaHHSI MeTOAY KOOPAMHAT

Tqua M nopinse Bigpizok [My, Ms| y BimHOUmIeHH] k, SKIO BUKOHYETHCS PIBHICTD

M1 = kMsM, ne k € IR. Toopsith, 1mo Touka M mnopisie Bigpizok [My, Mo
eHympiwHim wurom, sikino k € [0, +00) 1 do6niwmim, skimo k < 0.

13. (Badaua npo nodia eidpisxa) Illokasamu, uo
o axu —oo < k < —1, mo mouxa M 3znaxodumwvca za moukoro Ms;

o axuo —1 < k <0, mo mouka M snaxodumuvcs sa moukoro My ;
J J

o skwo 0 < k < 400, mo moura M snarodumuvcs scepeduni sidpizka [My, My).

Ioxazamu, wo padiyc-eexmop mourxu M mae supa3s

_ kra+1
 k+1
das 6ydv-axozo k # —1.
Ao noknacru k = i—;, TO y BUIQJIKY BlJIPI3Ka B MPOCTOPI KOOPJUHATU TOUYKH
M maroTh HacTylHUE BUPa3:
_ A1T2 + Aoy Ayt Aoy Azt Aoz

Mt VT TN e T T
st Bijipiska Ha IJIOMIMHI KOOPAMHATU TOUYKK M OOUMCIIOIOTHCS 38, aHAJOMIHUMU
dbopmynamu (BigcyTHs GopMysa st KOOPJAUHATH Z).
Llenmpoidom (GapireHTpOM, IICHTPOM Bam) CI/ICTeMI/I touok My, Ms ..., M, na-
3UBAETHCA Taka Touka (O, 1m0 OMjl -|—OM§-|— +OM = 0. IIpu n = 2 nenrpoinom
€ cepeJinHa, BIJIpI3Ka, Npu N = 3 1 38 YMOBH, II0 TOYKK HE JIEXKATh Ha OJHIA mpsiMiii

(TPUKYTHUK Hesupodatcerud), TIEHTPOIIOM € TOUYKA MePeTHHY MeJ[aH TPUKYTHUKA.
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14. Henmpoid cucmemu mouox My(r1), ..., My(r,) snazodumovcea ¢ mowui O(rg) 3

padiyc-6eKmopom
ri+...+r,

n

g =
osedimo.

ITinka3ka. 3acrocyiiTe METO/ MATEMATUIHOT THTYKIIII.

CepeuHa BiJIpi3Ka, € IEHTPOM Barv CHUCTEMH JBOX TOYOK 3 PIBHUMH MaCAMMU.
Axmo B Toumi M 30cepeKena Maca mq, a B Touri My 30cepeKeHa Maca Mo,
TO TIEHTD BArd 3HAXOJUTHCS B TOUI, IO TOJUIsIE Binpizok [My, Ms| y BigHOImeHH]
mo M.

15. Ilenmp mac cucmemu mowor My(ry), ..., M(ry) 8 macamu my, ..., my 3Hax0-
dumwvcs 6 mouyi M(r) 3 padiyc-eexmopom

_m1r1+...+mkrk
my+...4+mp

Hosedimpw.

ITinka3ka. 3acTocyiiTe METO/ MaTeMaTUIHOI 1HTYKIII.

1.2 Ilo3umiiiHi 3a7a4i HA IJIONIUHI B a(plHHNX KOOPAMHATAX

1.2.1 PiBHauHg nmpamoi B adiHHINA cucTeMi KOOPJUWHAT HA TJIOIIWHI

16. Koopduramu 6ydv-akoi mouku Ha npamit, wo nporodums uepes 061 piaHi mo-
uku Mi(r1) ma My(rs), maroms eupas

r=ry+t(ro —ry). (1.4)

Po3B’sa30k. Bekrtop a = ry — 1 € 6a3ucoM MHOXKUHKM BEKTOPIB, KOJIHEAPHUX JI0
npsimol. Zxkimo rouka M (r) HameKuTh NpsiMiii, TO T — r; = ta i HABMAKU. 3HAUNTD,
r =rp + ta.

m

Y Bunajky npsiMoi Ha mionuii, Hexait r1 = {x1,y1} i a = {xe — x1,y2 — Y1}

Toni it KOOpUHAT (T, Y) TOUOK MPSIMOI OTPUMAEMO:

(1.5)

{x:ler(a:g—:cl)t, {x:xl(l—t)Jr:Egt,
, abo
y=uy1+(y2— )t y=1y1(1—1)+ yat.

Dopwmyina (1.4) HABUBAETHCSA BEKMOPHUM NAPAMEMPUYHUM PIGHAHHAM NPAMOT, U0
npoxodumv wepes déi mowku, a dbopmyin (1.5) HABUBAIOTHCH CKAAAPHUMU NAPa-
MEMPUYHUMU PLEHAHHAMU NPAMOT, U0 Nporodums wepes dei mouku. BekTop a =
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ro — Iy 33JIa€ IeBHUI HANPSIMOK Ha IpsMiii 1 TOMY Ha3UBAETHCA HANPAMHUM 6€-
kmopom tpsmoi (1.4). Touka ry Bignosigae 3nadenHio mapamerpa t = 0 i Tomy
HA3UBAETHCSA NOYAMK0B010 Mouko10 Tpsimol (1.4).

B sikocTi 1109aTKOBOT TOUYKM 1PAMOT MOxKHA 00paTu OyJib-s1Ky TOUKY Ha HPsMIii,
a B SIKOCTI HANPSAMHOTO BEKTOpa MpsSMOI MOXKHA OOpaTu Oy/ib-siKHil BEKTOp & F#
0. Tpasumiitno pajilyc-BeKTOp MOYATKOBOT TOUKH MO3HAYAIOTH Yepe3 Ty (OCKLIbKH
BIJIIOBTae 3HaUeHHIO napamerpa t = 0.)

17. Jlosecmu, wo xoopdunamu 6ydo-Axoi mowky Ha npamit, w0 nporodumov uepes
moury My(ro) y nanpamry sexmopa a # 0, maromo supas

r =ry+ ta. (1.6)

Pigusinnst (1.6) Ha3MBAETHCS 6EKMOPHUM NAPAMEMPUYHUM DIEHAHHAM NPAMOT.
Hexait rg = {20, 90} 1 a = {a,,a,} — xooppunarni Bupasu jst ro i a. Posmucas-
1M TOKOOPJINHATHO BEKTOPHY piBHICTH (1.6), OTpUMAEMO ckaaapni napamempuuii
PIBHANHA NPAMOT HA TLIOITUHI

{x:xo—l—axt, A7)

Y =1yo+ ayt.

BukJitouusiiu napamerp t 3 pistsitib (1.7), OTpUMaEMO KaHOHIUHE DISHANHA NP4~
MO7 Ha, IO HI

x_xozy_y()(
Ay Cly

— ). (1.8)

Pigusirnst (1.8) MoxKHA POSKPUTH SIK T1POTIOPIIIO:

ay(z — o) = az(y — yo)- (1.9)
IToxnanemo A = a,, B = —a,. Tonl piBHAHHS npaAMOl Ha IUIOMINHI 3alUIIETbCA Y
BUIJIsIT1
A(x —x0) + By —yo) =0
abo

Az + By+C =0, (1.10)
ne C' = —(Azy + Byp).

18. Jdosecmu, wo pienanns Az + By + C =0 (A% + B? # 0) eusnauac cduny
npamy 3 nanpammum eexmopom a || {—B, A}.

Pipusnusa (1.10) HaszuBaeTbCs 3azaavium piehanuam npamoi B abiHHIX KOOD-
auuarax Ha momuai. Koedinientn A1 B B piBusnni (1.10) MaoTh BayKJIUBY reome-
rpuuny Biacrusicrb. Bekrop N = {A, B} nasuBaernest 6exmopom aginmoi nopma-
at. Bepanworo (abo dodammnoro) nienaowunoro Bigrocro mpsmoi (1.10) HaszuBaeThes

miamnoxkuna’

l. ={(z,y)| Az + By + C > 0},

4B raknii crioci6 BU3HAYAIOTHLCA BiAKpWTI miBrsomumHy. SIKIO HEPIBHOCTI MOKJIACTH HECTPOTMMH, TO Biimosimmi
MiBILTONUHNA HA3WBAIOTHCS 3aMKHEHIMH.
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a HUHCHBONW (a0 6i0 eMH010) NI6NAOULUHOI — THIMHOKIHA

I ={(z,y)|Axr+ By+C =0 < 0}.

19. Bexmop adginnoi nopmanri N = {A, B} cnpamosanut y eeprnio nieniouuny
sidnocno npamoi Ax + By + C = 0.

Poss’sa30k. Hexaii rouka My(xg, yo) JexuTh Ha maniit npsimiit. Binkiamemo Bif
rouku My Bexkrop N. Ilozuauumo wepes Mi(z1, 1) fioro inmesy Touky. Toui

r1=x0+A, y1=y + DB,
a 3HAYUTD,

A(zg+ A) + B(yo + B) + C = Azg + Byy + C +A* + B> > 0,

-~
=0

IO 1 3aBEPIIYE JIOBEJIEHHSI.
]
[Tepexij By mapaMeTpUYHOTO JIO 3arajbHOIO PIBHSHHS MPAMOI Ha IJIONIUHI da-
KTUYHO 3J1ificHI0eThCst 32 bopmyJioro (1.9); 1o Moxe OyTu 11ojana B Gliibli 1po3opuii
crocio. Mampuuero po3MipoM 2 X 2 Ha3UBAETHCs TAOJINIA, 10 CKJIAJAETHCS 3 JIBOX

. : a b
PSIAKIB 1 JIBOX CTOBIUMKIB, HAIIPUKJIA ( J ), a 11 6UBHAYHUKOM HA3UBAETHCS
: a b
Bupas3 ad — cb 1 MO3HATAETHCS STK Eat TaxuM 9ImHOM,
c
a b
= ad — cb.
c d

Aximo chopMyBaTH MATPHUINIO, B MEPITIOMY PSIKY SKOT PO3MIIEHO KOOPJAWHATHA Be-

KTOpa I' — I'g, a B JIPYTOMY — KOOpJMHATH BeKTOpa a, To Bupa3 (1.9) moxkHa mepe-

MACATH Y BUTJISATI

T—=Zo Y—Yo
Qy ay

— 0, (1.11)

[0 JIA€ IIBUJKKUI CIIOCIO mepxojy Biji mapaMeTrpuydHOro JI0 3arajibHOI'O PiBHSIHHS
HPSMOI Ha, IO HI.
1.2.2 Ilo3umiiina 3aga4a «TOYKa — IPAMay»

[Tpsima [ : Az + By 4+ C' = 0 nojiisisie MHOXXUHY TOYOK Ha TJIOIIMHI HA TPW TiIMHO-
YKUHIA:

e nyacue Touku npsimoi | = {(x,y) | Ax + By + C = 0};

e TouKHN BepxHbOl miBmtomuuu [ = {(z,y) | Az + By + C > 0};
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e TOUKK HIKHLOI miBmtomunn |- = {(z,y) | Av + By + C < 0},

20. Ioxascimo, wo mowka M(ry) snaxodumuvca y eepruit (Huschit) nieniouyuni
61OHOCHO NPAMOI T = T + ta modi 1 miavku modi, Koiu

1 —To Y1 — Yo

> 0(< 0),
610Nn061010.

1.2.3 Ilo3sumiitHa 3aja4a «IIpaMa — IpaMa»

3 eJleMeHTapHOI reoMeTpil BIJIOMO, 11O Bl IpsiMi Ha, IJIOIIMHI MOXKYTb [TePETUHATUCS
B €IMHII TOUI, OyTH MapaJieJbHIMU ab0 30iraTucs.

21. Hexat dsi npami Ha naowuni 3a0aH0 3a424AbHUMU PDISHAHHAMU, @ CAME
ll:Alsr:—l—Bly—l—Cl:O, l21A2£U+BQy+OQZO.

Hosecmu, uio
_ A _ B _ G A _ B 4 G
.ll_l2<:>A2_B2_CQ’ 0l1Hl2<:> AQ_BQ%OQ;
A B
o llﬂl2:{'} ~ A—;#B—;
Po3B’a30k. CrijibHI TOYKHU JIBOX JIAaHUX IIPAMUX € PO3B’I3KaMK CUCTEMU

Az + By + Cp =0,
AQIL‘—f—Bgy—f—OQ = 0.

€MHICTH PO3B’S3KY BIJIIIOBIIAE CUTYAIIl IEPETUHY HPSIMUX; BIJICYTHICTH PO3B’sI3KIB
O3HaYa€ IMapaJiesIbHICTh MPAMUX; HAsSBHICTH JIBOX PI3HUX PO3B SI3KIB 03Ha4a€ 30i-
XKHICTH PAMEX (depe3 JiBi pi3Hi TOUKM MPOXOJUTH JINIIE OJJHA MPIMA).

JList po3B’si3Ky cuCTEMU PIBHSIHD

{ Az + By = —C,

1.12
AQ[U + Bgy = —CQ ( )

MTOMHOXKUMO TIepIlie piBHAHHA Ha Bs, a apyre Ha Bj 1 BiHIMEMO OJIHE BiJI iHIIIOTO.
Oiepxumo
(A1B2 — AgBl)x = —ClBQ + CgBl.

[ToTiM mOMHOXKUMO TIepIe piBHSHHS Ha Ao, a npyre Ha Aq 13 Ipyroro BigHiMeMO

nepie. OiepKumMo
(AlBQ — AgBl)y = —Alcz + Agcl.

Axmo A1Bs — Ay By = 0, —C1By+CyB; =0, —ACy + A0 = 0, To

A _ B _ G
Ay By CY
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a 3HAYNUTh, piBHAHHS cucteMmu (1.12) mpomoprmiiini. [Tpsmi MaoTh ofHE i TE XK piB-
HsIHHSI, TOOTO 301rafoThCsl.

HKLLLO AlBQ — AgBl = 0, aJie —ClBQ + CQBl 7& 0 abo —Ang + AQCl 7é 0, TO
Al Bl Cl

A By Gy
i cucrema (1.12) pos’sskis we mae. [Ipsmi napasesibHi.
Axkmo A1 By — Ay By # 0, To cucreMa Mae €IMHAN PO3B’SI30K

€r = ’y:

A1B2 — A2B1 7 AlBQ — AgBl 7

a BHAYUTD, NIPsAMI IIePETUHAIOThCA B €JUHIN TOYIIL].
n
Posp’st30k cucremu (1.12) MoxkHA MOf@TH Yepe3 BUBHAYHUKN y BHUIVIS/TL

‘ ~-C) B ‘Al —C

—Cy, B Ay —C

p=12 21 =12 2 (1.13)
Al B1 Al Bl
AQ B2 A2 BZ

Bupas (1.13) st po3s’si3ky cucremu piBHstHb (1.12) HazuBaeThest npasunom Kpame-
pa JJIst CHCTeMH 3 JIBOX JIiHIiHuX piBusnb. [Ipasuio Kpamepa moxna 3actocoBysaTu

£ 0.

3a yMOBH

22. Hexat npami 3adano 6eKmMopHUMU NAPAMEMPUNHUMU PIEHAHHAMU, 0 COME
li:r=r1+at, Ily:p=ry+bb.
Hosecmu, uio
eli||loe al|blff(ri—ry); eli=1ly & al| bl (ry—ry);
e iNlb={} < ajb.

Ilinka3ka. [Ipsimi MOXKYyTb MaTH CHIJIbHY TOYKY, SIKIIO IIPU HEBHUX 3HAYCHHSIX
napamMeTpiB t 1 6 MoxKe OyTU BUKOHaHa PiBHICTBL Iy + at = ry + bf.

. T — X Y—Y ) )
23. Hexati npama ly : = 300aHa KAHOHINHUM DIGHAHHAM, @ NPAMG

ly : Ax + By + C' = 0 ce0im sazarvrum pisnannam. Josecmu, wo

el |la e Aay+ Ba,=0,Axy+ Byy+ C # 0;
o 1= & Aax—l—Bay:(),Axo—i—Byo—l—C:O;
e inl={} < Aa,+ Ba, #0.
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Iligkaszka. [lepeiiTu Bl KAHOHIYHOIO 0 HMAPAMETPUUIHOIO PIBHSIHHA & = T +
a;t,y = Yo + a,t upamoi [; 1 mijcTaBuTH KOOpJAUHATH TOUKU Ha UPAMIit {1 B piBHAH-
Hsl IpsiMol [o. TTpoanasizyBaTn MOXKJIMBI BUTIAJIKA PO3B’SI3KY OTPUMAHOIO PIBHSHHS
BIJIHOCHO I1lapaMeTpa t.

1.3 Ilo3umniiini 3aga4i B mpocTopi B aiHHIX KOOPAMHATAX

1.3.1 PiBHgaHHS OpgMO] i IUIOMIMHA B a(IiHHNX KOOPAMHATAX y MPOCTOPI

Bekropne napaMmerpuvHe piBHsAHHS IPAMOI B IPOCTOPI HE BiJIPI3ZHIETHCS BiJl BEKTOP-
HOT'O MapaMeTPUYIHOrO PIBHAHHS MPSIMOI Ha TJIOIIWHI.

24. Koopdunamu 6ydo-ax0i mouku Ha Npamit 6 npocmpi, wo nporodums 4epes
mouky My(rg) y nanpamry eexmopa a # 0, maromov supas

r =ry+ta. (1.14)

Piusinus (1.14) Ha3WUBAETHCST GEKMOPHUM NAPAMEMPUILHUM DIGHAHHAM NPAMOT
¢ npocmopi. Hexait ro = {xo, yo, 20} 1 @ = {as, ay, a, }. Posnncasum nokoopuuarHo
BeKTOpHY piBHicTH (1.14), OTpUMAEMO ckaaaphi napamempusmi pieHANHA NPAMOTL

T = X0+ a.t,
Y = yo + ayt, (1.15)
z = zp+ a,t.

Bukouusin napamerp t 3 pisasiatb (1.15), oTpuMaeMo kanoniune pieHANHA NPA-
MOi B IIPOCTOPI

a:—:co_y—yo_z—zo(

— ). (1.16)

Axmo Bijg Touku My(rg), M0 JEKATH y TPOCTOPI, BIJAKJIACTH J[Ba HEKOJiHEApHi
BekTOopu a, b, To napa npsimux l; : r = rg+uaily : r = ryp+ vb BusHAUUTH
€JIMHY TUTOIIUHY, 10 TTPOXOUTDH Yepe3 Touky My i mpsmi g ta ly. Touka M (r) nase-
>KUTDH ILJIONTUHK TO/I1 1 TIJIBKK TO1, KoJi BeKTop MyM KoMmItaHapHUIA 10 IJIONIAHMA.
Bekropn a i b yrBopiooTh 6a3uc MHOXKUHM KOMILJIAHAPHUX JIO TIJIOIIMHNA BEKTOPIB.
Tomy mae miciie po3KJiaJlaHHs

—_—
MoyM =ua+ vb abo r —ry=ua-+ vb.
PiBuannga
r =ry+ua+vb (1.17)

HA3BUBAETHCS 8EKMOPHUM NAPAMEMPUYHUM PIEHAHHAM NA0WUHY Y TIpocTopi. To-
uka My Ha3UBAETHCS NOYAMKOBON0 MOYKOI0 TLJIOIIMHHU, 8 BEKTOPK a, b Ha3MBaIOTHCs
HAMPAMHUMU GEKMOPAMIU TLIOIITHA.
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K10 HAIIPSIMHI BEKTOPH 1 TOYATKOBA TOYKA 3aJIaHl KOOPIUMHATAMU

a = {asca Cly, az}a b = {baja bya bz}a MO(x())y()a ZO)a

TO BEKTOpPHE ITapaMeTprdHe PIBHsHHS MOXKe OyTHu nepernucane y (popmi ckasapHux
NAPEMEMPUYHULT PLEHAND

xr = xg + ua, + vb,,
Y = Yo + uay + vby, (1.18)
z = 2y + ua, + vb,.

25. [lokazamu, wo 6 pe3ysvmami 6ukit0ueHtA napamempis 3 piehanms (1.18) pis-
HAHHA NAOUWUHY 3ANUULEMBCA Y 6ULAADI

Alx —xo) + Bly —yo) + C(2 —20) =0 a0 Axr+ By+Cz+ D =0, (1.19)
de

b, b

Ay Ay

b, b,
D = —(Azg+ By + Cz).

Po3p’a30k. Ockinbku a Jf b, koopaunaru BekTopiB a i b we mponopiiiiini. He

A= by by

) B =— ) C:

3MEHIIYIOUN 3araJbHOCTI, MPUITYCTUMO, 10

0y 2 ay
by " by
Lle o3navae, 1110 BUBHATHUK
Ay Gy £
b, by '

B rakomy pasi mepiri jiBa piasnng 3 (1.18) Moxkua po3s’s3aru 3a npasusoM Kpa-
mepa (1.13) y Bursiji

r—xy by a; T — o
Y=y by lay Y=Y
Az Qy ’ Ay Ay
by by by, by,
[Ticng mijacTaHOBKHM B TPETE PIBHIHHA OTPUMAEMO
Ay Qy r—x9 by a; T — Xy
z2—zy) =a +0 =
bx by ( 0) : Y—1Y by : ay Y—1%Y
Ay Ay Ay Qy
(z—m0)(a.by—b.ay)+(y—yo)(—a.bs+b.a;) = —(r—20) by b +(y—1o) bz b
Y z T z
A6o ocraTouno
ay a, B | ap a B Ay Ay B _ 19
b . (x — x0) b b, (y —yo) + b, b, (z —29) = 0. (1.20)
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26. /losecmu, wo pienAHMHA
Az +By+Cz+ D=0 (1.21)
3a ymosu A? + B% 4+ C? # 0 susnavac couny niouumnsy.

Piusinus (1.21) HABUBAETHCS 302aA0HUM PIGHANHAM NAOUWUHY B TPOCTOPL. Be-
xktop N = {A, B, C'} nazusaeTbca BekTopoM adbinmol Hopmadi ganoi mwiomunu. Voro
reoMeTpUYHa BJIACTUBICTH aHAJIOTIYHA MeOMETPUYHIN BJacTUBOCTI adpiHHOT HOpMaJI
MpsAMOI Ha TIJIOITHHI.

Bepxnim (abo dodammnum) nienpocmpom Bianocuo mionmnu (1.21) HazuBaeThCs

T IMHOKIHAS

II. ={(z,y,2) | Av+ By + Cz+ D > 0},

a nustchim (abo 610 emmnum) ni6NPOCMOPOM — MiJIMHOKIHA
II_ ={(z,y,2)|Av+ By+ Cz+ D =0 < 0}.

Pigusirns (1.20) Busnauae crnocib mepexo/ty Bij| MapaMeTpuaHOro J0 3arajbHOrO PiB-
HSTHHST TUIOIIIHN 1 MOXKe OyTH 3amucame y crnocid, ananoriauauii cocoby (1.11) samucy
PIBHSIHHS NPsIMOl Ha IjIomuHi. MaTpuieo po3mipy 3 X 3 Ha3UBaE€TbCs TaOJIUII, 110
CKJIQJIAETHCA 3 TPHOX PSAJIKIB 1 TPHOX CTOBITIUKIB, HATTPUKIIA]T,

a b c
d e f
g h k

Busnaunuk MaTpuill 3 X 3 00UHCIIOETHCA 38 HACTYIHUM [IPABHIOM

d e
g h

¢ +c
h

f d f
k‘_b‘gk

o> o

a c
d fl=a
g k

Y Bupasi yepes BusHauHUK piBHsiaHs ruomman (1.20) ckopouyerbesi 10 BUpasy

r—=To Y=Y ~— =0
Ay ay a, | =0, (1.22)

0 JIa€ MIBUJKUN CIOCIO Iepexojy Biji mapaMeTpUUIHOTO JO 3arajbHOI0 pPIBHSHHSI
ILJIOITAHU.

27. Hexaw 11 : Ax + By + Cz 4+ D = 0 naowuna 6 npocmopi. Iloxastcimo, uo

e sexmop N = {A, B,C'} cnpamosanuti y eeprniti nienpocmip 6ionocho naouu-
nu 11,

5TIoni6HO 10 IPsAMOI Ha, IIJIONIHHI, B TaKMil CIIOCI6 BU3HAYAIOTHCA BiIKpHUTI HmiBIOCTOpH. SIKIIO HEPiBHOCTI TOKJIa-
CTU HECTPOTUMHU, TO BiJAMOBIIHI MBIPOCTOPU HAZUBAIOTHCA 3AMKHEHUMU.
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o mouxu Mi(x1,y1,21) @ Ma(xa,ya, 22) nasesrcams pisnum nienpocmopam (n.no-
wuna nodiaae 6idpizor [My, M| enympiwmin wurom) modi i miavku modi,
woau F(x1,y1,21) 1 F(xa2, Yo, 20) Matomov pisui 3Haxu;

o mouku Mi(x1,y1,21) @ Ma(z2,Ys, 22) naaesrcams odwomy nienpocmopy (n.ao-
wuna nodiase 6idpizox [ My, Ma] soeniwmim wurnom) modi i miavku modi, kKoau
F(x1,11,21) i F(x9,Y9, 20) Maroms 0dnarosuts 3nak.

1.3.2 Ilo3umiiina 3aga4a «TOYKA — IJIOMIMHAY

3 ejleMeHTapHOI reoMeTpil BiJJOMO, 10 TOYKA MOXKE HaJIeXKaTH IJIOIIMHI ado He Ha-
JiexKaTh 1.

28. ITrowuna 11 : Ax + By 4+ Cz + D = 0 nodisse MHONMCURY MOUOK NPOCTNOPY HA
Mpu NIOMHONCUHU:

e gaacre mouku naowunu 11 : {(x,y,2)| Ax + By + Cz+ D = 0};
e mouku sepruvozo nienpocmopy 1y 2 {(z,y,2)| Ax + By + Cz+ D > 0};
o mouku nuscnvozo nienpocmopy 11_ : {(z,y,2)| Ax + By + Cz + D < 0}.

29. Hezatl naowuna sadana eexmoprum napamempuynum pienanwam 11 @ r =
ro +ua+ vb. Touxa M(ry) € I modi i miavku modi, kKoau r1 — ry KOMRAGHAPHUT
do a i b.

30. Ioxaocimo, wo mouka M(r1) aescums y 6epruvomy (HUACHBOMY) NIBNPOCTNO-
’ 1
pax 610HOCHO NAOUUHY T = Ty + ua + vb modi 1 misvku modi, Koau

T1—To Y1 — Yo 21— R0
ay a, a, > 0(< 0),
b, by b,

610n0610H0.

1.3.3 Ilo3sumiiina 3aa4a «TOYKa — IPAMa»

3 esieMeHTapHOT reoMeTpil BIJIOMO, M0 TOYKA MOYKE HaJjeXKaTu MpsiMiit abo He HaJje-
KaTn Til.

31. Jaa 3adanoi mouxu Mi(ry) i npamoil :r =ry+ at

o M €1 modi i miavku modi, koau (r1 — 1) || a;

o My &1 modi i miavku modi, koau (r1 — o) }f a.
B koopurarHOoMy BHpa3i ymoBa HasiexkuocTi Touku My (x1, y1, 21) 40 TpMOT
L—To Y—Yo <Z—Z0

l:

3allUIIIEeThCA AK

L1 —To Yr—Y 21— X0
Ay ay a,
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1.3.4 Ilo3umiiina 3ama4da «OpgMa — MIJIOMIITHA»

3 ejieMeHTapHOl TeoMeTpil BiJIOMO, IO NPsiMa 1 TJIONIMHA B IIPOCTOPI MOXKYTh MaTh
TPU MOXKJIMB1 B3A€MHI PO3TAIITYBAHHS: TIPSIMa ePeTUHAE IJIONIUHY, TPSAMa MapaJesib-
Ha JI0 TIJIONIMHY 1 TIpsIMa JIEXKUTH Y IIJIONTHHI.

32. Hexatl npama 3adana cKarapHUMU NAPAMEMPULHUMU PIBHAHHAMU
l: z=z9+a,t, y=yo+at, 2=z +adt,
a4 NAOWUNHG — 302AADHUM PIBHAHHAM
II: Az +By+Cz+ D =0.
Hosecmu, uio
o [NII = {-} modi i minvrku modi, xoau Aa, + Ba, + Ca, # 0;
o [ || I modi i minvku modi, xosru Aay+Bay,+Ca, =0, Avo+Byo+Cz+D # 0;

o [ C II modi i misrvku modi, xoau Aa, + Ba, + Ca, =0, Azy + By + Czy +
D= 0.

Ilinka3ka. [lijcraBurr KOOpAMHATH TOYKM Ha NPsIMiii B PIBHSHHS ILJIOIIAHMA.
OrpumMane piBHsSIHHS BIIHOCHO apaMeTpa t mpoaHaJi3yBaTH Ha KIIbKICTh PO3B SI3KiB.

33. Hexatl npama i naouwuna 3adari 6EKMOPHUMU NAPAMEMPUYHUMU DIBHAHHAMU
[:r=ry+ at, II:r=ri+ub+wvc (blc).
Hosecmu, uio
e INIl={} < a,b,c ne xomnranapmi;
e [||II & a,b,c xomnaanapni, are ro — r1 He Komnaanaprud do a, b, c;
e [CIl & a,b,c,rg—r; xomnaarapmi.

Po3p’a30k. [Ipsima i romnmna MOXKYTh MaTH CILILHI TOYKK 33 YMOBU 1CHYBAHHS
TaKUX 3HaYeHb Hapamerpis (¢, u, v), 1o

ro + at =r; + ub + vc,
TOOTO
(%) ro —r; = —at + ub + vc.

Axio BekTopu a, b, c HeKOMILIAHAPHI, TO BOHK yTBOPIOIOTH 0A3KUC IIPOCTOPY, a
SHAUNTH, PO3KJIAJAHHS (%) €IUHe 3 MEeBHUMH 3HAUEHHSIME Tapamerpis (o, ug, Vg)-
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Tomy mpsama 1 TIOMUHA MAIOTh €INHY CILIBHY TOUKY 3 PaJiyc-BEKTOPOM Ty + at
(abo, mo Te xk came, r1 + ugb + vyc).

Axio a, b, c komiiaHapHi, TO BEKTOP & PO3KJIAJIAEThCs 3a DasucoMm b, c 1 pis-
HicTh (%) 3BOJUTBCA T — 'y = Aa + pb, 110 € cynepedinBoi, sKIo g — Iy He
KOMILTaHapHUil 710 a 1 b. B npboMy Bunajky mnpsiMa i IJIONUHA CHLJIBHUX TOYOK HE
MaoTh.

Axio a, b, ¢, ro—r; KoMmiianapsi, To 3a 6aszucom b, ¢ po3KIaJAI0THCS SIK BEKTOP
a, Tak 1 BEKTOP Ty — I'j. SalUIIEeMO I1i PO3KJIa aHHSI.

a=pb+gqc, ry=r;+ b+ uc.
SHAYUTH, PAJIIYC-BEKTOP TOYOK MPSIMOI MOXKHA, TIOJIATH Y BUTJISII
ro+ta=r; + Ab+ uc+t(pb+qc) =11+ (A +tp)b + (u+tg)c.

[le o3ravae, 1Mo KOOPAUHATH BCiX TOYOK MPAMOI 33 J0BOTHHAIOTH PIBHAHHIO ILIOIIH-
Hu. [IpsimMa JIeXKUTh y IJIOIMHI.

1.3.5 Ilo3sumiitHa 3aja4a <«ILJIOIIMHA — MJIOIIIUHA»

3 ejleMeHTapPHOI reoMeTpil BiJIOMO, 110 JIBl TJIONIMHU B TIPOCTOPI 200 TMepeTHHAITHCS
o mpAMiii, abo mapaJiesbHi, ab0 30iralThCs.

34. Hexatl ob6udsi naowyuny 3adani 6EKMOPHUMU NAPAMEMPULHUMUY PIEHAHHAMU
Il : r =r; + ua + vb, Il :r =19 +tc + hd.
Hosecmu, w0 6 marxomy pasi
eIl ||, < c=lc(ab),d=1Ilc(ab) (ro—r1)#l.c(ab),
el =1, & c=lc(ab),d=1Ic(ab) (rs—1r1)=1c(ab),
e lljNIlh=1 < c#lec(a,b) abo d=#1l.c.(a,b),
de l.c.(a,b) osnavae atnitiny xombinayito eexmopic a i b.

Po3p’a3ok. Jiniiinoro 060401%010 BEKTOPIB a 1 b HazuBaeThCsi CyKYIHICTH YCiX
MOXKJIMBUX JiiHIHKUX KOMOIHaliit BekTopiB a i b. Akio noznaunTu jiHiitHy 000JI0HKY
BeKTOpPiB a 1 b ik Lin(a,b), To piBHIHHS TIOMKH MOYXKHA 3AMUCATH Y BUTJISI

Iy : r =11 + Lin(a,b), Iy : r =ry+ Lin(c,d).

[Tsionunm Iy 1 11y MOXKyTh MaTH CIlJibHI TOYKY TOJII 1 TI/IBKY TOJ11, KOJIM iICHYIOTH TaKi
Jinifini kom6inanii [.c.(a, b) 3 nesnuMu 3nauennsimu napamerpis (u,v) i l.c.(c,d) 3
MEeBHUMHI 3HAYEHHSIMU Mapamerpis (¢, h), 1mo

ry +lc(a,b) =ry+l.c(c,d),
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TOOTO KOJIM BUKOHYETHCSI BEKTOPHA PIBHICTD
ry —r; = l.c(a,b)+lc(c,d). (1.23)

(a) Ilpumycrumo, mo ¢ = l.c.(a,b),d = l.c.(a,b). Toxi pisuicts (1.23) MoxHa
POJIOBXKUTH Y BUTJISIL

ro —r; =l.c.(a,b) +l.c.(c,d) =l.c.(a,b).

Axmo (ry — ry) # l.c.(a,b), 70 ocranHs piBHICTH € CylepewnBoO. A 3HAUNTH,
IUIOIIMHU HEe MalOTh ClijabHux 1040k, 10010 [T || Ils.

Ak xk (ro —ry) =l.c.(a,b), rory =r; +l.c.(a,b). Ymosu ¢ = l.c.(a,b),d =
[.c.(a,b) oznauaiors, mo ¢ € Lin(a,b) id € Lin(a,b). Toxi piBasHHSA MIOTMHNA
I, MoXKHa HepenucaTu y BULJIsI

IIy:r=r; +l.c(a,b)+ Lin(a,b) =r; + Lin(a,b),

110 30iraeTnhes 3 piBHAHHAM momuau 111, TooTo 117 = Ils.
(6) [punycrumo, mo ¢ # l.c.(a,b). Toxi a, b, c yrBoptoroTs 6a3uc mpocropy, a
S3HAYUTD,

d=l.c(a,b,c), ry—r;=1Ilc(ab,c). (1.24)
[3 mepiioro poskiaganus (1.24) Buminsae, 1Mo
d+l.c.(c) =l.c(a,b).

B stiBiii wacTuHi 0CcTaHHBOI PIBHOCTI 3HAXOMUTHCS BekTop 3 Lin(c,d), a B mpasiit —
BekTop 3 Lin(a,b). OTxe, BeKTOp

p=d+l.c(c)=l.c(ab)

wasnexnthb 1 Lin(c,d), i Lin(a, b).
I3 apyroro posknaganns (1.24) Bunusae, 1o

ro + l.c.(c) =r; + l.c.(a,b).

Touka
ro=rs+l.c.(c) =r; +l.c.(a,b)

HAJIEXKUTH 00OM ILJIOITMHAM, a TOMY IIPAMa,
[:r=ry+0p

TakoxK HaJexkuth 1 11;, ockibku p € Lin(a,b), i Ily, ockimbku p € Lin(c,d).
OT}KG, [ = Hl N HQ.

ObepHeH] TBep/2KEHHST TPUBIaJIbHI.
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35. Hexati odna 3 naowum 3a0aHa CKAGAAPHUMU NAPAMEMPUYHUMUY PLEHAHHAMU

r = x9 + ua, + vb,,
IIy : § ¥ = yo + uay, + vby,
z = xo+ ua, + vb,,

a 1Mwa — 3a426.4HUM PLEHAHNAM

Iy : Ar+ By+Cz+ D = 0.

Hosecmu, w0 6 marxomy pasi

Aa, + Ba, + Ca, = 0,
oI |1, <« Ab, + Bb, + Cb, =0,
Axy+ By + Czy+ D # 0;

Aa, + Ba, + Ca, = 0,
oI, =1, < Ab, + Bb, + Cb, =0,
Axg+ Byy+ Czy+ D = 0;

o Il NI, =1 <& Aa,+ Bay,+ Ca, #0 abo Ab, + Bb, + Cb, # 0.

Ilinka3ka. [lijcraBurr KoopauHATH TOUOK ILtomuHu [1 B PIBHAHHS ILIOIMMHEA
IT, i mpoanasizyBaTi KiJIbKICTh PO3B I3KIB OTPUMAHOIO PIBHSIHHS BiJIHOCHO ITapame-
TpiB (U, V).

36. Hexati obudsi naowuny 3adani 3a2a4HUMU PIGHAHHAMU
Il : Az + Byy+ Ciz+ Dy =0, Il : Asx + Boy + Coz + Dy = 0.
Jlosecmu, wo 6 maxomy pasi

0H1||H2 ~ j—;:g—;zg—;#&

_ A B _C _ D
ol =1L <« Ay = By Cy Dy’

e IliNIlh=1 & N;={A, B, By} }f Ny = {Ay, By, Cs}.

ITinka3ka. PosristayTn 3a1aqy 3HaX0MKEeHHs CIILHNX TOYOK 1rormui 111 1 Iy
Ta, IIPOaHaJI3yBaTh KiJIbKICTb PO3B SI3KiB.

I3 BupaBu 36 BuUILIMBaE, IO MPsiMa B IIPOCTOPI MOXKe OYTHU 3ajlaHa AK HMEePeTHH
JIBOX TIJIOTITUH

- { A1$+Bly+012+D1 :0, (125)

Asx + Boy + Coz + Dy =0
3a ymonu, 1o Ny = {Ay, By, C1} f Ny = {Ay, By, Cs}. Pisusinns (1.25) nasuae-

ThCA 3A2aAbHUM aD0 HEeAGHUM PIBHAHHAM IIPAMOI B IIPOCTOPI.
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37. Hoxasamu, wo 6 axocmi nanpammnozo sexmopa npamoi (1.25) moocna 63amu
{‘ B G }
a= :

By
3 eJleMeHTapHOI IreoMeTpil BiJIOMO, 1110 JIBl IIPsAMi B IIPOCTOPI MOXKYTh MaTH YOTHDPH
MO>KJIMBI CIIOCOOM B3a€MHOT'O PO3TAlllyBaHHsA: MMPsAMi HapaJieibHi, 301raroThCst, MUMO-

8EKIMOP

1A G
T Ay O

Al Bl
’ AQ BQ

1.3.6 Ilo3umiiiHa 3aa4a «IIpaMa — IpaMa»

OLkHI ab0 nepernHaloThCst. [IpsiMi B IPOCTOPI HA3UBAIOTHCSA NAPANCALHUMIU, SIKITIO
BOHM PO3TAIIIOBaHI B OJIHIN IJIOMIHWHI 1 He MaIOTh CHIJIBHUX TOYOK. IIpsMi B mpocTopi
HA3UBAIOTHCA MUMOOIICHUMU, STKITIO BOHW HE MAlOTh CILJILHUX TOYOK 1 HE MapaJiesib-
HI.
38. Hexatll npami 3a0a10 6EKMOPHUMU NAPAMEMPULHUMY PIEHAHHAMU
llzr:rl—l—ta, lglr:rg—l—eb.

Hosecmu, uo 6 makomy pasi

o iy < bl a, (ro—r1)ffa;

e l1 =1 = bH a, (I‘Q—I‘l) H a;

o [y ily mumobiocni < blfa, (ro—r1)#l.c.(a,b);

e iNlh={} < bla, (rg—r1) =lc(a,b),
de l.c.(a,b) osnavae ainitiny xombinayito eexmopis a i b.

Po3p’a30k. [lpsmi [1 1 [ MOXKYTb MaTU CILJIbHY TOYKY 3a YMOBU 1CHYBAHHS
TaKMX 3HAYEeHb mapaMerpis t i 6, 1o

r2—|—9b:r1—|—ta,

TOOTO 3a yMOBHU

ro —r; =l.c(a,b). (1.26)

e [Ipunycrumo, mo a || b (to6ro a i b ainiiino sanexui). Toxi b = Aa, i ymosa
(1.26) sanummierbest y BUDIsiI

ry —r; = l.c.(a). (1.27)

Akio (ro —ry) || a, To ymosa (1.27) € piBHsiHHSIM, 3 siKOIO 'y = 11 + [.c.(Q).
Tox piBHSAHHS TpAMUX HAOYJE BUTIISILY

[i:r=r1 +ta, lo:r=r;+1lc(a)+ Na=r)+l.c(a),

1 3HAUNTD, |1 = [s.
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Axmo (ro —r1) }f @, To ymona (1.27) € cymepeunnBoro, a 3HAIUTD, ] Ny = .
[Tokaxkemo, 1m0 mpsAMi B TaKOMY BHIQJIKY JieXKaTh B ofHiil mromuni. iiicHo,
MJIONIUHA,

IT:r=r;+u(ry—ry) +va

MicTUTDb npamy u = 0, 1110 30ira€Tbcs 3 Ipsamoro [y, 1 npsamy u = 1, 1o 30irae-
ThCs 3 TPSMOIO (9.

e [Ipumycrumo, mo a }f b. fdkmo (ry —r1) # l.c.(a,b), To ymosa (1.26) € cyme-
peuinBolo, 1 3HauuTh, [1 N [y = &. [lokaxkemo, 10 NpsiMi B TAKOMY BUITQJIKY
JIeXKaTh B napaJeibuux mioimunax. Jificuo, mwionmna

Il :r=r;+ta+vb
MicTuTh 1psimy v = 0, 1110 30ira€Thest 3 NPAMOIO 1, & IJIONUHA
IIhb: r=ry+ua+6b

micturh npsimy u = 0, 1o 36iraerbes 3 npsimoro lo. [pu mpomy I1; || Tl i
II; # I1y. Orxe, npsimi 17 1 [y MEMOOIKHI.

Ao xk (ro—ry) = l.c.(a,b), To ymosa (1.26) crae piBHSHHSIM, 3 SIKOT'O MOYKHA

3HANTH
ro = r1 + Aa+ ub.
[Lnomuna
II:r=ry+ua-+vb
mictuTh npsMy v = 0, 1o 30iraerbCs 3 HPAMO0 [y, 3 IHIIOrO OOKY, Iis 2K

IJIONMHA 33[A€THCsT PIBHAHHSM
M:r=r;+Xa+ubt+ua+vb=ri+AN+u)a+ (u+v)b

1 MICTUTH TIPsAMY v = — [, 10 30iraeTbed 3 npsamoio [1. Otxke, {1 C 11, I C 111
1 )t lo, a smauaurs, [; Nl = {-}.
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Pozmin 2

MeTrpuuna aHaJllITU4HA IeoOMeTPist

BekTopHuit mpocTip 3 BUBHAUYEHUM Ha HHOMY CKaJIIPHUM JOOYTKOM HA3MBAETHCS €6-
katdosum. Ha BEKTOpHOMY MpPOCTOpPI TEOMETPUUHUX BEKTOPIB CKaJISIPHUN JTOOYTOK
JIBOX BEKTOPIB BU3HAYAETHCS K JIOOYTOK 1X JIOBXKWH Ha KOCUHYC KyTa MiXK HUMHU.
3a JIONOMOI0I0 CKaJISIPHOIO JIOOYTKY PO3B’sI3aHHST MO3UIIHUX 3a/1a9 CYyTTEBO CIIPO-
IIYETHCSI, BUBHAYAIOTHCS Olepaliil BEKTOPHOI'O Ta MiIIaHOIo JOOYTKIB, MOJBIHOIO
BEKTOPHOTO 100yTKY Ta iH. Crajsgpunii 100yTOK JEKUTh B OCHOBI CITOCOOY BUMIPY
BIJICTaH] MK TOYKAMM, BIJICTAHI BIJI TOYKHU JIO NPAMOI 1 IJIONIUHYU, KYTIB MIXK TIPs-
MUMH, IJIOIIMHAME Ta, 1X KoMOiHaIigaMu, 00’'eMiB diryp. Toxx HAABHICTH CKAJISIPHOTO
JIOOYTKY BU3HAYAE TaK 3BAHY MEMPUUHY CIMPYKMYPY.

2.1 Ckangpunii 100yTOK reoMeTpuIHNX BEKTOPIB

Hexait nano nBa HeHy/ab0BI BeKTOpu a i b. Bigkmagemo ix Bij oaniel Toukn O i
IIPEJICTABIMO 1X CIPsIMOBAHUMU BIJIPI3KaMU

a=0M. b=ON.

JBa npomeni Tay(a\_f) i ray(aj_)\f) BU3HAYAIOTDH J[BA KYTH, MEHIINI 3 IKNX HA3NBAa-
€ThCA Kymom mioic sexmopamu a i b. Iloznaunmo neit xyr gx a” b.

Cranraprum dobymrom BEKTOPIB a1 b HABUBAETHCS UKUCIIO, 110 JOPIBHIOE I0OYTKY
JIOBXKHUH IUX BEKTOPIB Ha KOCHHYC KyTa MK HuMH. Crajgpamit 100yToK OymeMo
I03HAYATH KyTOBUMU JlyKKaMu (-, -). 3a O3HAYEHHsIM,

(a,b) = |a||b| cos(a”~b).

Biccro nazuBaeTbes IpsiMa 3 0OpaHuM Ha Hiil HanpsaMkoM. Hanpsmok npsiMol BusHa-
4aeThCs Oy/Ib-SKUM BEKTOPOM, 110 KoJiiHeapHuii j1o Hel. Opauananuii Bekrop (10610
BEKTOD OJMHUYHOT JIOBXKUHM )

2 1a

PY

HA3UBAECTHCsI opmom BekTopa a. Hexait 1 — Bich, 1m0 Busnagaernhes oprom e,. Op-
TOTOHAJILHOIO MTPOEKIIEI0 TOUKNA A Ha Bich 1 Ha3WBA€THCS OCHOBA MEPIIEHINKYIISAPA,

29
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omyteroro 3 Toukn A Ha upamy [. Ilosmaunmo 11 sk Ay. Aneebpaiunoro opmozo-
HAABHON0 MPOEKYIEH CIPIMOBAHOIO Bifpiska AB Ha Bich | HazuBaeThC UKCIIO

— —
|AlBl AKIITO AlBl TT (S
—
I(AB) = { —[AB| axmo 4B, 1) e,
0 axkmo A B; = 0.

[3 o3HaveHHs BUILIUBAE, 1110 H](z@) = |1@‘ cos(zﬁAea). Aneebpaiunoro opmo-
20HAAHOMW mpoekyicto sexkmopa b na eicvy 1 masusaemvca anzebpaivma npoekyin
OYdv-AK020 CNPAMOBAH020 610pI3Ka, U0 Uo2o npedcmasase. 3 TaKOro O3HAUEHHS
BUTIJINBAE, 1110

IIib = |b|cos(b”e,) = (b, e,).

Opmozonasvholo 6eKmopHoto npoekyicto sexmopa b na 6icy 1 Ha3MBAETHCS BEKTOD
Tm = (b, e,) €.
39. Ckaaapre MHONCEHNA MAE HACTNYNHE BAACTIUBOCII:

e (a,a) = |a]®> > 0, npunomy (a,a) =0 < a =0 (dodamna cusnaruenicmn);

e (a,b) = (b,a) (cumempuunicmn);

e (Aa,b) = \(a,b) (odnopidnicmyv);

e (a+c,b)=(ab)+ (c,b) (Jucmpubymusnicmy).

Po3B’a30k. [lepuii Tpu BiaacTubocTi Maiike oueBujiHi. IlepeBipumo ducmpuby-
muenicmy. Hexait b, ¢ jioBiibHI BekTOpu Ha 1utomuHi adbo B nipoctopi. [Toznaunmo
gepes AB 1 BC' cnpsimoBani BIJIpi3KH, IO MpeCTaB/Isiiorh BekTopu a i b. Tosi
cupsMmoBanuii Binpizok AC' mpejcrapisie BekTop b + c. [lepexomsan 10 npoexiiii,
MaEMO

A1B) 4+ B;Cy = A,C;, 10610 Tp; b + IIp;C = Ip, (b + ci.
Takum duHOM,
<b> ea>ea + <C7 ea>ea = <b =+ C, ea> €a,
abo

<<b, e.) + (c, ea>>ea =(b+c,e,) e,.

3BiJICH BUILIMBAE PIBHICTD

(b2 (e )= (bre )

1

3a OIHOPIJIHICTIO, MHOXKHUK Ta] 3 KOXKHOTO CKaJIAPHOTO JIOOYTKY MOXKHA, BUHECTH 1

CKOPOTHUTH Ha HHOr'0. B pe3yabrari IpuxouMo JI0 PiBHOCTI

(b,a) + (c,a) = (b + c,a),
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110 it Tpedba OYI0 JOBECTH.
]

O HOPIAHICTD 1 AUCTPUOYTUBHICTH CKAJISIPHOTO JOOYTKY 00 €IHYIOTHCS TEPMIHOM
AHETHICMY. 13 CUMETPUYHOCTI CKaJIsipDHOIO JIOOYTKY BUILJIMBAE JIHIHHICTL HOro 3a
oboMa aprymenTamu. Taka BJIACTUBICTH 00 €IHYETHCA TEPMIHOM OLAIHITHICTD.

BiracTrBOCTI CKaJISPHOIO MHOYKEHHSI MOXKHA, aKCIOMATU3yBaTH 1 BBECTH MTOHSITTS
CKaJISTPHOTO MHOXKEHHST B 0061AbHOMY OLTCHOMY 8EKMOPHOMY TIPOCTOPI SIK ONEPATIITO,
[0 Ma€ HACTYITHI BJIACTUBOCTI:

JBa BekTOpH a i b HAZUBAIOTHCS OPMO2OHANLHUMU, STKITIO TX CKAJSIPHAN JTOOYTOK
(a,b) = 0. Kyr MiXX HeHyJbOBUMH OPTOrOHAJLHUMHU BEKTOpaM# JOpiBHIOE /2.
HysiboBuit BekTOp OpTOroHabHIM JI0 Oyib-SKOIO.

Basnc eBkIiI0Ba MPOCTOPY HA3UBAETHCS OPMOHOPMOBAHUM, STKITO BIH CKJaa-
€TbCS 3 OJMHUIHUX B3a€MHO OPTOTOHAJBHUX BEKTOPIB. ZKINO crcreMa KOOpuHAT
moOy0BaHa Ha OPTOHOPMOBAHOMY Da3uCi, TO TaKa CHCTEMa KOOPANHAT HA3WBAECThHCS
dexapmosoro NpAMoOKYymHo cucmemoro xkoopdunam. Kooppunaru todok (x,y, 2)
BiTHOCHO TAKOT CHCTEMI KOOPANHAT B % HA3BMBAIOTHCA dekapmosumu npAMokymm-
MU koopdunamamu. dacto opmu dekapmosoi npamokymmoi cucmemu KoopouHam
no3HavalTh vepes i, j, k. Poskiajanus BekTopiB 3a H6azucom i, j, k 3anucyors sk

a=a;i+a,j+ ak.
Ao cucrema KOOpAMHAT JIEKAPTOBA MPSIMOKYTHA, TO

(a,b) = a,b, +azb;, |a|=4/a2+a

JIJIST BEKTOPIB Ha, TIJIOMIWHI 1

<a7 b> = axbx + beby + azbZ, ‘a| = \/a% + ay)2 + CL%

JIIST BEKTOPIB y TIPOCTOPI.

2.2 Opienramis

Baswc BekTOpiB Ha mpsiMiil cKIagaeThcst 3 Oyab-gKOTo BekTopa € # 0. [oBopsTh,
o JjBa 6asucu e i f wa upsmiit opienmosani odnaroso, sikuo £ = Ae (A > 0),
i npomuasescno, skimo f = Ae (A < 0). Bigxomenusi ofHakoBOI Opi€HTOBAHOCTI
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€ BIHOIIEHHSIM €KBIBaJEHTHOCTI. ToxK Ha MmpAMiii iCHYe PiBHO 2 KJIaCH OIHAKOBO
opierToBanux OasuciB. OJHOMY 3 HUX MPHUIHUCYETHCSA JOJaTHA opieHTarist (+), a
iHmomy — Bij'emua (—).

Hexait eq, ey 6asnc BekropiB Ha miomuHl. Ilpunycrumo, mo fi, fy inmmit 6a3uc
BEKTOPIB Ti€l kK 1omunan. Poskiagemo sexkropu fi, fy 3a 6asucom e, ey

2.1
fQ = c%el + C%GQ. ( )

e
02><2: 2 9
€ G

HA3WBAETHCsI MATPUIIEIO TIEPEXOJLy BiJjl Oasucy eq, ey) jo Oasucy fi, f.

_ .1 2

Marpuris

40. Bexmopu fy, s ainitno nesanesrcnt modi © misvku modi, xoau det C' # 0.

Hexaii eq, ey, e3 6a3uc BekTopiB y npoctopi. [Ipunycrumo, mo fi, £, f3 — inmmii
6azuc BekTopiB npocropy. Poskiajemo Bekropu fi, fs, f3 3a Gazucom eq, es, e3

fi = cle; + cley + ces,
_ .l 2 3

f3 = cle; + c3ey + cles.

MaTpuris

CRICINE

_ 2 2 2
3 3 3
€1 & G

HA3MBAEThCsS MATPUIICIO [Iepexojly Bijl 6a3ucy eq, eq, e3 j1o basucy fi, fo, fs.
41. Bexmopu fy, £y, f3 ainitino nesaneorcus modi © miavku modi, xoau det C' # 0.

Marpuist A Ha3UBAETHCH 1IPIMOKYTHOIO, SIKIIIO BOHA CKJIAJIACTHLCA 3 1 PSAJKIB 1
k croBmumkiB. AKino n = k, To MaTpulld HA3UBAETLCA KBaJiparTHo. fkio n = 1,
TO MATPHIIS HABUBAETHCs PSAAKOM. ZAKio k = 1, To MaTpuild Ha3UBAETHCST CTOBITIH-
KOM. ZKI10 po3mip Marpuill A BaxKJIMBUil, TO BUKOPUCTOBYIOTH MO3HAYCHHSA A,y ).
EnemenTn psaaka iHIEKCYIOTbCS BEPXHIM 1HJIEKCOM, a €JIEMEHTH CTOBITYMKA 1HIEKCY-
I0ThCs HIKHIM iH7AeKcoM. Hanpukmian,

z41><3:(@1 a’ @3), Bsx1 =1 b2
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k
HobyrkoM psijika Ajxp Ha CTOBHYUK DBy HA3HUBAETLCS UUCIO ¢ = » ., a°bs.

Hanpukiia,
b1
( a' o ? ) by | = alby + a®by + a’bs.
b3

Hooymrom mampuuv A,k i Brsm HazuBaeTbest MaTpullst Ch iy, 110 CKIAJIAETHCS 3
nonapHux J00yTKIB psakiB maTpuii A ma cropmumku marpuii B. A cawme,

Cij = aibg.

s=1

(53)(78) (%)
(1 2)(‘;’ é):(w 16 ).

Basadl 42 — 45 Ma0ThH JOBIIKOBHUI XapakTep.

Hanpuknan,

42. Onepauia obnvucienna dobymry k6adpamuus Mampuysb y3200%4Cena 3 0NePayie0
obuucaenna susnaunuxie |AB| = |A||B|.

Hanpukmnan,
19 22 1 21156
|43 50|_'3 4||7 8‘_(_2)<_2)_4'

Cumeorom Kponexepa Ha3uBaETHCS CUMBOJI

5 1, gxmo i = j;
J 0, 4KIIO 72 # J.

Matpung E 3 enemenTaMu 5;- HA3UBAEThCs odunuyunoro. Hanpukia,

10
E2><2:<0 1)7 E3><3:

43. AE = FA = A 9daa 6ydv-axoi xkeadpamnoi mampuui A i 610no6idHoi 3a po3mi-
pom mampuui E.

0
0
1

o O =
o = O

Marpuns B HazsuBaeThesa obeprenoto Uit KBajapaTHol marpuii A, skimo AB =
BA = E. Marpurg, obeprena jo marpuii A, nosnagaerbea A~L. Taknm umnoM,

AATT=AT"A=FE.

Ksajgparna marpunst A HasuBaeThest nesupodacenoto, ko 11 Busnadauk |A| # 0.
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44. Ksadpammua mampuua A mae eduny obepreny modi i misvku modi, KoAU 80HA

nesupodorcena. Busnaunuk obepnenoi mampuui obeprenuti do 6usHAUHUKA MAMPU-
wi, mobmo |A™Y = |A|7L.

45. Onepayis obuucaenns dobymry mampuys acouiamuena A(BC) = (AB)C,
odnopidna (AMA)B = MNAB) = A(AB), ducmpubymusna (A + C)B = AB + CB,

ane 6 3azasvromy eunadky ne xomymamuesna AB # BA.

3 BUKOPUCTAHHSIM MaTPUUIHOIO JIOOYTKY reperBopenHst 6asucis (2.1) Ta (2.2) mMo-
JKHa [MOJATH B €IUHUNA CIIOCIO

(f) = (e)C' (detC #0), (2.3)

ne (e) i (f) psiyku, ckiajieni 3 BijosiHux 6azucHux BekTOpiB, a C' — MaTpuIs me-
pexojty. Marpuanuit criocib 3anucy neperBopeHHst 0a3uciB ne 3aAedcums 610 Kiab-
Kocmi eaemenmie 6aaucy, TOOTO BiJi BAMIPHOCTI BEKTOPHOI'O IIPOCTOPY.

Ba 6azucu (e) i (f) HasuBaloThCst 0pieHMOBAHUMU 00HAKOE0, SKIIO Y HEPETBO-
perni (2.3) det C' > 0, i npomu.aescro, simo det C' < 0.

46. Bidnowennsa 00narxosoi opienmosanocmi 0a3ucis € 6L0HOWEHHAM EKGIGANEH-
mHoCms.

[Migkaska. (e) = (e)E, (f) = (e)C = (e) = ()C7L, (f) = (e)C,(g) =
(F)D = (g) = (e)(CD).

Tox Ha wionwHi 1 B upoctopi (a Takok B JIOBIJIBHOMY BEKTOPHOMY IIPOCTOPI)
iCHye piBHO 2 KJIacu OJHAKOBO OpieHTOBaHWX OaznciB. OJHOMY 3 HUX MPUIHACYETHCS
nojaTHa opienTaris (4), a inmomy — Big'emua (—).

47. IlTapna nepecmanoska 6ekmopis basucy He 3MIHIOE OPLEHMAULI0, HENAPHA — 3Mi-
HI0E HaA NPOMUNENCH].

Hanpukiaj, 6a3ucu e, e, e3 i €y, e, €3 OPIEHTOBAHI IIPOTUJIEIKHO.

2.3 BekTopHnii, moABiiiHNIT BEeKTOPHUII 1 MiMIaHWI T00YyTKMI

2.3.1 BekTopHuii i moABiiiHNIT BEKTOPHI 100y TKHI

[Ipunuinemo Tpiiiii opriB JEeKapTOBOI IPIMOKYTHOI cUCTeMHU KoopjauHar i, j, k, B3s-
TUX CaMe B TaKOMY TOPsiJIKY, opieHTalio (+).

Hexait a, b — 1Ba BekTopu B E3. BeKTOp € Ha3sUBAETLCA 6ekmopHum 0o0YmKoM
BEKTOPIB a 1 b, sAKIIo

ecla, c_lb;
e [c| = [a[|b[sin (a™b);
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e YIIOpsiIKOBaHa TPiiiKa BEKTOpPIB &, b, C 10/aTHO Opi€HTOBaHA.
J1j1s1 BeKTOpHOTO JTOOYTKY BUKOPHCTOBYETHCS MO3HAUEHHs [a, b] abo a X b.

48. Arwo sexmopu a = {az, ay,a} 1t b = {by, by, b.} sadano xoopdunamamu eid-
HoCHO (D06LALIH020) OPMONOPMOBAH020 bA3UCY, MO

[a,b] = { } . (2.4)

Posp’s30k. Hexait ¢ = {x,y, 2} — koopunaru mykanoro sekropa. Toji 3a ymo-

b, b.

Ay Gy

by b

y )

B OPTOHOPMOBAHOCTI 6A3HUCY 3 MEPIIOl BJIACTHBOCTI BEKTOPHOI'O JOOYTKY BHUILIUBAE,

1110
xa; +ya, + za, =0
xb, + yb, + 2b, =0

[Toznauumo

b, b.

Ay A

by b.

Ba = by b,

I Ay: ) AZ:

[Ipunyctumo, mo a }f b. Tozi xoua 6 onue 3 BUMMCAHUX BU3HATHUKIB HE JOPIBHIOE
nyo. Hexait, manpuknan, A, # 0.
Cucremy piBHSIHB
ra, +yay, = —za,
{ xb, + yb, = —zb,

po3B’sizkeMo 3a npasusioMm Kpamepa (1.13)

—ZQz; Ay A —Zay
B —sz by . Ax . bx _sz - _Ax
T = AZ —ZAZ, Yy = AZ —ZAZ.

[Toknagemo z = AA,. Toxl Mu MoXKeMO 3amucaru
T =M\, y=—-AA,, z=AA,.
[nakme Kaxkyun, ymoBaMm ¢ L a, ¢ L b 3aj0BoJibHsIE BEKTOD
c=MA, A, AL}

3 foBinbHEM napamerpom A. [Ipu npomy [c]? = A2(A2 + A; + A?).
3 JIpyroi BJIaCTUBOCTI BEKTOPa C MAEMO

e[ = [al*|b|*sin” (a”b) = [a|*|b[*(1 — cos” (a" b)) =
[al*[b|* — [a*|b|* cos® (a~b) = |a*[b]* — (a,b)* =
(a2 + a; + aZ) (b + b) + b?) — (azby + ayby + a.b.)” =
(ayb. — azby)® + (agh. — a:by)” + (azby — ayby)? = AT + A7 + A7
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Otrxke, A = *1.
OpienTanii Tpiiiok BekTOpiB &, b, c i c,a, b onnakosi. Opienranisa Tpiiiku c,a, b
BU3HAYAETHCSI BU3HATHUKOM

MA, —AA, AA.
y ay a, | = MA2+ Az + A?)
b, b, b,

1 OyJie JI0JIaTHOIO JIMIIE 33 YMOBU A = +1.
dAxmmo a || b, To sin (a” b) = 0 i 3 o3navenns BumumBag, mo ¢ = 0. Aje B 1poMy
Bunagky A, = Ay = A, = 013 popmynu (2.4) rakox sBumiusae, mo ¢ = [a, b] = 0.
n

49. Bexmopnuil dobymor mae Hacmynmi 6AaCmucoCmi:
e [a,b] = —[b, a] - anmuromymamuenicmo;
e [A\a,b] = A[a, b] — odnopidnicmo;
e [a+b,d] =[a,d] + [b,d] - ducmpubymusnicmo.

ITinkazka. Jlerko nepesipsioThes 3 KOOpAMHATHOIO Bupasy (2.4).

50. (Osnaxa xkoaineaprocmi eexmopis) Bexmopu a i b woaineapni (a || b)
modi i miavku modi, xoau [a, b] = 0.

Iapanenoepamom 3 Bepmunoo B Touni A € E3, mo yTBopenwuii BekTopamn a, b,
HA3WBAETHhCA MHOXKWHA TOYOK

P(a,b)={M(r)e B> :r=)Xa+pub, 0<\pu<1},
3a YMOBH, IIT0 BeKTOopHu a 1 b Binkajeni Bijg Toukn A.

51. Ilrowa S napanesoepama, wo ymeoproemves sexkmopamu a i b, sidkiadenumu
610 CNIALHOL MOYKU, MOHCEe bYMU 00vUCAeHa 30 HOPMYA0I0

S = |[a,b]| = V]a]*[b]? — (a,b)2. (2:5)

Dopmyiti (2.5) MOXKHA HATATH BUTJIST

IR

MaTpuis i BUSHAUHUKOM HA3MBAEThCs mampuuero I'pama napm BeKTOpiB a i b.

52. Aruwo a = {a,,a,}, b = {by, by}, mo naowa napareroepama, wo ymeoproemucs

sexmopamu a i b, eidksadenumu 610 cninbHOi MOwKY, ModHce bYMuU 00YUCIEHG 34
2
az by

popmyaoro S? = a, by
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ITinkaska. Posmucatu dhopmyny (2.5) depe3 KOOpJUHATH BEKTOPIB.

I3 posknmapanna a = a,i+ a,j, b = b,i + b,j sunymsae, mo marpunga C =

(ax bs

ay by _ ' a, by
0, To BeKTOpU a i b yTBOPIOIOTH JOJATHO OPIEHTOBAHUI OA3UC TJIOMUHU. KO XK
az by
ay by
Towmy Benmmunna

a, b,

> € MaTpuUIlelo Iepexo;Ly Bij 6a3ucy i, j 10 BekTopis a, b. Akiio

< 0, To BeKTOpHU a i b yTBOPIOIOTH BiJI'€MHO Opi€HTOBaHKI 0A3UC ILJIOIIMHU.

a, b,
ay by

St

HA3UBAETHCA OPLEHMOBAHON0 NAOULEIO NAPAAENO2PAMA, TITO YTBOPIOETHCA BEKTOPaMU

aib.
LHodsitinum sexmoprum dobymrom BEKTOPIB a, b 1 ¢ HA3MBAETHCsI BEKTOP [a, b, C]] :
53. (@opmyaa poskpumms nodeitinozo eexmoprozo dobymry)
a, [b,c]] =b(a,c) —c(a,b).

Po3p’a30k. Obepemo crucreMy KOoOpJuHAT y Takuit croci6: Bick Oz HalpaBu-
MO y3JI0BXK €, Bich Oy BizbMeMO B TIOMWHI BeKTOpiB b 1 ¢, Bich Ox HampaBuMo
HEPIEeHUKYAIPHO 70 Hi€l miomuau. Tosl BiJIHOCHO 00paHOl cUCTEMH KOOPIUHAT

a= {axaayaaz}a b = {O,by,bz}, ¢ = {O,O,CZ},

1 MU 3HaXOINMO

b, b, 0 b, 0 b
[b7 C] = { ‘ Oy CZ y ' O CZ 9 ' 0 Oy } — {byCZ7 07 0}7
B ay a.| | a a. a; ay _ B
a,[b,c]] = { 0 0" be 0 b 0 } {0, a.byc., —aybyc. }.

3 iHmmoro 60Ky,

b(a,c) = {0,a.b,c;,a.b.c.}, c(a,b) ={0,0,a,b,c. + a.b.c.},

a 3HAYUTD,
b(a,c) — c(a,b) = {0, a,b,c., —a,b,c.}.

[TopiBHIOIOUM O0UMC/IEHH, OJIEP:KYEMO HEOOXiTHUI pe3y/IbTar.
u

54. Ilepesipumu, wo
e [a,[b,c]] + [b,[c,a]] + [c,[a,b]] =0 (momoocnicmo Hxobi);

(a,c) (a,d

e ([a,b],[c,d]) =| (b,c) (b,d

; ‘ (momooicricmo Jlanaaca).
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2.3.2 Mimaanii 100yTOK BEKTOPIB

Hexait a, b, c — pu sexropu B E°. Toni n06yTok (a, [b, c]) nasupaernest mitanum
doOYMKOM MPLOT BEKMOPIE.

55. Hexali sexmopu a = {az,ay,a}, b = {by,b,,b.} i ¢ = {cs,¢y,c.} 3adani
CEOIMU KOOPAUHAMAMY 8IOHOCHO OPTNOHOPMOGaH020 basucy. Todi

ag Gy a
(a,[b,c]) = b, b, b,
Co Cy Ci
Po3p’a3o0k. /liiicho,
Cy C: Cr Cs Cp Cy
<aa [ba C]> =
a; ay a
a bybz_ybxbz ta, by by — b, b b
Cy Cs Cr Cy Cr Cy
Co Cy Cy
]

56. Posmiuienhs cumeory 6ekmopnoz20 dobymxy Mioc 6eKmMopamy iy Mitaromy do-
oymxy neicmomme, moomo (a, (b, c]) = ([a, b, c).

3 oy Ha pesysbrTar BOpaBu 56, NI MINIAHOTO JOOYTKY BXKUBAECTHCI CNPO-
wene nosnavenns (a, b, c).

57. Ilepesipme, wo
o Miwarutl dobymox MHITHUT 3a KodHCHUM 31 cniemHodcrnurie. Hanpuxaad,

® NAPHA KINDKICMD MPAHCNO3UYIT NAD BEKMOPIE HE 3MIHIOE MIWLAH020 0YOYMKY,
npu Henaprith KiAbKOCL MPAHCno3uuil 3naK MItano20 d00YmMKYy 3MIHIOEMHCA
na npomunescnut. Hanpuraad, (a,b,c) = —(b, a, c);
e (0o3nara Komnaanaprocmi eexmopis) Tpu sexmopu a, b, c Komnaanapni
modi i MiAbKU Modi, KOAU
(a,b,c) =0; (2.6)
® 36 AJCIMDY BAACTNUBOCTNT MIULGHO20 JOOYMEY 3 BAACTIUBOCNAMU BUSHAYHUKA
MAMPUYL POSMIPOM 3 X 3.

Iapanreaeninedom 3 Bepmmuoo B Touni A € E3, mo yTBopeHmil BeKTOpaMu
a, b, c, HA3WMBAETHCT MHOXKUHA TOYOK

P(a,b,c)={M(r)e E* :r=Xa+pb+ve, 0<\puv <1},

3a YMOBH, 1[0 BEKTOpH a, b, ¢ Biakaameni Big Touku A.
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58. (06’em napaneaenineda) O6’cm naparesenineda, ymeopenozo 6eKmMOPaMU
a, b, c, moocna obuucaumu sa gopmyaoro V= |(a, b, c)|.

Po3p’a3o0k. [Ipunycrumo, 110 Bekropu a i b jiexkarb B OCHOBI 11apadJieJienimne/ia.
Toni morma i€l ocrosu S = |[a, b]|. Bucora mapasesnemninena h = |c|cos a, e o —
KyT MK BEKTOPOM C 1 TEpIeHIUKY/ISIPOM JI0 OCHOBH. Ajte cosa = |cos |, je ¢ —
KyT Mixk €1 [a,b]. Tomy

V = Sh = |[a,bll[c]| cos ¢] = |(a,b, ).
|

59. (06’em mempaedpa) Ha mpvox nexomnianapnur eexmopar a, b, c, wo 6id-
Kaadeni 610 cniavho2o nowamxy, nobydyemo mempaedp. O6’em maxozo mempaedpa
mooicna obvuciumu 3a gopmyaoo V = ¢|(a, b, c)|.

I3 posknajanng a = a,i+ a,j +ak, b =0,i+0,j + 0.k, ¢c = c,i+c,j+c.k
az by ¢y
BuILIUBae, mo marpung C = | a, b, c, | € marpunero nepexojy Bij basucy i,j, k
a, b, c,
JIO Tpiiiku BeKTOpiB a, b, c. dAximo
a, b, c,
ay by, c, | >0,
a. b, c
TO BeKTOpU a, b i ¢ yTBOPIOIOTH JI0/IaTHO OpiEHTOBaHU Oasuc npocropy. AKIno »x

az by C
ay b, c, | <0,
a, b, c,
TO BEKTOpH a, b i ¢ yTBOPIOIOTH BiJI'€MHO Opi€HTOBaHU Oasuc mpocropy. Tomy Be-

JIMYNUHA
ay by ¢y

Vi=1|a, b, ¢
a, b, c,
HA3UBAETHCST OPIEHMOBAHUM 00 eMom napasesenineda, yTBOPEHOTO BeKTOpaMu a, b
1C.

2.4 Ilo3umiiiHo-MeTpuyYHIi 3a1a4l HA €BKJILJIOBIN NJIOIINHI

2.4.1 3araJbHe PIBHAHHS NPAMOI HA €BKJIIOBill IJIOIUHI

HasaBHICTb CKaJIAPHOrO JOOYTKY 1 OPTOHOPMOBAHOIO OA3UCy Ha IMJIOIIWHI JO3BOJIS-
FOTh HAJIATH METPUIHOIO TJIyMadeHHst 3arajibHoMy pisastaiio (1.10) mpsiMol Ha mio-
muHi. Hexait [ : r = rg + at napamerpuyne piBHsiHHs [PsiMOI Ha 1iomuHi. [To3Ha-
aumo depe3 N BekTop, opToroHaibhuil j1o a. Touka M (r) jgexuTh Ha TpsaMii TOT
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1 TiibKY Tozi, KOs (r — rp) || @ Ha muomumi g ymMoBa ekBiBaseHTHA YMOBI
(r—ro,N)=0, abo (r,N)+C=0 (C=—(rg,N)). (2.7)

PiBusinst (2.7) HA3UBAETHCS 6EKMOPHUM 3G2AADNUM DISHANHAM NPAMOT HA €BKJII-
qoBiit maomuai. BekTop N, nepreH uKyasipHuii 0 IpsaMol [, Ha3UBaEThCs 11 6€KmMOo-
DOM HOPMAN.

Hexait N = {N,, N,} — koopuunaru sekropa N. Ilepexomsan no koopaunar,
MaEMO

Ny(x — o) + Ny(y — yo) =0

200
Nyx + Nyy — (Nyzo + Nyyo) = 0.

[loznauumo A = N, B = Ny, C = —(N,xo+ Nyyo). Toxl piBustaus npsmol naby/e
BUTJISLY

Ar + By + C = 0.

Orxke, SIKIO CHCTEMa KOOPJMHAT JIEKAPTOBa, MPSIMOKYTHA, TO koediuyienmu A 1 B
3a2a.av1020 pieHanms npamoi (1.10) e xoopdunamamu 6exmopa HOPMaAi NPAMOi.
[Tonibno 50 BiaacTuBocTi adinHol HopMaJi, BeKTop N CIpsSMOBaHUI y BEPXHIO IiB-
IJIOIIUHY BIJHOCHO NPsiMOT [.

[Toznauumo uepes n = N/|N| — opr Hopmadii j1o npsimol. Piusitusi

(r—rg,n) =0, abo (r,n)+c=0 (c=—(rp,n)) (2.8)

HAa3WBAETHCA BEKTOPHUM HOPMOBAHUM 3aTaJbHUM PIBHAHHAM MPsIMOI Ha, TIJIOTTUHI.

2.4.2 Ilo3uiiiiHo-MeTpUYHA 33aJa49a «TOYKA — TOYKAY.

JIBl TOUKM Ha TJIOMMHI ab0 30iraroThcs, abo Hi. 301XKHI TOUKM MAaiOTh OJHAKOBI
koopauaatu. fkmo Mi(ry) i My(ry) aBi TOUKM €BKJIIIOBOI IJIONIUHU, TO BiJCTAHD

MIXK HEMHU € JOBxKHHOIO BekTopa MiMs. Orxe,

|[My, My]| = |ry — 11| = /(22 — 21)? + (2 — 11)*

60. (Ilenmpanvua cumempisn) Toura M(F) e cumempuunorn do mowsu M(r)

gidnocno yenwmpy cumempii Mo(ro), axwo moura My e cepedunoto eidpizxa [M, M].
Hosecmu, uio
I =2r)—r. (2.9)

Dopmysia (2.9) 3acrocoByBana Jist Oyjib-siKOT TOYKHK Ha, [JIOMIMHI 1 TOMY BU3HA-
qae Bimobpaskennsa E? — F?, M0 HAa3UBAa€ThCA IEHTPATBHOIO cuMeTpiero. B Koop-
JMHATHOMY BHPa3i MepeTBOPEHHsI TeHTPaJIbHOT cuMerpil BigrocHO Touxku Moy(xg, yo)

{5::2560—:(:,
y=2y —Yy.

3allUIIEeTbhCA AK
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2.4.3 IlosuiliiiHo-MeTpuYHa 3a/Ja4a «TOYKa — IIPIMa»

Touka MOXKe HaJIeXKATHU MPsIMiit ad0 He HaJiexKaTh npamiit. Bidcmanmio BiJ TOUKA 10
MpsAMOI Ha, MJIOTUHI HA3UBAETHCS JIOBXKUHA IEPIIEHIMKYIIpa OIYIIEeHOro 3 TOUKHU Ha
HPSIMY.

61. Bidcmanv 6id mouku Mi(r1) do npamoi (2.7) na e6xaidosit naowsuni 3naxo-
dumuvca 3a Hopmyr0t0

d= |<I‘1 —I‘(),H>| - ‘<r17n> +C‘7

wo € Modyaem pe3ysvmamy nidcmanosku koopdunam moyxu My 6 nopmosare pie-
HAHHA NPAMOT. B xoopdunammnomy eupasi

_ |A$1+Byl+0‘

Posp’sa30k. dximo My(rg) Touka Ha mpsMiii, To Bijgcranb Big Touku M (ry) 10

d

MpsMOl € JIOBXKUHOIO TPOEKINT BEKTOpa Iy — Iy Ha OPsAMY, TEPHeH UuKYJIIpHYy 10
npsivoi. 3nauurh d = |(ry — ro,n)| = |[(r1,n) + ¢|.
m
Touka Mi(ry) 3HAXOMUTLCS y BEPXHIil/HUKHINA MBIIONMHI BIIHOCHO MPSIMOI,
SKITO KyT MiXK I'y — g 1 BEKTOPOM N TOCTPHil/Tymuii, T06T0 Kosu (r1 — ro,n) > 0
abo (r; —ro,n) < 0, BijgunosijgHo. Beauuuna

h = (r; —rg,n) = (r1,n) + c,

0 € pe3yabTaTOM MiJICTAHOBKYM KOOPAUHAT TOUKN M| B HOpMOBaHe pIBHAHHS TPs-
MOI, HA3UBAETHCs 6I0TUACHHAM TOUKKU M1 (r1) Bij npsimoi. B koopjunarnomy Bupasi

_Ax1+By1+C
VAT

Binxumennass h > 0 gjst To9oK BepxHbOI miBIonuan 1 h < 0 i TOYOK HUKHBOI
HIBILIOIIMHUA.

h

62. (Ocwvosa cumempia) Toura M(F) ¢ cumempuunoto do mowru M(r) eidnocno
npamoi L, axuo npama | nepnenduryaapna do eidpiska [M, M| i npozodums wepes
tio2o cepeduny. Hdrwo npama 3adana pishannam | : (r,N) +C =0, mo

I =r — 2hn, (2.10)
de h — sidxusenns mouxu M 6id npamoi l.

Dopwmyia (2.10) 3acrocoByBana Jijisi Oyjib-siKOT TOYKM Ha IJIOIIKHI 1 TOMY BU3HA-
qae Bijobpazkennsa F? — E2, o HABHBAETHCA OCHOBOIO CUMETPIEIO.
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63. B xoopdunammomy 6upasi nepemeopenna 0cbo80i cumempii 610HOCHO NPAMOT
Ax 4+ By + C' = 0 sanuwemvcs ax

~ Ax+By+C
T=x—2 A
- Az+By+C
V=Y -2 - A2+B? b

Hosecmu.

ITigka3ka. Touka M 3HAXOAUTHCS Y MIBIJIONIMHL, TTPOTUIIEKHINE J10 TIET, B K
3HAXOIUTHLCS TouKa M, ajie Ha Tiii »Ke BijicTaHl BiJ IpsaAMol, 110 i Touka M.

2.4.4 IloswuiiiiHo-MeTpuYHa 3aJa4a «IIpgMa — IpaMay

Bl 1ipsimMi Ha TJIOIIMHI MOXKYTH OyTH napaJiejibHuMu, 30iraTucs abo 1mepeTuHaTrucs.
AKITO MpsiMi TepeTHHAIOTHCS, TO BOHE YTBOPIOIOTH MEBHUH KYT. PO3B’I30K MO3HIIifi-
HUX 3aJa9 He 3aJeKUTh BiJ HAABHOCTI METPUYHOI CTPYKTYpH. Bimmosijui 3ajadi
po3B’s3ani B Pozmini 1.2.

Kymom miorc npamumu [y 1 ly Ha 1JIOHIMHI HA3UBAETHCS MEHIIUN 3 yTBOPEHUX
HUMU KyTiB. KyT MiXK mapaJyebHIMU ab0 301 KHUMY MPIMUAMHU BBXKAETHCS HYJIHOBUM.

64. [loznavumo wepes @ wym mioc npamumu ly @ lo na naowsun.
o xwol,:r=r+aitily:r=ry+ayl, mo 00890:%;
aj| |ag

® AKULO0 ll : <I‘,N1> -+ 01 =0: lg : < N2> —+ 02 — 0 Mo cos Y = ||<11\;11,|NN2>|

o axwo by : (r,N)+C =0, anely: v =1y + at, mo smgp—%
N| |a
osecmu.

KyTowm Big mpsimoi [y 1o mipsivol Iy (opienmosanum kymom miokc npamumu) Ha-
3UBAETHCS KYT MiXK JI0JIaTHO OPIEHTOBAHOIO 11aPOI0 HAIPSIMHUX BEKTOPIB MPsAMUX (1
11ls.

65. Iloznavwumo wepe3 @, opienmosanut xym mioic npamumu ly i ly. Todi cos p, =
<a17 a2>

a1 |as|
dodammo. Iloxastcimo, wo

30 YMOBU, W0 NAPL HANPAMHUT 6EKMOPIE A1, Ao UUL NPAMUL OPIEHMOBAHA

| v, akwo napa ai,ay opienmosana dodamo;
Po T — @, AKUL0 Napa aj,ds OPIEHMOBANA 610 EMHO.

66. /[ia npamoi, wo 3adana 3azarvrum pienannam | : Az + By+C =0 (B #0),
MaH2ENC 0PIEHMOBAN020 KYMa Mmidic npamoro | i eiccro Ox dopisnioe

A
tan ¢, = 5

Hosecmu.



2.5. HO3BHUIIHHO-METPUYHI 3A/IAYI B EBKJIIJIOBOMY IIPOCTOPI 43

A
—-4
ETHCA PIGHAHHAM NPAMOT 3 KYMOBUM KOEPIULEHTOM.

[Tosnaunmo k = b= —%. PiBHAHHA TIpsAMOl Y BUTJIsAI y = kx + b Ha3uBa-

67. Hexati l : y = kix + by, Iy : y = kox + by d6i npami, wo 3adani pienanmam 3
kymosum roepiuyienmom. Iloznavumo wepes o, opichmosanuts xym 610 npamoi 1y
do npamoi ls, a wepes @ — menwul 3 d80T KYMI6, w0 ymeoproroms npami. Todi

ko — Ky ko — Ky
1—{—]61]{27 1 +k1k2

ITinka3ka. Ckopucrarucs (hopMyJIoO JJisi TAHT€HCa PI3HUIN KYTiB.

tan ¢, =

tan p = ‘

2.5 IlosumiitHo-MeTpuyHi 3a7a49l B €BKJIIIOBOMY HPOCTOPi

2.5.1 3araJjbHe PiBHAHHS NJIOIIMHU B €BKJIIJIOBOMY IPOCTOPI

[Tapamerpuuse piBusinus mwiomuau (1.17) He BUMarae HasiBHOCTI METPUIHOI CTPY-
KTYpH B TIPOCTOPI 1 € BUPA30M JIHIHHOT 3a/1e3KHOCTI BeKTOpiB (r — 1)), a i b. Cko-
PUCTABIIMCH O3HAKOI KOMILJIAHAPHOCTI BEKTOPIB (2.6), MOXKEMO BUKJIIOUUTH HApa-
metpu 3 (1.17) dopmyoro

(r —rg,a,b) =0, (2.11)

0 HA3MBAETLCA 3020AbHUM PIGHAHNAM TAOUUNHY, NOOAHUM 304 HAMPAMHUMU G-
kmopamu. B koopunaTrHoMy Bupasi pisusiais (2.11) orpumae Bupas

r—=To Y—Y =~ %0
ay ay a, |=0. (2.12)

Pigusinnst (2.12) roroxue pisasinuio miomuan (1.20) B adinanx KoopanHaTax, aje
Ma€ 1HIIe TJIyMadeHHs.

68. Pisnanms naowunu, wo nporodums wepes 3 nexorineaphi mouru My (x1,y1, 21),
My (9, Y2, 29) @ Ms(x3,ys, 23), Mooicrua nodamu y 6uzasdi

r—Ir Yy—y 22—~
Ta—T1 Yo—y1 22— 2 | =0.
L3 — X1 Y3 — Y1 23—~
Bekrop N = [a, b] oproronanbuuii 1o miomuau BekTopis a i b. Tomy piBHsHHS
(2.11) exsiBastentne pisugnnio (r — ro, N) = 0 (nopisusiite 3 piuanmam (1.21)).

PiBugnng

(r,N)+D =0 (2.13)

HABUBAETLCSA 3G20A0HUM DIGHAMNHAM NAOUUNY, NOOAHUM YEPE3 GEKMODP HOPMAAI.
[Tosuauusnm n = N/|IN|, orpumaemo HOpMOBaHe piBHSIHHS TUIOMITHNA

(r,n) + D = 0. (2.14)
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dxmo N = {A, B,C}, To B koopiusaTHOMy Bupasi piusHHs (2.13) s3anummerses
K

Az + By+Cz+ D = 0.
[Toni6Ho 110 BekTOpa adinuoi HopMadi (Bupasa 27), Bekrop Hopmani N = {A, B, C'}
CIPsIMOBAHUI Yy BEPXHIN HIBIPOCTIP BIJIHOCHO ILJIOIIAHMU.

2.5.2 Ilo3urifiHo-MeTpuYHAa 3a4a9a «TOYKA — IJIOIMMHA»

Touka MoxKe HaJeXKaTH IJIOHMHI ab0 He HaJeXkKaTH Iolmni. Bidecmannio Bl To-
YKHU JIO0 IJIOIMHU B IPOCTOPI HABUBAETHCS JIOBXKMHA MEPIEHIMKYJ/IsIPa OIYIIEHOro 3
TOYKHU Ha ILJIOIIUHY.

69. Bidcmanv 6id mouru Mq(r1) do naowunu (2.13) 6 eskaidosomy npocmopi 3na-

200UMbBCA 30 HOPMYN0I0
d = |(r;,n) + DI,
wo € Modyaem pe3yivmamy nidcmanosku koopdumnam mouwky My 6 nopmosare pie-
HAHHA NAOWUHY. B xoopdunammomy supasi
_ \Aa:l + By1 + Cz + D‘
B/ e e

Posp’siz0k. Ak My(ry) rouka Ha wiomuhi, To Bijcranb Bijg rouku Mi(ry) jo

d

IJIOIIMHY € JIOBXKUHOIO IIPOEKII BEKTOpa Iy — g Ha NPSIMY, HEPICHIUKYIAPHY 10
wiomuad. 3Haauth, d = |(r; — ro,n)| = |(ry,n) + D].
m
Touka Mi(ry) 3HAXOMUTHCST Y BEPXHBMY /HUKHBOMY TBIPOCTOPI BITHOCHO TLIO-
IIHE, SKIIO KYT MiXK I't —I'( 1 BEKTOPOM N TOCTPHil /Ty Iwil, To6T0 KosH (I —rp, n) >
0 abo (r; — rg,n) < 0, Bignosigno. Bennanna

h = (r; —rp,n) = (r;,n) + D,

0 € Pe3yabTaTOM MiJCTAHOBKY KOOPAUHAT TOUKN M| B HOpMOBaHe PIBHAHHS TPs-
MOI, HA3UBAETHCsI 6l0TUACHHAM TOUKM My (r1) Bl momuuu. B KoopjubaTHoMy Bu-

pasi
- Ari+ By +Czx+ D

VA2 + B2+ (C?

Bigxunensas h > 0 7 TOY0K BEepXHbOIo miBIpocTopy 1 A < 0 Jijisd TOUOK HUXKHBOI'O

h

MBI POCTOPY.

70. (Cumempia dzepranvna) Toura M(F) e cumempuynoro do mowru M(r) 6id-
nocno naowunu 11, axuwo naowyuna I nepnendury.aapma do eidpiska [M, M| i npo-
zodumy uepes Goeo cepeduny. STxuwo naowuna 3adana pienanmam I : (v, N)+ D =
0, mo

I =r — 2hn, (2.15)

de h — sidrusenns mouku M 6id naowuny I1.
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Dopwmyita (2.15) 3acTocoByBana Jijisi Oy/Ib-sIKOI TOYKHU Ha TUIOMIKHI 1 TOMY BU3HA-
qae Bijobpazkenns F° — E3 1110 HA3MBAETHCSA CUMETPI€I0 BITHOCHO IIOIIMHY.

71. B xoopdunammomy 6upasi nepemeopens cCumempii 6i0nocto naioujuruy Ax +
By + Cz+ D = 0 sanuwemovca ax

( ~ _ ..  oAz+By+Cz+4D
T=a =2 e A
~ Az+By+Cz2+D

\ V=V -2 e B,

\ 5=y — 2Ax+By—|—C'z—|—D C.

A24+B24+C?
Hosecmu.

Ilinka3zka. Touka M 3HAXOJUTBLCS Yy IMIBIPOCTOPI, HPOTUJIEZKHOMY JIO TOI'O, B
SIKOMY 3HaXOJUThCst TouKa, M, ajie Ha Tiit »Ke BijcTaHi Bl MJIOMMHY, 110 it Touka M.

2.5.3 IlozuiiiiHo-MeTpuYHa 3aJa49a «TOYKa — [IPAMay

[Tapamerpuyune, KaHOHIUHe 1 3araJjbHe PIBHAHHS IPSIMOI B IIPOCTOPI HE 3aJIEXKUTH
B, METPUYIHOI CTPYKTYPHU, OCKLILKM BUKOPUCTOBYIOTH JIUIIE TOHATTS JIHIHHOT 3a-
aexnocti Bekropis (Posiin 1.2). Touka Moxe Hajexaru npsMiil 1 He HajexaTw
IPSAMIIi.

72. Hexati | : v = ro+at napamempuuno sadana npama i Mi(r1) mouxa npocmopy.
Touxa Mi(r1) € l modi i miavku modi, xoau [r1 — ro,al = 0 (ananroz enpasu 31).
<I',N1> + Dl = 07
<I', N2> + D2 — Oa
npocmopi i My(ry) mouxa npocmopy. Toura My(ry) € | modi i miavku modi, Koau

{ <I‘1,N1> + Dy = O,

73. Hexati [ : { (IN1,Ny| # 0) sazaavue pisnanna npamoi 6

a, [N, Ny|| =0.
<I‘1,N2> 4 D2 — 07 [ 7[ 15 2“

Bidecmanmio 610 mouxu do npamoi 6 npocmopt HA3UBAETHCS JOBKUHA, IEPITEH JIV-
KYJISIPa, OLYIIEHOIO 3 TOUYKU Ha HPSIMY.

74. Bidcmanv 6id mowku Mi(r1) do npamoi t = 1o+ at obuucatoemoes 3a gopmy-

010
|[r1 — ro, a|

d =
2l

Ilinka3ka. Bijcranb Biji TOYKKM IO HPsSIMOI JIOPIBHIOE BUCOTI I1apaJiejiorpama,
YTBOPEHOI'0 BEKTOPaMH & 1 Iy — I, 1110 OIYIIEHa Ha CTOPOHY A.

Touka M(f) HA3MBAETHCsl CUMETPUYIHOK0 10 ToukK Mi(ry) BijiHOCHO 1ipsiMoTl | B
IPOCTOPI, SIKINO MpsiMa | MephneHInKy/Ispaa 10 Bigpizka [M M] i npoxoauTs depes
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iioro cepenuny. Ocbo6oto cumempicto 6 npocmopi BIAHOCHO TIPAMOI | HA3UBAETHCS
nepersopenns E? — E3 mo nepesoauts Toukn M(r) € E? B rouku M(T) € E3,
CUMETPUYHI BIJIHOCHO NPsiMOl [.

75. (Ocvosa cumempis 6 npocmopt) Ilepemeoperna 0cvo60i cumempii 6i0H0CHO
npamoi | : p = ry + at sanucyemovca y cuzaadi

laf?
de r — padiyc-6eKmop J08IAbHOT MOUKU NPOCMOPY.

_$
ITinkazka. (f —rg) + (r — rg) = 2[Ip; (r — ro).

2.5.4 Ilo3wuiiiiHo-MeTpuYHA 33aJa4a «IIpAMa — ILJIOINITHA»

Bzaemue po3TanryBaHHs OpsAMOI 1 IJIOMIUHA B €BKJIIOBOMY IPOCTOPI Ma€ Ti K MO-
JKJIMBOCTI, 1110 1 B adinHoMy. P0o3B’s130K BiJIIIOBIIHOI IO3UIIIHOL 3a/1a4l MICTUTHCS B
po3iii 1.3, ajie B €BKJI1I0BOMY IIPOCTOPI 11eit pO3’si30K MOXKe Oy TH TIOIaHnHi B IHININX
TepMIHaX.

76. Hexatli npamy 3a0amo 8eKMOPHUM NAPAMEMPUNHUM DIGHAHHAM T = T + at, a
naowuny — 3azasvrum pishannam 11 : (v, N) + D = 0. B maxomy pasi

e INII={}«< (a,N)#0;

e[|l & (a,N)=0, (ro,N)+ D #0;

e/ClIl & (a,N)=0, (ro,N)+D =0.
(Ilopienatime 3 enpasoro 32).

ITinka3ka. CrijibHi TOYKK MPSIMOI 1 TJIOMMHNA MAIOTh 3aJ0BLILHATH PIBHSIHHIO

(ro +at,N) + D = 0, ro6ro (a, N)t + (ro,N) + D = 0.

77. Hexatli npamy i naowuny 3a0a1o 6eKMOPHUMUY NAPAMEMPULHUMU PIGHAHHAMU
[:r=ry+ at, II:r=r; 4+ ub+vc.
Hosecmu, uo
e INII={} & (a,b,c)#0;
o [ || II < (a,b,c) =0, (r; —rg,b,c) #0;
e/CIl < (a,b,c)=0, (r; —rp,b,c)=0.

(IIpopisnaiime 3 enpasoto 33).



2.5. HO3BHUIIHHO-METPUYHI 3A/IAYI B EBKJIIJIOBOMY IIPOCTOPI 47

Kymom miorc npamoro © naousurnoro HaA3WBAETHCI KYT MiXK II€I0 TPAMOIO 1 11 op-
TOTOHAJILHOIO MIPOEKIIIEI0 HA [JIOIIUHY.

78. Hexati npama 3adana napamempuyno | 1 r = ro+ta, a niowuna c6oim 3a2anb-
num pistannam I : (v, Ny + D = 0. Todi

(N, a)|

ITigkazka. Cunyc KyTa MiXK MpsiMOIO 1 1T IPOEKIIIEIO0 Ha TJIONMHY JIOPIBHIOE MO-
JIYJII0 KOCHHYCA MiXK 11 HaIPAMHUM BEKTOPOM 1 BEKTOPOM HOPMAJi JIO TJIOIIMHH.

2.5.5 IlosuiiiiHo-MeTpuvyHa 3a4a4a «ILIOHNIUHA — ILJIOIUHA»

Bzaemue po3ramryBaHHs ABOX IJIONIUH B €BKJIOBOMY IIPOCTOPI MA€ Ti 2K MOXKJINBO-
cTi, 1m0 1 B adpinHoMy. Po3B 130K BiJIITOBIIHOI TO3UIIAHOI 38184l MICTUTHCA B PO3JILJIi
1.3, aJjie B €BKJIJIOBOMY IIPOCTOPI Iieil po3’s30K MOxKe OyTH IMOoJaHuii B IHIINUX Tep-
MIHaX.

79. Hexat obudsi naouwuru 3a0ani 6EKMOPHUMU NAPAMEMPULHUMUY PIEHAHHAMU
I, : r =r; + ua + vb, IIs:r =19 +tc + hd.
Hosecmu, uo
o I, || II5 & la,bl,[e,d]] =0, (r2—ri,a,b)#0;
o II, =11, & [[a, b], [c,d]] =0, (ry—ry,a,b)=0;
e IiNIl,=1 < [[ab],[c,d]] #0.
(Ilopienaiime 3 enpacoro 34).

80. Hexati odna 3 naowun 3adana napamempuyrnum pisHannam 11y : r = ro+ua+
vb, a inwa — 3azarvium pisnannam sy : (v, N) + D = 0. Josecmu, wo 6 makomy

pa3i
N, [a,b]| =0,
Pt e { oD 40
[N, [a,b]] =0

o I, =1, <« {(I‘O,N>+D:0;

e NI, =1 < [N,[ab]] #0.

(Ilopisnatime 3 enpasoro 35).
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Kymom miotc naowunamu Ha3uBaeThes MEHIINT 13 IBOX IBOTPAHHNX KYTIiB, YTBO-
peHuX MUMHU TIomuHaMu. Mipoio IBOrpaHHOTO KyTa CJIYTYe KyT MiXK MPsAMUMU, TIep-
HEHJIMKYJISIPHUMU peOpy JIBOIpaHHOro KyTa. Lleit KyT JIOPiBHIOE Ky Ty MiXK HPSIMUMHU,
HEPIEHJIMKYJAAPHUMU 33/1aHUM 11JIOIAHAM.

81. Hexatl naowuny 3a0ano 3a2a10HUMU PIGHAHHAMU

H12<I‘,N1>+D1:O, HQZ(I‘,N2>+D2:O.

Todi (NL N
cos(IT; " II,) = ~—b-"2/1
Ih 1) =R
Y xoopdunammnomy eupasi
AAs + BB
COS(HlAH2> _ | 149 + Dy 2+C102|

VA 4+ B2+ C%\/A}+ B2+ C3

Hosecmu.

2.5.6 IloswuiiiiHo-MeTpuYHa 3aJa4a «IpdgMa — IpgMay

Bszaemue poararyBaHHS JIBOX MPAMUX B €BKJIJIOBOMY MTPOCTOPI Ma€ Ti XK MOXKJIUBO-
cri, mo 1 B acdinnomy. Po3p’si30K 1i€l 1mo3uniitHol 3aja4i MicTuTbest B po3iiial 1.3,
aJle B €BKJIJJOBOMY IIPOCTOPI Ieil pO3B’s130K MOXKe OyTH TOJaHuil B IHIINX TepMiHaX.

82. Hexatl npami 3a0ano 6EKMOPHUMU NAPAMEMPULHUMU PIBHAHHAMU
[{ :r=r; + at, [o :r =19+ bb.

B maxomy pasi

o 1]l < [a,b] =0 [r; —ry,a] # 0;

o 1 =1 < Ja,b] =0, [ry —ry,al =0;

o [y ily mumobiocni < |a,b] #0, (r2 — 11, a, b) # 0;

e iNl={} & [a,b] #0, (ry—ri,a,b) =0.
(Ilopienaiime 3 enpasoro 38).

Ilinka3ka. InrepuperyiiTe pe3ysbrar BipaBu 38 B TepMiHAX BEKTOPHOI'O 1 Mi-
aHOIo JIOOYTKIB.

83. Hexati ly i ly mumobiorcni npami. Todi icryromo edunt naouwunu 11y 7 Iy maxi,
wo 114 H I, II; D 1y, 115 D Is.
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Po3p’a3ok. Hexait
[ :r =11 + at, lo:r=ry+bl (ajb).

[Tnommuwn I1; : r = r;+ta+ovbills : r = ry+ua+ 0b napasenbhi, TpuIoMy mpsima
v = 0 nexuth y mwiromuHi I 1 36iraeTbes 3 npsamoio i, a npsMa u = 0 JIeKUTb B
wironuii Ils 1 36iraernest 3 npsamoro [o.
]
Kymom miorc dsoma mumobiotcnumu npamumi 1 1 lo HA3MBAETHCST KyT MiXK Psi-
MoIo 1 1 mpsimoro 1, || lo Taxoro, mo I, N1y = {-}.

84. Hexatl npami 3a0an0 8EKMOPHUMU NAPAMEMPULHUMU PIBHAHHAMU
ll:r:rl—i—at, lgir:r2+b0.

Hosecmu, w0 6 makxomy eunadky

|{a, b)|
lal[b]

cos(ly " 1) =

85. Hexatli 0dny 3 npamuz [y : v = 1o+ at 3adano napamempurunum piéHAHHAM,
iy o (r, Ny + Dy =0
YU Ny + Dy =0

3azasvrum. Josecmu, wo 6 makomy 6unadxy

—~ ‘(a7 N17N2)‘
i ) = .
costh ™) = 11Ny, N

3adano 3a-

86. Hexati npami ly - { (r,Ny) + Dy =0 il - { (r,N3) + Dy =0

(r,Ng) + Dy =0 (r,Ny) + Dy =0
2anvHUMY pienannamu. Tosecmu, wo 6 maxomy 6unaoky

(N1, Na], [N3, NyJ)|

[[N1, NoJ|[[N3, Ny]|

cos(ly " ly) = |
Cniavrhum nepnendurysapom JIBOX MUMOOIKHUX MPSIMUX HA3UBAETLCS IPSIMA,
0 MEPHIEHINKYISIPHA [INM IPSIMUM 1 TIepeTnHae 1X.
87. Bazasvre pienaAnHA CNIAGHO20 NEPNEHOUKYAADPE MUMODIHCHUL NPAMUL
[y :r =1 + ta, lhy:r=1ry+6b

Mae U280

{ (r —ryq, [a, a, bH} =0,
(r — s, |b,[a,b]]) = 0.

Po3p’a30k. Pozraiiyemo 1ipsimMi B 1napaJjiejibHuX MJIOHUHAX

L CIl; :r=r; +ta+vb,
loy CIly:r =1y +ua-+ 6b.
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Bekrop N = [a, b] takuii, mo N L IIy i N L II,. [Tnomuua I3 : r = ry + ta+ AN
MicTUTD psaAMy A = 0, 1110 36ira€Tbes 3 IPAMOIO 1, 1 MICTUTB IpsaMy I3 : T = 11+ AN,
1o 3aj1aerhest pipasgaaaM t = 0. Omxe, mionmHa [I3 mpoxonnts depes npsimy I3 L
Iy, a suauurs, 113 L II;.

AmnaJioriano, mionmHa 74 : ¥ = ro + 0b 4+ ulN mictuts npsamy [y 1 npsimy Iy @ T =
ro + ulN, mo nepnenmukynapua I,

[Tpsima [ = 113 N1l 1 € mykaHuM CHJIBHUM HEPIEHJIUKYJISIPOM.

]

Bidemanmio mioic MumoOiofcHUMY NPAMUMY HA3UBAETHCST BIJCTAHb MIXK Mapa-

JIEJIBHUMHY TJIOIIUHAME, 1110 1X MICTSTb.

88. Bidcmans d misic 060Ma MUMOOIAHCHUMU NPAMUMU
l{ :r =1 + at, [y :r =19+ b

004 UCAIEMBCA 30 POPMYN0I0

’(I‘Q — Iy, a, b)‘

d —
huta [ar, ag]|

Ilinka3ka. Bijgcranb Mixk MUMOODKHUMK TPSIMAMK JIOPIBHIOE BHCOTI HapaJie-
Jieninesia, yrBopeHoro Bekropamu (rog — rq), a i b, 1o omyuiena Ha #oro oCcHOBY,
yTBOPEHY BeKTOpaMu a i b.

89. /Jlei nenapaneavri npamily: r =11+ at ily: r =19+ bl (alf b) nepemunaro-
muesa moodi 1 MIAbKY Modi, Ko

(r1 —ry,a,b) = 0.

Ilinka3ka. /locurhb moMiTUTH, 1[0 HABEJCHA YMOBa O3HAUAE PO3TALIyBaHHS IIPsi-
MUX B OJIHI ILJIOIIMHI.

2.6 MeTrpuuni obuncjaeHHd B apiHHIX KOOpAMHATAX

J
AKIo cucrema KOOpAMHAT HE € MPSIMOKYTHOO JIEKAPTOBOIO, TO PO3B’SI3aHHS METPH-
YHUX 33J1a9 MOTPedye OLIBIT OXalHUX MIPKYBaHb 1 O0UUCTICHD.

90. Hexati cucmema adinHuz x00pouHam ma nAouUHL YMBOPEHE BEKMOPAMU €1, €3.
Cranspnut dobymox sexmopic a = a'e; + a’ey i b = ble; + b’ey obuucroemuves
36 hopmy.noo

(a,b) = gria'b' + gi2(a'b? + a*b') + gra®b?, (2.16)

de gij = (ei,€;) — nonapni cxarapnui dobymru basucnus eexmopie. Iepesipme.
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ITinkaska. CKOpUCTATHCS BIACTHBOCTSIME CKAJISIPHOTO JTOOYTKY (Brpasa 39).

Bupas (2.16) HazuBaeTbcsi MEMPUUHOI0 HOPMOI0 NAOULUNU, & MATPHIS

_( 911 912
g (912 gzz)

€ CUMEeTPUIHOIO BIJIHOCHO I'OJIOBHOI JIlarOHaJIl 1 HA3WUBAEThCS MAMPULEI0 MEMPULHOL
dopmu adinnol wiommun. He Oyjib-sika cuMeTpuyuna MaTpullst MOXKe Oy T MaTPHUIEIO
MeTPUIHOI (POPMHU.

gi11 912

) € MAMPUUEIO MEMPUYHOT POPMU
giz2 922

91. Josedimv, wo mampuus g = (

modi 1 MiAbKU Modi, KoAU

gi11 912
g12 922

g1 >0, g2 >0, ‘ > 0. (2.17)

IMiakaska. Ouesngno, mo ¢gi; = |e1|> > 0, a BUSHAUHNK ¢ € KBaJPaTOM TJIONI]
(HeBupopkeroro(!)) mapasesorpama, 1o yTBOPEHUH GA3UCHUMHU BEKTOPAMH.

YumoBu (2.17) Ha3UBAIOTHCS YMOBaMU JIOJATHOI BU3HadeHocTi Marputi g. [IpaBy
gacTuHy piBHocti (2.16) mosnauaoTh ckopuero sk g(a, b), Tooro

g(a,b) = gi1a'b" + gia(a'd® + a*b') + gora’b®. (2.18)

Ax Hacmioxk,
al” = g(a,a) = gi1(a")® + 2g12a' @® + gao(a®)*. (2.19)

OCKIBKY PO3KIAJAHHS 38 0a3MCOM €IMHEe, TO BIIMOBLIHICTD

CLl
a

€ B3a€MHO OJIHO3HAYHOIO 1 CTOBIIYUK @, CKJIaJIEHUI 13 KOOp/IMHAT BEKTOPa, Ha3UBaE-
ThCsl 6EXMOP-CMo6N UKOM, 00 TIpocTo 6exmopom. Panok a' = (at, a?) nasubaernes
6EKMOP-PAJKOM, ADO KOBEKMOPOM.

92. Ilepesipme, wo 3 6UKOPUCTNAHHAM 03HA%EHHA JOOYMEY MAMPULD

g(a,b) =b'ga = a'gb.

. . 2 -1 y
93. Ha naowuni 3 mampuyero mempuunoi dopmu g = | 3 | Stedmu xym
MIoiC sexmopamu a = e, + 2es 1 b = —2e; + e,.
b
Po3p’a30k. Kocunyc 1nmykaHoro Kyra cos @ = ‘§’|b>|. BukoHaemo o04MC/IeHHs 32

dbopmyaamn (2.18) ra (2.19).

(a,b) = b'ga = (-2,1) < _21 _:31) (é)

(—5,5><§)=5,
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\a|2=afga:(1,2)(_21 _31> <;) :(0,5)(5) = 10,
b =blgb = (—2,1) ( _21 _31> (_12) = (—5,5) ( _12> = 15.

5% 1
VIovs V6

[Tosnaunmo uepe3 r = r'e; + r’ey paJilyc-BEeKTOp JIOBLIHLHOI TOUKN Ha TLJIOITUHI.
PiBustHHS T1PsIMOT

CoS =

Al(xl — xé) + Ag(x2 — x%) =0,

1O TIPOXOJIUTh Yepe3 TOUKY Ty = Ije; + Tiey, 3aluIieMo y BULJIsA/i MATPUUHOTO
JIOOYTKY

1 .1
() (57 ) =V (- x0) =0,

T4 — T
YTBODUBIIN

Jfl

1
e BekTOp X = (:c2>’ BeKTOP X = (ig),
0

e koBekTOp N = (A, As).

[TozHaunmo uepes g~ mMaTpuitio, obepreny 1o Marpuri Merpuanoi gopmu. Ko-
PUCTYIOUNCH CHMETPUIHICTIO MATPHIh ¢ 1 ¢~ ', PIBHAHHSA TPSAMOI MOTAMO Y BUTJIsAI

N (X = Xp) = Ng~'g(X — Xo) = (7N g(X — Xg) = g(N,r — 1) = 0,
ﬂe MM BBE€JIU ITO3HAYEHHA N ILJIH BeKTOpa,
N = (¢7'N")'es + (¢7'N")’es. (2.20)

3 orisijty Ha Te, 110 BEKTOp I' — Iy KoJiiHeapHuii j1o npsiMoi, BekTop (2.20) € BekTo-
pPOM HOpMaJi J0 NpsIMOI Ha ILIOMIMHI 13 3arajbHUMKU ahiHHUMUA KOODAMHATAMU, a
3araJbHe PIBHAHHSA TPAMOl HaOyBae BUTJISLY

[: g(N,r—ry) =0. (2.21)

94. Ilepesipme, w0 0AA HeBUPOIIHCEHOT MampPpuyl Aoyy = ( ZH 212 ) obeprena
21 22

MAMPUUA MAE 6uU2.440

A—lz 1 2o  —a12
a11G22 — A21G12 —ao1 411

Hx wacmrosutl 6unador, 0bepHeHa MAMPUUA MEMPUNHOT HOPMU NAOULUH

-1 _ 1 < 922  —4gi12 )
g11922 — 912 \ — 912 9gn
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20

0 3 ) anatmu xoopou-

95. Ha naouwumni 3 Mampuyero mempuumnoi gopmu g = (
HAMY 8EKMOPa HOPMans npamoi 2x — o5y + 1 = 0.

Po3p’a30k. Kosekrop nopmadi panoi npamoi N = (2, —5). Marpuns g1 mae
1
5 0
BUTIIA] g = ( 8 ] ) . Obuucmnmo
3

glet — <

O o=
wli— O
SN—
N

Jow
N——

I

N
oo!cn =
SN——

Orxe,
N =e; + ( — §>e2 = —(3e; — bey)
|
96. Ha naowuni 3 mampuyero mempuyunoi Gopmu g = ? é ) HANUCANY DI6-

HANHA NPAMOT, w0 npoxodums wepes moury (2, —4) nepnenduryrapmuo do eexmopa
N = 261 — 362.

Po3B’a30k. PiBHsiHHs 1IPsiMOT OTPUMAEMO 3 YMOBU OPTOrOHAJILHOCTI BeKTOpa N
710 BekTopa T — 1o = (21 —2)e; + (22 +4)es, mo sajgaernest ymosoio g(N, r—r1g) = 0.

Orxke, MaeMo

(2,-3)(? ;) (i;;i) :(1,-7)(?12) = (o' —2) = T(a? +4) = 0.

PO3KDUBIH J1y>KKH i iepenosnadnsim £ — o, 22 — y, 3ammeMo piBHAHHA TPAMOT
y 3BudHOMY Butjisiil © — 7y — 30 = 0.

]
20
0 3

97. Ha naowuni 3 Mampuyero Mempuimnoi gopmu g = ( ) 3Hatmu 610cmans

6id mouru A(1l,—4) do npamoi 2x —y+4 = 0.

PozB’a30k. Bijcranb Biji TOUKE J0 PSMOT JOPIBHIOE JOBXKWHI POEKIIIT BEKTOPA,
ry — Iy 3 HOYATKOM B TOYI Ha UPsAMIii 1 KiHIEeM B TO4ll A Ha OJUHUYHUNA BEKTOD
HOopMauti J1o psamoi. Tobro
|g(r1 — 1o, N)|

9(N,N)

[TopiBHiooun 3 piBHsgHHAM (2.21), 3ayBa)KuMo, IO BiJICTAHb JOPIBHIOE PE3YJIbTATY

MiJICTAHOBKY KOOPJIMHAT TOYKW B HOPMOBaHE PIBHAHHS MPSIMOI.
1

5 0 : . .

Matpung g1 = ( 8 1 ) . Kosexrop nHopmasi nanoi mpsimoi N = (2, —1). Orxke,
3

BekTop HopMasii N Mae KoopuHaTu

g‘th=(é 2)(-21):(—1%)
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HNoro nosxxuna

\N\2=(1,—1/3)<(2) g) (_1%>=(2,—1)<_31>:7.

2014 (1) (—4)+4] 10
— Y =

Tomy
d

98. Hanucamu pieHnanns nepnenouryiapa, onyuwenozo 3 mouku (Lo, Yo) Ha npamy
Az + By + C =0, axwo |e1| =1, |ea| =1 i kym miorc sexmopamu €1 €3 = w.

Po3p’a30k. Marpuiist merpuunol popmu 3a jlaHuMK 3aja4i Ma€ BUIJIs]

B 1  cosw 41 1 — COS W
9=\ cosw 1 9 ~ sin?w \ —cosw 1 '

Korekrop panoi npsimoi N = (A, B). Bekrop Hopmasi 3naiiiemo 3a (Gopmysion

(2.20)
1 1 — CcoSw AN 1 A — Bcosw
sin?w \ —cosw 1 B ) sinfw \ —Acosw+ B )’

SHailJleHnii BEeKTOP € HAIpPIMHUM JIjIsI IyKaHol npsmoi. Orke, 11 KAHOHIUHE piBHSI-

HHs He 3aJIeKUTH BIJ] METPUIHOI CTPYKTYPHU 1 MA€ BUTJISIT

T — Zg _ Y—Y
A— Bcosw —Acosw+ B

3araJjibHe piBHsIHHA
(Acosw — B)(z — ) + (A — Bcosw)(y — yo) = 0.
n

99. Hexati (O;eq, ey, €3) cucmema adinnuz koopdunam y npocmopi. Josedimov, wo
ckanaprut dobymok eexmopic a = a‘e; + a’ey + a’es i b = ble; + b’ey + bles
00MUCAEMBCA 34 HOPMYA0I0

(a,b) = > gy a'l, (2.22)

i,j=1
de gij = (e;, €;) — nonapui cxarspui dobymru 6a3UCHUT 6EKMOPI6.

3 . .
Bupas Zm:l gija't HasMBaETHCA MEMPUUHOIO POPMOI0O NPOCTNOPY, & MATPULLL
g = (gij) nasuBaeTnCst MaTpuIeio Merpudnol Gopmu. Merpuumy dbopmy, obunciteny
Ha BeKTOpax a i b, mozuaanmo ckopouerno g(a, b). Tooro

3
g(a,b) = z gi;a't’.

i,j=1
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100. Iokaotcimy, wo xocunyc kKyma miolc eexkmopamu a i b y eupasi wepes mempu-
wny dopmy mae 6u2nA0

g(a,b) '
Vg(a,a)\/g(b,b)

PiBugnanag miaomuHu 3 BeKTOpoM HopMaJti IN, 110 TPOXOIUTh Yepe3 TOUKY 3 PaJIiyc-

cos(a” b) =

BEKTOPOM TI'(, ¥ BUPa3i depe3 MeTpudny GhopMy Mae BHIVIS]
g(N,r —ry) =0. (2.23)

101. Bidcmanv 6id mouwku 3 padiyc-eéexmopom r1 do naowunu g(N,r —rg) =0 y
NPOCMOPL 3 MAMPUYEI0 MEMPUUHOT POPMU § 0OMUCAIOEMBCA 30 POPMYAOIO

d — ‘g(Narl - I'())|
g(N,N)

Llepesipme.

102. Iokascimo, wo xoopdurnamu sexmopa nopmani do niowuny Ax+ By + Cz +
D =0 6 npocmopi 3 mampuuero mempuurnoi Gopmu g 3Hax00AMBCA 30 HOPMYA0N0

g N,

1

de g mampuua, obeprena do mampuui g, a N = (A, B,C) — xosexmop nopmani

naowurU.

103. (a) Hexad Il : r = ro + ua + vb — napamempuune pisnanmi NAOUUNY 6 NPO-
cmopi 3 mampuuero mempuunoi gopmu g. Sxwo a = {al,a®, a®} i b = {b*, b2 b},
mo kosexmop nopmani naowuru I nponopuitinud do xosexmopa

v=( )

(6) Hanucamu 3azanvre pisnanma naowun, wo nporodums wepes moury (1, —2,1)
6 Hanpamry, wo 3adaemoca sexkmopamu a = {—2,3,1}, b = {3,2,1} 6 npocmopi
3 MAMPUUEN MEMPUYHOT hopmu .

a’ a’

v’ b

at a?

bt b3

at a?

bt b

Y J

Pozp’a3ok. (a) [Tosnaurmo depes N BekTop HOpMAaJi gaHol ruiomunu. PiBHsAHHS
mwionHK (2.23) HepenuieMo B MaTpuaHOMY BUIJIsI $IK

Nlg(r —ry) = 0.
Ile oznauae, mo kosekTop N = N'g € KoBeKTOpOM HOpMAJI TIOMNHNA. 3 yMOB

g(N,a) =0, Nfga =0,
0: Nigb =0
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BUILIUBAE, 110 KoopauHatu (N7, Ny, N3) koBekTopa N € PO3B’SI3KaMU CUCTEME DiB-
HSIHb

Nibt 4+ Nob? + N3b? = 0,

OJIHAM 3 PO3B’sI3KIB sIKOI € KOBEKTOP

v=( )

(6) CkopucTaBInch po3B’a3KOM 3a/a4i (a), 3Haif1eMo KOBEKTOP HOpMaJIl MJIOIIHH I
31 -2 1

N:<21 31

Omxe, TyKaHe PIBHSIHHST MA€ BUTJIS]I

{ Nia' + Nya? + Nsa® = 0,

a’ a?

v* b

at a?

ot b

al a?

bt b

Y Y

y BUTJISI
_§ g D = (1,5, —13).

, —

Y

(z—1)+50y+2)+(=13)(z—=1)=0 ~ z-+5y—132+22=0.
|

104. Hoxaoscimo, wo sidemans 6id mowku (X, Yo, 20) do naowunu Ax+ By+Cz+
D = 0 y npocmopi 3 mampuiero mempusuroi hopmu g 004uCA0EMBCA 36 HOPMYAOI0

_ |Axzg+ Byy +Cz+ D|  |Axg+ Byo + Cz + D|
3 ii
g(N,N) \/Zi,j—lg]NiNj

d

Y

de (g) — mampuua, obepenena do mampuui g, i N = (A, B, C) — xosexmop zadanoi
NAOULUH.

105. [losnavwumo wepes © Kym Migc npamor0
l:x=ux0+a't, y=yo+a’t, r =2+ a’t
i naowunoro Arx + Asy + Asz+ D = 0 y npocmopi 3 mempuunoro gopmoro g. Todi
|Aral + Aya® + Azd®|
\/Zijzl g NiN; \/Zijzl gijaiaj’

de (g) — mampuua, obepenena do mampuui g, i N = (Ay, As, A3) — Kosexmop
sadanoi naowyuru. Ilepesipme.

sin p =




Pozmia 3

3acToCyBaHHA METO/I1B aHAJITUIHOI

reoMeTpil

3.1 T'eomeTpudHi MicIld TOYOK 1 TPAEKTOPil PyXy TOYKM

Teomempuurum micuem mouokx HA3BUBAETHCI MHOXKUHA TOYOK, IO MAIOTh IEBHY
I'eOMETPUYHY BJIACTUBICTL. PiBHSIHHS, SIKOMY 3a/I0BOJIbHAIOTH KOOPJIMUHATH I'€OMe-
TPUYIHOIO MICIA 1 TIAbKM BOHM, HA3UBAETHCSA PIBHAHHAM reOMeTpUIHOro Mictigd. [lpn
I[LOMY CHCTEMa KOOPJWHAT, B siKiii 3aJ1al0ThCs KOOPJAUHATU TOYOK, MOXKEe OyTH JI0-
BUILHOIO. B 3aj1auax 11boro po3jijy po3rislaloThCsd NeOMETPUYHI MICIs TOYOK, KO-
OpJIMHATH SIKUX 3aJIaHO B JIEKAPTOBIH MPSIMOKYTHI ab0 B IOJISIPHIH cucTeMax KOOp-
JIMHAT.

106. Craacmu pieHAHHA 2COMEMPUYHO20 MICUA MOYUOK, CYMG 6idcmanets 610 AKUL
do deox Pircosarnuxr movor Fi(—c,0) i Fy(c,0) € cmanoro i dopienioe 2a (a > ¢ > 0)
(eainc).

Posp’a30k. Hexait M (z,y) — Touka reomerpudanoro micrs. Tosi
ro= [AIM] = V(e 4+ 0+ 92, = [BM| = /(z - 0)? +y?

3a O3HAUEHHSAM, 11 + ro = 2a. 3ayBaxKuUMo, 1110 71 < 2a 1 79 < 2a. OTxKe,

r = 2a — 7o,

00uM/IBl YaCTUHM PIBHOCTI JIOAATHI, 1 HiJIHECEHHSI JI0 KBaJpPaTa € eKBIBAJCHTHUM IIe-
perBopeHHAM. Maemo

ri =4a® — dary +r5 = r? —ri=4a® — dary = 4cx = 4a® — dary.

2

3Bijicu ary = a®—cx > 0, 1o € MOXKJIMBUM 33 yMOBU T < a/c. 3a 1€l yMOBU MOXKHA

3HOBY TIJIHECTH JIO KBaJIpaTa 1 OTPUMATH
a?(z — ¢)* + a’y* = a* — 2d%cx + *2? = 2*(a® — A) + ¥y = a*(a® — ).

2 ¢ > 0. Orpumaemo b*z? + a®y? = a?b?, abo

$2 y2
g—i_ﬁ:l (CLZZ)>O).

[Mosnaunmo b? = a

o7
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3ajlaHa cucTeMa KOOpJIMHAT HA3WMBAETHCS KAHOHIUHOO JIJIS eJIilca, a OTPUMaHe pPiB-
HSHHSA eJIinca — kanoniunum pienannam (puc. 3.1).

Pwuc. 3.1: Eminc %2 + % =13 miBocamu a = 2, b= /2

107. Ckaacmu pieHAHHA 2E0MEMPUIHOZO MICUA MOYUOK, MOJYAL PI3HULL 610CMaHET
610 axux do deox Pircosanux movok Fi(—c,0) i Fy(c,0) dopienioe 2a, de ¢ > a > 0
(2inepboaa).

. . 2 2 .
Bignosigb. & — @b’—Q = 1. 3ajiaHa cucTeMa KOOPJMHAT HA3UBAETHCS] KAHOHITHOIO
JUist Tinepbosin, a OTpUMAHEe DIBHSIHHS TnepOou — KaHOHINHUM PIGHAHHAM (DHC.

3.2).

Puc. 3.2: T'inepbo.ia %2 — % =13 miBocsimu a = 2, b = 3

108. Ckaacmu pienanma 2eomempuuno20 MiCUA MOY0k, 6idcmand 610 AKUL 0 Npsi-
.. _ B . . . ]_)
Mmoi x = =% dopienroe sidemani do mouxu F'(5,0) (napabonra).

Bigmosinb. y? = 2px. 3ajaHa cucTeMa KOODAMHAT HA3MBAETLCH KAHOHIMHOIO
JUist apaboJid, a OTpUMaHe PIBHSHHA mapaboid — KaMOHiYHUM pieHAnHAM (DHC.

3.3).
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Puc. 3.3: [lapabona y? = 2z 3 GoKaILHEIM TapaMeTpoM p = 1

109. Craacmu pieHAHHA 20MEMPUUHO20 MICUA MOY0K, dobymok eidcmanet 610
axur do Pircosanur moyvox Fy(—c,0) i Fy(c,0) € seaununa cmana, wo dopienioe
a’ (osan Kacini).

Bianosiab. (22 + y?)? — 2¢%(2? — y?) = a* — ¢* (puc. 3.4).

Puc. 3.4: Osanu Kaciui jig ¢ = 1, a = 1.05, a = 1.22, a =~ 1.38

110. Craacmu pieHANHA 2E0MEMPUUHOZ0 MICUA MOUOK, U0 € OCHOBAMU NEPNEHIU-
KYAAPIG, ONYWEHUT 3 NOUAMEY KOOPIUHAM, HA NPAMI, AKL 610MUHAIOMb 610 KOOp-
dunamnuz kymie mpurymnuky cmanol naowi S (aemmickama Bepryai).

Bignosins. (22 + y?)? = 2¢3(2* — y?) (puc. 3.5).

Puc. 3.5: Jlemnickara nipu ¢ = 2
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Iloaaproro cucmemoro koopdunam Ha TonmHl HaszuBaeThest mapa (O, 1), me O
— bikcoBaHa TOUKa — nmoatoc, a 1 — mpoMiHb, 10 BUXOAUTh 3 O, SIKUil HA3UBAETLC ST
NOAAPHOIO BILCCIO.

Hosinpua BigMminHa Bl O Touka M TJIONMHK IIJIKOM BU3HAYAETLCS BlJCTAHHIO
p = |OM]| Bijg rouku M o nosoca O 1 KyTOM ¢, BiipaxoBaHUM BiJI HOJISAPHOL OCI /10
npomenst OM . JlonaTHrM BBayKaiOTh HAIIPSIM BIAPAXyHKY TPOTH PYXY TOJNHHIKOBOI
crpinkul. s nomoca O Bigcranb p = 0, a KyT ¢ HesusHauenuit. Yucaa p > 0 i
 HA3UBAIOTH NOAAPHUMU Koopdunamamu Toukn M. KoopjauHnara p Ha3MBAEThCS
NOAAPHUM Padiycom, a KOOpJIUHATA ¢ — noaapHum kymom. 3Hadenns 0 < ¢ <
2T Ha3UBAETHCHA 20406HUM. Bl 1HI 3HAYEHHS © BUIPIZHAIOTHCS BiJl TOJOBHOTO Ha,
YUCJIO, KpaTHe 27.

[TonsgpHa cucTeMa KOOPJUMHAT, IIOJIIOC SKOI 30ira€TbCs 3 IIOYATKOM JIeKapPTOBOI
HPSIMOKYTHOI cucteMu Koopauaar xQy, a MospHa BiCh — 3 JIOJATHUM HAIPSIMKOM
oci Ox HA3UBAIOTHCA Y32000CEH010 3 TEKAPTOBOIO KOOPAUHATHOIO CUCTEeMO0. B Ta-
KOMY BHIIQJIKY JICKAPTOBI 1 MOJISIPHI KOOPJMHATHU OB’ si3aH1 HACTYIITHUMU (DOPMYIaMU
epeTBOPEHb

T =pcosy, Yy =psing,

p:\/x2—|—y2, COSQO:ﬁ, Sln@:ﬁ.
e +y Vv xe+y
Hexait na HJIOIHI/IHi (biKCOBaHO JeAKY IIpaBy IIPAMOKYTHY JJEeKapTOBY CUCTEMY KOOD-
JIMHAT.

111. Craacmu pisHAMHA MPAEKMOPLE PYTY MOYKU, U0 PYLAEMBCA 31 CMAAON UEUJ-
KICMI0 U N0 NPOMEHIO, UL0 00EPMAEMDBCA 31 CMAA0N KYMOBOI WEUIKICMIO W HA6-
K040 MOAIOCA, 6 Y32009CEHUT NOAAPHUT KoOpIunamar (cnipans Apximeda).

Po3B’a30k. Pyxomuii ipoMiHb 3a HAIPSIMKOM 30Ira€ThCst 3 HAIPSIMKOM TOJIsip-
HOT'O paJiiyca 1 3a Jac t TOYKa JI0JIa€ BIICTaHb BiJI TOJIIOCA BEJIMUNHOIO p = vt. 3a TOii
JKe Jac MpOMiHb 00EepPTAEThC Ha KYT ¢ = wt, KNl 30Ira€ThCs 3 MOJIPHUM KYTOM.

: v
OT2ke, PIBHAHHA PyXy TOYKM B HOJIAPHUX KOOPAMHATAX Mae BUIJIAL p = “¢ (puc.
3.6).

112. Ckaacmu pisnanms 0cnosu nepneniukysapa, oOnyuw,ernozo 3 nouamxy koopou-
HamM Ha B10PI30K CMAA0L DOBHCUNY 2a, KINUL AKO20 KOB3GN0OMBL N0 KOOPIUHAMHUL
0CAL NPAMOKYMHOL 0ekapmosoi cucmemu KoopouHam, y32004CEHULT NONAPHUL TG
NPAMOKYMHUT deKapmosus koopdunamar (OTUPUIIETIOCTKOBA TPOSH/A).

Bianosiab. p = asin2p, (2? + y?)® = 4a’2?y? (puc. 3.7).

!Bubip m0gaTHOTO 3HAKY BiApaxXyHKY KyTa BifmoBigae OJHOMY 3 MOMKJIHBHX CIIOCOGIB BHOODY OpieHTarii Ha
mwroruai. Obpanuii cnocid € TpaauIiitHuM 1 y3rozKeHuM 3 BUOOPOM TPABOI CHCTEMHU KOOPJAMHAT Y MPOCTOPI.
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Puc. 3.6: Cuipaab Apximena p = 2¢

Puc. 3.7: HorupunestocTkoBa TpogHIa p = 2sin 2¢

113. Craacmu pienanms mpackmopii pyxy moyuku M npomena, axut obepmacmobes
Haekor0 novamxy xoopdurnam O, axuo OM = BC, de B i+ C' — mouku nepemumny
danozo npomena 3 xorom x> + y> = 2ax, r > 0 ma npamoro x = 2a, 6i0nos6iono,
6 Y32000CEHUT NOAAPHUT MG NPAMOKYMHUT dekapmosur koopdunamax (IACOIAA
Hiokia).

Binmosigs. p = 250 ¢ y*(a — x) = 2% (puc. 3.8).

cosp

Puc. 3.8: LHucoina y*(1 — x) = z*
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114. Cxaacmu pienwanna mpackmopii pyxy mowox M 1 N npomena, axuti obepma-
emuea Haskoao novamxy xoopdunam O, axuwo BN = BM = b, b > 0, de B —
mouka nepemuny 0anozo npomens 3 xorom x> +y? = 2ax, a >0, a mouxu M i N
AEACAMD N0 PI3HL boku 610 Movwku B, 6 y3zeodicenur noiapuur ma npamoKymmuc
dexapmosux xoopdunamax (pasaux Ilackaas).

Bignosiab. p = 2acosp +b, (2 +y* — 2ax)? = b*(2* + y?) (puc. 3.9).

Puc. 3.9: Pasauk Ilackans p =2cosp + 1

115. Hasxoro nowamry xoopdunam O 06epmacmvea npomin, w0 nepemunac nps-
My x = a 6 aminnit movwyr B. Touxu M 1 N aescamov nwa npoment OB no pizwi
boxu 6id mowku B wma eidcmani b. Ckaacmu pienanmna snid, wo onucyoms mo-
uku M 1 N 6 yzeodotceHux nosApHULT ma nPAMOKYMHUL JeKapmosur KoopJuHama
(konxoida Hikomeda).

Bignosiae. p = =% + b, (22 +y*)(z — a)? = b*2? (puc. 3.10).

cos

Puc. 3.10: Konxoina Hikomena (22 + y?)(x — 1)* = 22

116. Poszeasnemo xeadpam ABCD 3i cmoponoio a, 6 Akuti 6nUcano cexmop 46epmi
kpyea padiyca a 3 yewmpom 6 movyi A. Hexati mouxa E pienomipno pyraecmuves
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no dyzi 6id mouku D do mouxu B; odnouacno eidpizox A'B’ pienomipno pyxac-
muocea 3 nosuyti DC' 6 nosuuito AB. Hapewmi, sumazamumemo, w06 o6udsa pysu
sasepwusucs 00novwacko. Ckaacmu PIBHAHHA MPAEKMOPLT PYTY MOUKU NEPEMUMN]Y
padiyca AE ma eidpisxa A'B’ (keadpampuca Jinocmpama,).

Bignosine. p = 2-£2_ 1z = ycot 52 (Puc. 3.11).

T sing?

Puc. 3.11: Ksaypatuca linoctpara x = y cot 72

117. Ckaacmu pisnanmna mpaekmopii pyTy ocHosU NepnenouKryAApa, Onyu,eHo20 3
mouku C, axa pyraemuvca no xoay padiyca a 3 UeHMpom 6 NOYAMKY KOOPOUHAM
na GI0PIZOK, KIHUAMU AK020 € 0CHOGU Nepnenduryrapie, onyuwenur 3 mouku C wna
KOOPOUHATINE 0CT NPAMOKYMHOT deKAPMOGOT CUCTEMU KOOPOUHAN, 6 NPAMOKYMHUL
dexapmosux Koopdunamaz (acmpoida,).

Biamosine. 223 + y*/3 = a?/? (puc. 3.12).

Puc. 3.12: Acrpoina T3 + yg =1

AKIo MOXKHA TTOAATH KOOPJAMHATH TOYOK M€OMETPUIHOIO MICIsd Y BUTJIA I (pyH-
KI[I#i TEBHOTO apryMeHTy (mapaMerpa), To TOBOPSITH MPO JIHII0 K TaKy, I0 MoJaHa
napamempuyro. Haltgacrine napamerpuyne 1MojaHHs JIHI BUHUKAE B 3ajadax Ki-
HEMATUIHOTO TUTY K TPAEKTOPIl pyXy TOUKH.
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118. Craacmu napamempuyni pisHAnHA mpaekmopii pyxy dircosarnoi moyuxu M na
koAt padiyca R, axe komumuvca 6e3 koszanmna no oci O, AKUW0 6 MOMEHM TLOYAMEKY
pyxy mouka M 36iz2anraca 3 nouamrom koopdunam (yukr.aoida).

Po3p’a30k.

[Tosnaunmo uepes e, €y 6a3ucHi BEKTOPK HEPYXOMOI JIEKAPTOBOI CUCTEMU KOOp-
munar (O;eq, es), a depes f1, f5 6asucHi BeKTOpU PyXoMOi JIEKAPTOBOI CHCTEMH KOOP-
aunar (O £, £5), upukpimienoi jjo nenrpy O’ pyxomoro kosia. OCKUIbKE KOJIO KOTH-
Thest 6e3 koszanus, 10 |O0'| = Ry, ne ¢ — Kyt noBopory pajiyca OM B cucremi Ko-
opaunar (O'; f1, £5) 3 monoxennst My(0, —R) B nosoxxuentst M,(—Rsin ¢, —R cos ¢).
Orxe,

— —
OO = Rye; + Rey, O'M,=—Rsinpf; — Rcospf.

- ; b
3a ymosoiwo f; = ey, f; = ey i 3 BekTopHoi pisnocri OM, = OO'+ O'M,, orpumaemo
— : :
OM, = Rpe;+Res+(—Rsinpe;—Rcospey) = R(p—siny) e;+R(1—cos ) es.
Omxe, mapamMeTpudHe piBHsHHS pyxy TOouku M

r=R(p—siny) y= R(1l—cosp).

Pwuc. 3.13: Huknoina mpu R =1

119. Ckaacmu napamempuyuni pieHanHs Mpackmopii pyxy dikcosanoi mouku Ha
koAl padiyca T, AKE KOMUMbCA 0€3 K083aAHHA 306HI NO THULOMY Koay padiyca R
(eniyux.aoida).

Po3sp’a30k. [Tosnauumo yepes O’ nenrp pyxoMoro KoJia, a yepes t — KyT 110BOPO-
ty npomenst OO'. Tloznaunmo uepes e, €y 6a3nucHi BEKTOPU HEPYXOMOI JIEKaPTOBOT
cucremu koopjuHar (O;eq,eq), a depes fi, f5 6asucHi BekTOpH PyXOMOI JieKapTO-
Bol cucremn koopgaunat (O';fy, f5), npukpimienol mo tnenarpy O’ pyxomoro koJa.
OcKiIbKE KOJIO KOTUTLCSA 0e3 KoB3aHHst, T0 Rt = 1, Je ¢ — KyT IOBOPOTY pa,ii-
yca OM B cucremi kooppuuar (O £, f5) 3 nonoxenust My(—r,0) B 110J10KHEHHSI
M,(—rcos p, —rsinp). Orxe,

— —
OO0" = (R+r)(coste; +sintey), O'M,=—Rcospf) —rsinpf.
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Tenep 3ayBaxumo, 110

fi = coste; +sintey,, fy = —sinte; + costes.

— ) S
3 Bekropuoi pisrocti OM, = OO0" + O’ M, orpumaemo

___% .

OM, = ((R+ 1) cost — rcos(t + 90)>61 + ((R+r)sint — rcos(t + go))eg.

3 ypaxyBaHHsaM 3B’s3Ky Rt = r¢ napaMerpudHe PIBHSIHHS JIiHIT OTPUMAE BUTIISI

R R
+Tt, y=(R+r)sint —rsin hall
r r

x = (R+r)cost —rcos t.

1

Puc. 3.14: Eninukaoinu upu R =1, r = % Taupu R=1,1=¢

120. Ckaacmu napamempuyuni pieHAHHA MPAEKMOPLE PYxy Gikco6anoi mouku Ha
Kot padiyca T, Ake KOMUMbeA 0e3 K063aHnA ecepeduni 1HuL020 kora padiyca R > r
(2inoyuxraoida).

R—r t

p .

Bignosigs. © = (R —r)cost + rcosELt, y= (R —r)sint —rsin

1

Puc. 3.15: T'inonuknoian ipu R =1, r = 3

TaHpI/IR:LT:%
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121. Ilo koay 2 + y?> = r? KOMuUMbCA NPOMIHD, NOUATNKOEE NONOHCEHHA AK020
x = r. Hanucamu napamempuune pienanmna ainii, uo ymeoproe mouxa M pyxo-
MO MPAMOT, AKA HA NOYAMEY PYTY 3012a40CA 3 MOUKOIO JOMUKY NPAMOT 1 KOAA
(esoaveenma Koaa).

Bignosige. [Ipuitmemo 3a napamerp Kyt t MixK pajilycoM B TOYI JIOTUKY PY-
XOMOI IpsiMoi 3 KoJioM 1 Biccio Ox. Toni TpaekTopis pyXy ONUIIETHCS PIBHIHHSIMA
x =r(cost +tsint), y=r(sint —tcost) (puc. 3.16).

Puc. 3.16: EBosibBenTa Kos1a pajiycy r = 1.

122. Jlano dea xoaa 3 yenmpom 6 novamxy xoopdunam O 3 padiycamu a 1 b (a >
b). Haskoro mouru O obepmacmves npomins, wo nepemunac 4i kora 6 moukar A
i B, sidnosiono. Yepes mouxy A nposedeno npamy, napasesvny oci Oy, a uepes
mouky B — npamy, wo napasesvna oct Ox, do iz nepemuny 6 movui M. Sunatimu
pienanns mpaekmopii mowku M npu obepmanni npomens (eaincoepad Jleornapdo
da-Binui).

BignosBiamb. =y y—; = 1.

a2 Ty

3.2 Pyxu na miomnusi i B mpoctopi. Kitacudikaris pyxis (te-
opemu I1lass)
3.2.1 O3HaveHHd I aHAJIITUYHE TIOJIAHHSA PYyXYy

Bidobpaocenna F . E" — E™ eskaidosa npocmopy 6 cebe HA3UBAEMBCA PYLOM,
AKUL0 e eidobpascenma 30epieac 6idcmans Minc 0Yoo-AKUMU 0BOMA MOUKAMU,
mobmo das ecix A, B € E"

[F(A)F(B)| = |AB].

Cumerpii B 3ajauax 60, 62, 70 € yacTKOBUMK BUIIAJKAMU PYXiB.
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123. Pyx 3bepizac xymu Mmisic 610N0610HUMY 610PI3KAMU, NEPECOOUMD NPAMY 6
NPAMY, NAPAAECALHL NPAMIL Y NAPAAEADHE NPAMI.

Pyx nepeBoguTh BEKTOP f@ y Bektop F(A)F(B ). Sk HACTIIOK, PYX BH3HAYAE
Bijtobpakents F AB - F(A)F(B .

124. Pyx s6epizae cxarapnuti dobymox eexmopie, mobmo <F(a), F(b)> = <a, b>.

Matpunga C HazupaeTbcs opmozonasvnoto, axio CC' = C'C' = E, ne E — onu-
HuYHA MaTpullsi. Busnaunuk oproronaasnol marpuni |det C| = 1. ko det C' = 1,
TO MATPHUIlS HABUBAETHCS GAACHE OPMO20HaAbHO10, KO XK det C' = —1, marpuis
HASUBAETHCST HEGAACHE 0PIMO20HANLHO10. MIK OpTOrOHAJLHUMY MATPHUISIMU i OPTO-
HOpMOBaHUMHU Dasncamu B B € TicHuit 3B’530K.

125. Hexat (e) = (eyq,...,€,) opmonopmosanut basuc ¢ E". Cucmema sexmopie
(f) = (f1, ..., £,) ymeoproe imwui opmonopmosanut basuc E™ modi i misvku modi,
woau mampuus C nepemeopenns (f) = (€)C e opmozonarvnoro. Baacne opmozo-
HAAbHA MATMPUUA 30epizae opienmayito, neéaacHe opmo2onarbha ii obepmac.

Po3sp’a30k. Posrsnemo Bumamok n = 2. Hexait (e) = (e, e2) — opToHOpMOBa-
nuit 6asuc y E? i nexait (f) = (fy, f5) — nosinbuuii nabip sexropis. Poskiajiemo

f1 = c}el + C%eg,

fg = c%el + C%eg.

1 1

O — G G
- CQ 02 )

1 G

CTOBIIIII SIKOT CKJIaJIeHI 3 KOOPIUHAT BiNOBIMHUX BekTOpiB cucremu (f). Tomi poskia-

Cdhopmyemo marpuiio C

nanus BekTopis (f) 3a 6azmcom (e) MOXKHA TTOJATH Y BUTTIAL MATPUIHOTO JTOOYTKY
c o
fi,f2) = 5 3
( 1, 2) (e17e2> ( C% Cg )
ab0 CKOPOYEHO
(f) = (e)C.

Cucrema BekTopis f yrBopuTh HOBHit 6a3uc To/i i TiibKu Toi, Kosn det C' # 0. Leit
Oazuc Oyze opienroBanuM JogarhHo, sikio det C' > 0, 1 Bijg'emuo, skio det C' < 0.
[eit 6azuc Oyjie OPTOHOPMOBAHUM, SIKIIO

(fi.£1) = Ifa* = (c])* + (c})* = 1,
(B2, f2) = B = (&))* + (3)* = 1,
<f1, f2> = clch + i3 = 0.
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ITi yMoBU ekBiBasenTHi Marpuuniii pisnocti CC! = CC! = E. Jliiicno,

e a e _ (CDQJF(C%)Q cicy + cfc (10
¢ ¢y ce + st () + (63)? 01/

st po3risiy BUIIQJKy 1 > 2 JJOCUTh HOMITUTH, 1110 B PO3KJIAIaHH]

crosri marputi C' cchopmoBani 3 koopuaat BekTopis cucremu (f) BiHOCHO Oasucy
(e), a marpung CC? cknasaeThes 3 onapHux J00yTKIB <f,', fk>. Ot2Ke, OpTOrOHAJ b
HicTh Marpuii C' TsirHe OPTOHOPMOBaHICTH cuctemu BekTopis (f), 1 HaBmaku.

]

126. (Anaaimuune nodanns pyxy) Hexatd F : E" — E" — pyx i nexad

(Oseq,...,e,) dosinvna (Ppikcosana) dexapmosa cucmema xoopdunam y E™. Hxuwo

(xl, ..., 2") - Koopdunamu dosirvroi mouru M € E™, mo xoopdunamu (T, ..., 1"

mowku M = F(M) wo0do miei o cucmemu £00pounam maioms 6uzaid
X =CX +1,

de X 1+ X — sexmopu-cmosnui 3 610nosionux xoopdunam, C — opmozonasvona Ma-
mpuua, a b — eexmop-cmosneyn, ckaadenutds 3 xkoopdunam mouxu O = F(O). Ma-
mpuus C' 1 eexkmop b susnaveni 6 edurut cnocio.

Po3s’a30k. [osnaunmo O = F(O), f; = F(e;). Toni (O;f1,...,f,) — nosa
JleKapToBa NPsIMOKYTHa cucTeMma Koopamnar. Hexait OM = z'e; + ... + 2", -
: : . o — —
pajiyc-BekTop noBiabHOI Touku M. Tomi x' = <OM : ei>. [Tosuauumo epes OM =
y'fi+. .. +y"f, paniyc-sekrop Touku M = F(M) y nosiii cucremi xoopaumnar. Tosi

y' = <0M : f¢>. Aste pyx 36epirae ckassipauii 1o0yTok. OTXKe,
. =~ .
y' = (OM,£) = (F(OM),F(e;)) = (OM, ;) = ',

SanuieMo po3KJIa aHHs

- 1 - S
OM =2e +...+12",, OO =be +...+0b",.

Toni . . .
~ 4 ~ ~
OM =00 + OM. (3.1)
[lepenumemo itoro B maTpuusiit ¢popmi. s 11bOro BBEJIEMO B PO3IVISL, CTOBIIII
x! ! b!
X = 9 X = Y b =
x" " b"
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1 pAIKA
(e)=(e1,...,e,), (£)=(f,...,f,).
Tox Moxkna 3amnucarn
— ~ —= =
OM = (e)X, OO0 =(e)b, OM = (f)X,
i BekTOpHA piBHICTH (3.1) mepernuiierbes y BATIISI
(e)X = (e)b + (f)X.

3 ornsiiy Ha e, 1o (e) i (f) — opronopmosawni 6asucu, To (f) = (e)C, ne C' -
OpPTOrOHAJILHA MATPUI. [IpOIOBKYI0OYH, MAaEMO

(e)X = (e)C X + (e)b= (e)(CX +).
3 €JIMHOCTI PO3KJIaJlaHHsI BEKTOpa 3a 0a31COM BUILIUBE PIBHICTD
X =0CX+b,

mo i Tpeda Oysno jgoBectn. €nuHicTh BusHadeHHs MmaTpuii C' 1 BeKTOpa b TakoxK
BUILIABAIOTE 3 €IUHOCTI PO3KJIaJaHHsI BEKTOPIB 32 0A3UCOM.
n
Pyx HazuBaeThcst aachum, Ko B fioro anagiTuanomy noganui det C' = +1, 1
nesaacrnum, axio det C' = —1.

3.2.2 CueniajbHI BUan pyXiB Ha ILJIOIIUHI

Touka M € E™ HazsuBaeThCst HEPYXOMOIO BijiHOCHO pyxy F', sikimo F (M) = M.
e ITapasesbaumit mepenoc. [lapaJjie/ibHUM IEPEHOCOM HA3UBAETHCS PYX, 110 HE
Ma€ HEPYXOMUX TOUOK.

127. Bidnocno danoi dexapmosoi npAMOKYMHOL cucmemu K0opounam aHasimusHe
nodanna NapasesvHo20 NEPEHOcy Mac 6U2aa0

() + (b)" # 0).

Hapanervnutd nepenoc € AGCHUM PYTOM.

e IloBoport. Ilosopomom Ha3UBAETHCA PYX HA IJIONIUHI, IO Ma€ €IUHY HEPYXOMY

TOYKY — IEHTP obepTaHHs.

128. V cucmemi xoopdunam, eidnecenoi do HEPYTOMOT MOUKU, AHAAIMUYHE NOJGH-
HA NOGOPOMY MAE GU2AAD

T\ [ cosp —sing x
g ) \sing cosyp y

Hapa,/vtemp @ HA3UBAEMHCA KYMOM NOBOPOMY. Hoeopom € 8AACHUM DYTOM.
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Ilinka3ka. fxmo M — enuHa HepyxXoMa TOUYKA, TO BCl TOUKHU ILJIONUHU 3MIIILy-
I0ThCs Y3JI0BK KiJT 3 eHTpaMu B Touni M.

e OcpoBa cumerpida. Heroroxxuuii pyx, 110 JUIIAE HEPYXOMOIO IIPsIMY, HA3UBaA-
ETBCS 0CHOBOIO CUMEMPIEIO.

129. V cucmemi xoopduram, sico Ox axoi 30i2aembea 3 HEPYTOMOI NPAMOIO, GHA-
ALMUMHE NOJAHHA 0CHOBOT CUMEMPLL MaAE 6U2AA0

T =ux,
y=-v,
abo 6 mampunit popmi
z\ (1 0 x
Y 0 —1 Y

Pos3B’a30k. Hexait [ — nepyxoma npsima pyxy F'. Hampasumo Bich Ox y370BXK
npsiMol [, a Bicb Oy — NepIeH uKyJIspHO [. 3alnineMo 3araJbHuil BUTJIAL PYXY

T = cix + chy + b,
~ 9 2 2
y=ciz+cy+Db
1 32:Ka,/1a€MO, 11100 BiH 3aJIMIIIaB HEPYXOMOIO HIPsIMY [, 1110 30ira€ThCsl B HaIIll CUCTEeM]

koopaunat 3 Biccto Oz. Tomi Touka 3 KoopguHaTaMu (x,0) TEPEXOJUTH Y TOUKY 3
koopuHatamu (x,0). Orxke, piBHOCTI

T =clr + bl
0=clz+1°
IIOBUHHI BUKOHYBATHCsI TOTOXKHO 338 . 3BIJCH 3HAXOIUMO

V'=0"=0, =1, ¢ =0.

(1 d
C‘(o%)'

3 oproronaibnocti Marputi C' sumiusae pisuicts 1 + 0c3 = 0. 3auuts, ¢} = 0.

Ockinbkn |det O = 1, o |c3] = 1. SIkmio ¢3 = 1, To nepeTBOpPeHHst € TOTOXHIM.

Otxe, ¢3 = —1, 10 it 3aBepIIye J10BEICHHS.

Tomi

u
e KoB3Ha cumetpida. Kossno cumempiero Ha3UBAETHCS KOMIIO3UINS OCHOBOI

cuMeTpii 1 mapaJesibHOTO MEPEHOCY Y3/0BXK OCl CUMeTPil.

130. V cucmemi xoopdunam, sico Ox aAxo0i 30i2acmvbea 3 HEPYTOMOIO NPAMOIO, GHA-
AMUNHE 3a680aHHA KOB3HOT cumMempli mae 6U20:40

x + b,

T

Nag

= Y,
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abo 6 mampuurit popmi

z\ (1 0 x n b!
g ) \0 —1 Y 0 )
Kossna cumempia € He8AGCHUM DYTOM.

Po3p’a30k. [losnaunmo depes Ty, napaJeibHuii mepeHoc Ha BeKTop b, a uepes S
— 0ChOBY cuMeTpifo BijgHocHO psiMoi [. Tomi ko3wa cumerpist ' = Ty, 05). Bubepemo
JIEKAPTOBY CHCTEMY KOOpJmHAT, obropopeny B ymoBi. Hexait (x,y) jgoBiibHa TOUKa
mtoruan. Toi

(2,y) =5 (2, —y), anorin  (z,—y) - (z + ', —y).

Orxe,

TbOSl 1
(,y) = (z+ b, —y).
OcboBa cuMeTpisg — OKpeMuii BUIIaJI0K KOB3HOL.

3.2.3 Kuacudikaliis pyXiB Ha NJIOIIAHI

131. (Teopema Illaas na naowuni) Bydv-axut saacuut pyr na niowuni € abo
NAPAAEALHUM NEPEHOCOM, 00 nosopomom. Bydv-axuil nesracnul pyr € K063H0NW
CUMEMPIEN.

Ilinkaska. Hexait F pyxi X = CX + b foro aHaiTudHe nogaHHsA. 3 OpToro-

¢ ch
C = 2 2
G

BUBECTH, 1110 MaTPHUIlsi MOXKe MaTu JiBi OyoBu. AOO

[ cose —sin g
~ \sinp cosp )’

1110 BIJITIOBIJIA€ BJIACHOMY PYXYy, a0o

O — COS ¢ sin
~ \ sinp —cosp /)’

MO BIIMOBIIa€ HeBIacHoMy pyxy. [asi posrmanyTu 3a7ady Ha HEpyXOMi TOUKH Tie-

HAJbHOCT1 MaTPUILL

PETBOPEHDL 3 TaKUMUH MAaTpPHUIAMUA.
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3.2.4 Kiaacudikalis pyxiB y IpoCTOpi

Ananitnane 3aBjands pyxy F' 3arajbHOrO BHILY X = CX + b MoxKHa 102! 5K
KOMTIO3UIIIIO MapaJjeabnoro napenocy Ty, 1 pyxy Fy Bumay X = CX, acave F =
T}, o Fy. Buginumo okpeMi BUIIAKNA TaKHX KOMIIO3UIIIA.

e ITapanenpuuii mepenoc.

T =ux+ b,
=y +0
=2+ b,

I TN

[le BracHmit pyx 3 MaTpHUIIEIO

C =

o O =
o = O
_— O O

e I'BuHTOBMIT PYX — KOMNO3UYLA NOBOPOMY HAGKOAO HEPYTOMOT OCL | NAPANCALHO20
NEePEHOCYy 6 HANPAMEY Uici oci. Y CACTEMI KOOPJIMHAT 3 HEPYXOMOTO IPSIMOIO B TKOCTI
oci Oz neit pyx 3allUIIeTbCA Y BATJISA

x cosp —singp 0 T 0
y | = sing cosp 0 y |+ 0
z 0 01 z b

['BUHTOBHUII pyX € BJIACHUM. 3ayBaxKWMO, IO MapaJejbHUN MepeHoC € YaCTKOBUM
BUaKOM (¢ = () TBUHTOBOTO PyXY.

e KoB3Ha cumerpisa — xomnozuuis cumempii u,000 naouuHY i NAPALEADLHO20
nepenocy y3006sc nAOWUNY cumempii. KO mIomuny (ry) CUCTeME KOOPHHAT
po3TaInyBaTH B IUIOMMHI cuMeTpil, a Bich Oz CHpsAMyBaTH TEpPIEeHIUKYIAPHO JO
Hel, TO KOB3Ha, CUMETPIsT 3alUIIETHC Y BUTISA/TI

7 10 0 z b
jl=(01 o0 y |+ | 0
z 00 —1 2 0

KoB3Ha cuMmeTpisd € HeBJIACHUM PYXOM.

e /I3epkajgbHMIT TOBOPOT — KOMNO3UYLA NOBOPOMY HABKOAO HEPYTOMOL 0CL 1
cumempii’ 610H0CHO NAOUWUNY, W0 nepnenduryipha do oci obepmanma. Y cucTemi
KOODJIMHAT, y siKiil Bich Oz cIpsiMOBaHA y3JI0BXK OCi obepTaHHs, a miomuHa (Ty) €
IJIOIIUHOIO CUMETPIT, I3epKaJbHIAN OBOPOT 3aIlUINETHCS Y BUIVIS/IL

T cosp —sing 0 x
y | =1 singp cosp O Y
z 0 0 —1 z

JI3epKaJbHII TTOBOPOT € HEBJIACHUM PYXOM.
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Posrnganemo poksajmiie cTpyKTypy 3arajbHoTo pyXy Fjp .

132. Hexat Fy pyx, anarimuyune nodanns axozo X = C'X. Todi icnye npamoxymua
dexapmosa cucmema koopduram, wodo Axoi pyr Fy eusnavaemves mampuuyero

cosp —sinp 0
C=1| sinp cosp 0 (3.2)
0 01

ONA BAGCHO20 PYTY AOO MAMPULENO

cosp —singp 0
C=| sing cosp 0 (3.3)
0 0 —1

0N HEBAACHO20 PYTY.

Po3p’a30k. [lokaxkemo, mo pyx F{ 3ajuIllnae iHBapiaHTHOIO IIPAMY, IO IIPOXO-
JIUTh Yepe3 MOYaTOK KOOPJMHAT (TquI/I €T TIPSIMOT HEOOOB SI3KOBO 3AJIUIIAIOTHCST
wa Micii). Byjemo mrykaru npsiMy, 1o IpPOXOJHUTH 4epe3 M0YaTOK KOODJMHAT, TO-
UKH SKOI TEPEXOIsITh Y TOUYKH el XK mpsamol. st rakux Touok Fo(OM) = AOM.
OcCKiJIbKY TpsMa IIPOXOIUTH Yepe3 IMoYaToK KoopauHat, To BeKTop OM 36iraerhes

3 pajiyc-Bekropom {z,y, z} TOUKH Ha npawmiit?. Tlozgaunmo depes X cTOBIYHK 3
KOOP/IMHATAMK TOUYKK. TOJI1 3 aHAJITUIHOTO TOJIaHHS PYXY OTPUMAEMO YMOBY

OX = \X (3.4)
JITsT OyJIb-sIKOI TOUKM Ha, NpsiMiii. [lepenucyrodn 1m0 yMOBY y BUIJISI
(C = AE)X =0, (3.5)

OJIEPXKYEMO CHUCTEMY PIBHSAHDB, 1[0 MA€ HEHYJILOBUI PO3B’sI30K TOJI 1 TIJIBKU TOJI,

ko det(C' — AE) = 0, o670

1 1 1
cr—A Cy
ad E-\ 3 |=0. (3.6)
3 3 3

Muorouren x(A) = det(C' — AE) Ha3UBAETLCS TAPAKMEPUCTIUNHUM MHOZOUAETOM
marpuni C. HenynboBuit BekTop X, KOOpJUHATH SKOTO 3aJ0BOJBHSIOTH CHCTEMI
piBusiab (3.4) abo, mo exBiBaseHTHO, cucreMi (3.5), HABUBAETHCS GAACHUM BEKMO-
pom marpuii C. Kopeni xapakTepucTuaHOr0 MHOIOYJIEHA HA3UBAIOTHCS GAACHUMU
yucramu MaTpuii C.

Pigusinnst (3.6) € asrebpaidHuM PIBHSIHHSIM TPEThOro Mmopsijiky. Take piBHSHHS
3aBXK/IM Ma€ JIHCHUI KOPiHb Ao, a 3HauuTh, cucrema (C' — \gE)X = 0 mae Heny-
JIboBHIT po3B’sa30K. Ilosnaunmo itoro uepe3 Xy. Toal mpsima, 110 IPOXOAUTH Uepes

2Haramaemo, 10 3a yrofoio Ipo MO3HAYeHHs {T, Y, 2} — 1le CTOBIYHK.
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MMOYATOK KOODJIMHAT y HAIIPSMKY BJIACHOTO BeKTOpya Xy, Mif Ji€o pyxy Fy mepexo-
JIUTHL y cebe.

Ockinbku Fy — pyx, 10 (CX,CXp) = (Xo,Xo) = |Xo|* 3 inmoro 6Goky,
<C'X0,CX0> = <)\0X0,)\0X0> = )\2<X0,X0> = A} Xo|?. Orke, A = 1, a 3nauurh,
Ao = *1.

Obepemo crcremy KoopanHAT Tak, o0 Bichk Oz Oysa cipsiMOBaHa y3/I0BXK 1HBapi-
AHTHOT LPSIMOTL, a 1omuHy (Ty) 0bepemMo nepeHuKyJIspHo BeKTopy e3. OcKiibKu
Cesz = *e3, 10O

o d o 0 0
2 2 2 _

ci ¢y C; 0| = 0
3 .3 .3

c] ¢y C3 1 +1

Orxe, c; =0, =0, c ==+1. Toui

11
c; ¢ 0
_ 2 2
C=\|c & 0
3 3
ci ¢y =£1

Ane C — oproronajbHa MaTpHId, & 3HAUUTD, cz{’ = c% = 0. Toxi

i g 0
C=|cad & 0],
0 0 =1

11

[ g c . . .

1 < c% C% ) — OPTOroHAaJIbHA 2 X 2 MaTpPHIld, IO BIJIOBIJIAE JIesIKOMY PYXy B 0OpaHiii
1 ©

HaMU TIOTIHHL (17).
3a reopemoro [lajst st pyxiB MJIOMWHNY, MATPHUIST PYXY 3BOJUTHCS 0 BIIOMUX
dopm. Takum InHOM, MU 0JIeP:KYEMO 4 MOXKJIMBI BapiaHTH:

cosp —singp 0 cosp —singp 0

(a) C=| singp cosp 0 ]|, (b)) C=| sinp cosp 0 |,
0 01 0 0 —1
COS sinyp 0 Cos singp 0
(c)C=1| sing —cosp 0 |, (d)C=1] sinpg —cosp 0
0 01 0 0 —1

Poseaanemo sunadox (a). Toni det C' = +1, pyx € BiacHuM 1 TIpU EPETBOPEHH]

T cosp —sing 0 x
y | = sinp cosp 0O Y
z 0 01 z

KOYKHA, TJIOIINHA 2 = 2 MEePexXOInTh y cebe, y TOi Jac sK y caMmiil IJIOHINHL 2 = 2
TOYKN 00epTaroThest Ha KyT ¢ HaBkosio Touku (0, 0, 29). Buxogurs, posrisayTuit pyx
€ IOBOPOTOM HABKOJIO HEPYXOMOI OCi.
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Poseaanemo eunador (b). Tyt detC' = —1, i pyx Oyne mesnacaum. [logamo
marpuifo C'y BUIJIsII

cosp —singp 0 10 0 cosp —sing 0
C=| singp cosp O0]=(01 0 singp  cosp 0
0 0 —1 00 —1 0 01

Tenep ouesujno, mo Fy = S o Ry, ne S — cumerpist BIIHOCHO TLJIOIIMHH, TIEPIIEH -
KYJISIDHOI JI0 HEPYXOMOT 1ipsiMol [, a R; — obepraHHs Ha KyT (0 HABKOJIO II€T 1PsIMOI.
Taxkuit pyx € A3epKaJIbHIM ITOBOPOTOM HABKOJIO HEPYXOMOI OCi.

Poseaanemo sunador (¢). Tyr det C' = —1, i Mu 3HOBY Ma€MoO CIIpaBy 3 HeBJia-
cHuM pyxom. Lleit pyx 3HOBY IE€pEeBOJIUTH KOXKHY ILIOIIMHY 2 = 2 B cebe, aje Ha
KOKHII Taxiil MJIONINHI € HEBJACHUM PYXOM, TOOTO KOB3HOIO cuMeTpieio. OHaK TO-
aka (0,0, 0) ogeBuiHO € HEpYyXOMO10. OTXKE, B KOXKHIiI IJIONIHHI 2 = Zj PYX € OCBOBOIO
cumerpiero. [IpuitMemo oy 3 1UX NpsiMux 3a Bich O HOBOT CHCTEMU KOODIMHAT.
Toxi maTpuiis, 1110 3a/1a€ POIVISHYTUI PyX, HAOY/1€ BUIJISILY

1 00

0 -1 0

0 01
AJie 11e B TOYHOCTI A3epKaJbHUI TTOBOPOT Ha KyT ¢ = 0 HaBKOJO HOBOI oci Oy.

Posenanemo sunadok (d). Tyr det C' = +1, i pyx € Bnacaum. Po3risinemo mrormu-

ny z = 0. Iio momuny pyx nepeBoguTh y cebe 1 jiie Ha il MIomuHI 9K HeBIaCHUA
pyX, T00TO sik KoB3Ha cumerpis. Ounak rouka (0,0,0) oueBujiHo € Hepyxomor. Or-
>ke, B wonuii 2 = 0 pyx € ocboBoIO cuMeTpieo. [Ipuiimemo 1110 Bich 9K HOBY BICh
Oz. ¥ Takiit cucreMi KOOpJMHAT MaTPUIld, 1O 3a/[a€ PyX, HAOY/Ee BUJISLY

10 0
0 -1 O
0 0 -1

1 € MaTPUIEIO TTOBOPOTY Ha KYyT (0 = 7 HaBKOJIO HOBOT oci Ox.
]

133. Iloxaoicimov, wo naparesvruts nepenoc T moocna nodamu y euesndi T =
51089, de 51 1.8y — cumempii wodo dearur naowun, nepneHouKyAAPHULT HANPAMKY
nePeHoCy.

134. Iloxastcimo, w0 KoOMNO3UUL0 MPHOT CUMEMPIT 610HOCHO NAPANEAOHUL NAOULUH
MONHCHA nodamu 1y 6uzaadi 00HIET cumempli 610HOCHO NEeBHOT NAOWUHY, U0 tM Na-
PANEALHE.

135. (Teopema IIlans das pyxie y npocmopi) Bydv-axui esacnui pyx y npo-
cmopi € 26unmosum. Bydv-axul nesaacnutl pyx y npocmopi € abo K083H01W0 CUME-
mpiero, abo 03ePKANOHUM TOBOPOMOM.
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PosB’sizok. Hexaii X = CX + b pyx. Tomai 1mom0 AedKol cucTeMHu KOODPIMHAT
maTpuisg C' Mae BUTJIST:

cosp —singp 0 cosp —singp 0
(a) C=1[ sinp cosp 0 ]|, abo (b)C=| singp cosp O
0 01 0 0 —1

Pozeasnemo sunadox (a). dxio ¢ = 0, 170 po3rIsHYTHI PyX € apajiesibHUM Tiepe-
rHocoMm. Hexait ¢ £ 0. Toxi marpurmi C' BiamoBimae MOBOPOT HA KYT 0 HABKOJO OCI
Oz. ITozuaunumo ioro €2 i Jijisi 3pyUHOCTI IOCHJIaHDb IEPEIO3HATUMO 1 CaMy MAaTPHUILIO
C — .

IIpu pyci X = QX sicy Oz e iusapiantnow. Poskiagemo sexrop 3cysy b na
ckyaJoBl y Burisi b = a + ¢, je Bekrop ¢ || Oz, a Bekrop a L Oz. Toni a =
{a1,a2,0}, ¢ ={0,0,c3} i Ty, = T o Th.

AnamitTuane nomanus pyxy Fy Bursi X = QX + b moxna PO3KJIACTU Y
KOMIIO3UIIIO (110C/I1I0BHE BUKOHAHHs) PYXiB, a came

F=ToQ=T.0T,00=T,0(.

[Tokazxkemo, 1110 2 — MOBOPOT HABKOJIO JIESIKOT MPsiMOT [, 1110 TIePIeHJInKYJIsipHA JI0
monan (zy). Hiiicwo,

cosp —singp 0 x ay T Cosp — ysin + ap
QX =| sinp cosep 0 y |+| as [=| zsinp +ycosp + as
0 01 2z 0 z

OrKe, KOXKHa, IJIONIMHA 2 = 2 IEPEXOJUTh y cebe, a B KOXKHIN Taxiil IIoNuHI €
HEPYXOMa TOUKA. |I KOODAMHATH He 3aJIeXKaTh BiJ BHOOPY 2p, & 3HAUMTh, BCI Taki
TOUKM JIeXKaTh Ha JlesiKiil npsimiit [, 1110 nepuenukysisipaa 1o mwionnu (zy). Orxke,
) — obepranns naskoJio npamoi [. Ase togi F' = T, o Q) — rBunrosuii pyx.

Poseasanemo sunadox (b). Hexaii S — cumerpia Biguocuo momuun (zy). Bona
3aJIAE€THCST MATPUIIECIO BUJLY

10 0
S=101 0
00 —1
Tomi
cosp —singp 0 10 0 cosp —singp 0
C=| singp cosp O0]=(01 0 singp cosp 0 | =5,
0 0 —1 00 —1 0 01

1 MU MOYKEMO aHaJITUYHO TOJATU PyX Y BUTJIS

X = SQX +b.
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SHAYUTH, TAKKH PYyX MOXKHA MOJIATH sIK KOMIIO3UIIIO
F=T,0S04Q.

BekTop 3cyBy b poskmagemo y Burisini b = a+ ¢, 1e a L Oz,c || Oz. Toxi
T, =1T,0T,. 3a supasoio 133, T, = S; 0S5y, 1e S1 1 .59 cumeTpii BiITHOCHO IIJIOIHUH,
1m0 neprennKyasspi g0 oci Oz. Orxe,

F=T,0508550S500.

3a Bupasoo 134 kommosuiis S o Sy 0 S € cuMerpiero BiJHOCHO JIesIKOT TLIOIINHMA,
nepuen K yasphoi 1o oci Oz. ITosnauumo 11 yepes S’. Ockinbku a L Oz, 1o To0S" =
S" o Ty, 1 ME MaeMO

F=50T,00.

dxmo ¢ = 0, To Q € Toroxnmit pyx, i Toni F' = T, o S’, To6TO pyx € KOB3HOIO
cumerpiero. fkio xk @ # 0, 1o, gk 1y Bunajky (a), komnosuiis T, o Q = Q' ¢
obepTaHHSIM HABKOJIO OCi, IO TMEepHeHAUKYJISpHA JI0 MiIonwHu (1Y), a otke, [ =
S’ o ) — n3epkaJIbLHUI IOBOPOT.

3.3 KowmmekcHi umcjia, KBaAaTEepPHIOHM 1 onmc ob6epTaibHOTO
Pyxy

Komniexcnumu wucaamy Ha3UBAIOTHCA Ynciaa BUILY z = 2 + yi, 1e x,y € IR, i* =
—1. [ificui umcsa x 1 ¢y HA3UBAIOTHCs, BIJIIOBIJIHO, JIHCHOIO 1 YsiBHOIO 4aCTUHAMMU
KOMILIEKCHOTO unciia z. Jijicae qucio |z| = y/x? 4 y? HasuBaeTbcs modysem KOM-
MJIEKCHOTO 9IUCTa 2. UNCI0 Z = & — Yi Ha3WBAEThCS CIPsSKEHNM 10 ducia z. Oue-
BUJIHO, 110 2Z = |z\2 Ha jekaprosiit 1j101uHi KOMILIEKCHE YKCJI0 IHTEPIPETYETHCS
TOYKOIO 3 KOOpAuHaTaMu (X, y). B y3ro/KeHnx moasipHux KOOpJINHATAX KOMILIEKCHE
TUCIIO TIOJIAETHCA B TpUrOHOMeTpriHii (opmi 2z = p(cos p +isin p), me p = |z|. Ilo-
JISIPHUR KYT (0 HA3MBAETHCS GP2YMEHMOM KOMILJIEKCHOTO ducia. [lpn obuuncienni
JIOOYTKY KOMILIEKCHUX YUCEN 1X MOOYAL NEPEMHOACYIOMDBCA, & apeymenmu dodaro-
MbCA.

136. Ilepemeopenns Z = zw, de w = coSa + 1SIN Q0 — KOMNAECKCHE YUCAO 3 MO-
dyaem |w| = 1, € nogopomom NAOCWUNY HA KYM X HABKOAO NOYAMEY KOOPIUHAM.
Obzpyrnmytime.

KBarepHioHn € y3araJbHEHHSIM KOMILJICKCHUX 4ucesa. Keamepnionom Ha3uBae-
ThCA YHUCJIO BUJAY ¢ = a + xi + yj + zk, ne a,x,y, z jiiicHi 4ucia, a TpU YysBHI
ojmHuUII 1, j, K 3a/10BOILHSIIOTH HACTYITHUM MPaBUIaM OOUNCIEHHST 100y TKY:

2= 1,2= -1k =1, ij=k, jk=1i, ki=j.
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[eomepuuna mojada KBaTepHiOHA MOJSATAE B TOMY, IO KBATEPHIOH PO3IJISIIAETHCS
gk napa (a,v), je a € IR, v = v1i + v9j + vsk — BekTOp, PO3KIAEHUIT 33 OpTa-
Mt i, j, k JilekapToBoi npsAMOKyTHOT ciucTemn koopanuat B 3. Yncno a nasnBaeThes
CKaJISIPHOIO YaCTUHOIO KBATEPHIOHA, & BEKTOD V — BEKTOPHOIO YaCTUHOIO KBATEPHIO-
ra. Kearepuionu Bujy (@, 0) OTOTOXKHIOIOTHCS 3 JIHCHUMI IUCJIAMHE, & KBATEPHIOHH
sty (0, V) HA3UBAIOTHCS YUCMo YA6HUMU. MHOXKUHY KBATEPHIOHIB MO3HAYAIOTH
cumBoJiom H Ha vectsb ipsanjicbkoro maremaruka i gizuka Y. 'amijibrona.

Cymoro keamepnionie (a,v) i (b, W) HasmBaeThcsa KBaTepHioH (a + b, v + W).
Hobymrom wucaa X € IR na xeamepnion (a,v) HASUBAETHCS KBATEPHIOH (Aa, AV).
Bynemo nosnasatu kBaTepuionu Jiitepoto ¢, Tobro ¢ = (a,v). Ksarepuion (0,0)
HA3UBAETHCsI HYJIbOBUM 1 1103HaYAETHCs cuMBojioM . Ksarepuion (—a, —v) Hasuba-
€ThCs IPOTUJICKHUM JI0 KBaTepHioHa ¢ = (a, V) i mo3HavaeThest (—q).

137. Ilepesipme, wo onepauis doda8annA K6AMEPHIOHIE & MHONCEHHA HA YUCAO MAE
HACMYNHL BAACTUBOCTNI!

e (1 + ¢ =@+ q (Komymamuenicms);

(1 +q2) + 93 = q1 + (2 + q3) (acouiamusnicmy);

q+60=gq;

g+ (—q) =90

(A+ 1) = Aq + pg;

Ma1 + ¢2) = Aq1 + Aq2 (Quempubymuenicm );
o AMpg) = (AM)g;

¢ 0g=0,1g=yq, (1) = (—q).

JobyrkoM kBarepHionis (a,v) i (b, W) Ha3uBaeThCs KBATEPHIOH

(a,v) - (b,w) = (ab— (v,w),av + bw + [v,w]).
138. Obuucaimo dobymorx keamepnionis q = 2+1i1—3j+2k 1 ¢ = 3—2i+2j — 3k.

Bianmosias. 20 +i — j — 9k.

139. Ilepesipme, wo dobymox keamepuionis: acouiamuenut ¢i(q2qs) = (¢192)qs;
duempubymusnutl (q1 + q2)q3 = q1q3 + q2q3; ne Komymamuenul qigz 7 Gaqi -

Ksarepuion (a, —Vv) HasuBaeTbCst cnpasicenum J1o Kparepuiona ¢ = (a,Vv) i 1o-
3HAYAETHCs cUMBOJIOM . [ificHe qucsio y/a? + |v|? HasuBaeTbest Modyaem Keamep-
niona q = (a,v) i nosuagaerbcs |q|. Axmo |g| = 1, To kBaTepHioHn Ha3UBAETHCS
odunuvnum. Ksarepuion Bujy (a,0) 0roToKHIOETHCsI 3 jiiiicHuM yucsiom a. Karep-
rion BuIy (0, V) HABUBAETHCS “UCTO YACGHUM.
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140. Ilepesipme, wo q7 = 4q = |q*, 1@z = @01, |a1e2| = |a1l|g2|-

Poss’sa30k. [lepesipumvo japyry snactusicts. Hexait ¢ = (a,v) , ¢o = (b, w).
Tomi

g = (ab— (v,w),aw + bv + [v,w]) = (ab — (v, W), —aw — bv — [v, W]),

@q1 = (b,—w)(a, —v) = (ab — (w, V), —bv — aw + [w,V]) =

(ab— (v,w), —aw — bv — [v, w]),

10 I 3aBepIIy€e IEePEBIPKY.
|
HekoMmyTaTuBHIiCTh OOUMCIEHHS JOOYTKY KBATEPHIOHIB TATHE JIBa CHOCOOM 00-
YUCJIEHHS JacTKH KBaTepHIOHIB. J/[16010 wacmkoto Bij JiJeHHA KBaTEpHIOHA (o HA
KBATEPHIOH ¢ HA3WBAEThCS PO3B’SIB0K PIBHAHHS 1T = (92, a MPABOI0 YaCTKOI —
PO3B’S30K PIBHSHHS TG, = (5.

141. Ilepesipme, wo aica wacmka T, = %, a NPpasa wacmra T; = ﬁ O6yu-
cAlmo npasy ma a6y wacmkyu 6id dinenna xeamepriona g = (2,{1,—1,2}) na

keamepnion ¢1 = (—1,{2,—1,3}).
Bignosige. z, = %5(7, {—4,2,-9}), x; = %(7, {—6,4,-T}).

142. Hezati p — odununnuti eexmop, xoaineaprut do npamoi l (oci), wo nporodums
weped nowamor koopduram. Ilosznavumo wepes q 0duHUMHUT KEAMEPHIOH

q = (cosa, sinap).
Todi nepemesopenma
Qup : (0,v) = q(0,v)g (3.7)

€ NePEMBOPEHNAM NPaB020 00EPMANHA NPOCOPY HAGKOAO oCi | Ha kym @ = 2«
y dodammnomy HanpaMKy 6i0HOCHO HANPAMEY 0Ci P (3 KiNuA 6eKMopa P NoGopom
CIOCMEPI2AEMBCA NPOMU 200UHHUKOBOT CIMPIAKL,).

PozB’a30k. [Toznaunmo yepes v paiiyc-BEeKTOP JIOBLILHOI TOYKHU 1IPOCTOPY. P0o3-
KJIaJIeMO V = V- -+ \P Ha CKJIaJIOBI, Llepllia 3 aKUX LHepHeHJInKY/IApHa J10 P, a iHia
— koslineapra 110 p. Ilig giero neperBopenns (3.7) KoJiHeapHa CKJIAI0BA JUIIAECTHCS
He3minuoo. [lificHo

(0,Ap)g = (0, Ap)(cos o, —sinap) = (Asina, A cos ap),

q(0, Ap)q = (cosa, sinap)(Asina, Acosap) =
(0, A(sin® a + cos® a)p) = (0, A p).
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Jlnst HopMaJIbHOI CKJIAI0BOI MAaEMO

1

(0,vH)g = (0,v*)(cosa, —sinap) = (0, cos v — sina[v", p]),

q(0,vH)q = (cos a, sina p)(0, cos av —sina[v*, p]) =

(0, cos?

av® — cosasina[vt, p] + sinalp, cosav® —sina[v’, p]]) =
(0, cos® av® + 2cos asin afp, v*] — sin® a([p, [v', p]]) =
(0, cos* av® + 2cosasin afp, v] — sin*av®) =

(0, cos(2a) v+ 4 sin(2a)[p, v]) = (0, cos pv" + sin p[p, v]). (3.8)

Orke, i Jiero neperBopetts (3.7) opToroHaJbHa CKJIaJI0Ba BEKTOPA V I€PEXOJIAThH
y BEKTOp, 1110 JIEXKUTh B IJIOHIMHI, siKa OPTOrOHAJbHA J0 BEKTOPa P, 1 YTBOPIOE Ky T

© = 2 3 TIOYATKOBUM TOJIOXKEHHSM IT1€1 CKJIAJIOBOI Y HAIIPSAMKY BlJ v 50 p, VJ‘].
|

143. Hexati Qo pys Qagpys- - -5 Qay,p, — nOCAIDOGHICTIL 00EPMaAns NPOCMOPY HAGKO-

A0 0CeTl P, - .., Pn HG KYMU 2001, 2009 . . ., 200, 610n0610H0. Komnosuuis obepmans

Qanvpn © Qanflapnfl ©---0 Qalvpl
eKBIBANEHMMHA 00HOMY 00EPMAHHIO HA NEBHUT KYM HABKOAO NESHOI 0CI.

Ilinka3ka. JloBejenns injaykruBue. s 1Box obepTaHb MaeMO

QO(Q,PQ © Qa17p1 - QQ(Q1<07 V)Qﬁ)q? - (Qqu)(()? V) (M) - Q(Ov V)Qa

ne ¢ = qoq1. Hexait ¢ = (a, w). Ockinbku |q| = 1, 1o a?+|w|? = 1, i Mozkemo noka-
cru a = cosl, |w| = sin 6. [losnauumo p = w/|w|. Toxui kBarepuion (cosf,sin 6 p)
BU3HAYa€ O0EepTaHHs Ha KyT 260 HABKOJIO OCI P, 1110 €KBIBAJEHTHE KOMIIO3UILI JIBOX
obepranb. [IpogoBXKIThH 1H/IYKIIIO.

144. 3natmu eicv 1 KYmM nogopomy, w0 € Pe3ysbmamom SUKOHAHHA JBOLT NOCAI-
dosHuz nosopomis: cnowamky wa xym /2 naskoro oci Ox, a nomim na Kym /2
neaskoro oci Oy.

N

ITinka3ka. [Iepmomy moBopoTy BiJIIIOBIa€ KBATEPHIOH ¢ = —( + '), a Jpy-

rOMy — KBATEPHIOH ¢y = ‘f( +j). Jobyrok gogi = (1 +1i+j—k) = cos(r/3) +
Sln(w/?))(f( +j — k)). Orxke, pesynbTyioua Bich HOBOpOTY P = %( +j—k), a

KyT LIOBOPOTY (p = 2—”

145. 3natmu 6icv 1 KYym nosopomy, wo € Pe3ysbmamom GUKOHAHHA JBOX NOCAL-
JOBHUT NOBOPOMIB: CNOYAMKY HA KYM T /3 HAGKOAO 0CI 3 HANPAMHUM GEKMOPOM
{1,1,0}, a nomim na xym /3 naskoro oci 3 nanpammum eexmopom {1, —1,0}.



3.3. KOMIIJIEKCHI YUCJIA, KBATEPHIOHHU I OIINC OBEPTAJIBHOI'O PYXY 81

Binnosigs. Bics nosopory mae manpsmox p 17 {v/6,0,1}; xyr nosopory ¢ =
2 arccos(3/4).

146. Koopdunammni eupasu daa obepmanns Ha6KOAO 0cell Koopdunam Ha Kym o
MAWMb HACMYNHUT 6U2AA0

x 1 0 0 T

Q(p): | 5 ] =10 cosp —siny Y — obepmanna naskonro oci Oz,
z 0 siny cosyp z
x cosp 0 sing

D(e): | g | = 0 1 0 Yy — obepmanna naskoro oci Oy;
z —siny 0 cosy z
x cosp —singp 0 x

Qs(p): | g | =| sing cosp 0 Yy . — obepmanns naskono oci Oz
z 0 0 1 z

Ilinkaska. /s ommcy obepranns naBkoso oci Ox maemo v = {z,y,z}, p =
{1,0,0}, vt = {0,y,2}. Posknaganns BeKTOpa V Mae BUTIAN V = TP + Vi =
{£,0,0} + {0,y, z}. TIpoekiiist Ha Bicb OBOPOTY JIMIIAETHCS HESMIHHOIO, & OPTOIO-
HaJIbHA CKJI1aJI0Ba epeTBoploeThest 3a dopmydoio (3.8). Orxe, [p, vi] = {0, —z, y},
i Tomy 3a dopmysomno (3.8)

x x 0 0 1 0 0 x
y | =10 |+cosp| y |+sinp| —2 | = 0 cosp —singp Y
z 0 z Y 0 sinyp cosyp z

Posriisiyi inmux obepraib aHAJIOTYHMIN.

fAxmo a = a,i+ a,j + a.k, To itoro opr

Qy . Ay . ay
e, = i+ j+ k
2 2 2 2 2 2 2 2 2
\/ax+ay+az \/a$+ay+az \/ax+ay+az
YTBOPIOE 3 OCSIMU KOOP/IMHAT KYTH
cos o = , cosp , COsS7Y =

2 2 2 2 2 2
\/ax+ay+az \/ax+ay+az

10 Ha3UBAIOTLCA HANPAMHUMU KOCUHYCAMU BEKTOPA a.

Y
2 1 g2 1 g2
\/ax+ay+az

147. Iepemeopenna npacozo obepmanmi na Kym © HAGKOAO 0CI P 3 HANPAMHUMU
rocunycamu {cos a, cos 3, cosy} mae suzand

T W11 Wi W13 i w1l = COS2 o+ Sin2 Q. COS ©,
~ | _ 2 .2

g | = | wa wa w3 Yy |, wao=cos*f+sin”Bcosp,
Z W31 W3s W33 z W33 = COS> v+ sin? Y COS ©,
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wie = cos acos B(1 — cos ) — cosysin p,
w1 = cos 3 cosal — cos ) + cosysin g,

w31 = cosycosa(l — cosp) — cos B sin p,

wog = cos [ cosy(1 — cos ) — cos asin p,

( )
( )
wy3 = cos acos (1 — cos ) + cos [ sin ¢,
( )
( )
w3y = cosy cos B(1 — cos ) + cos asin .

Bunuwimuv 3eidcu nepemeopenns 3adavwi 146.

Ilinkaska. Bukonaru jii, onucani BupaBoo 142,

Sasaqil 147 ta 70 jar0Th MOXKJIMBICTD BUNKMCATH KOOP/MHATHI BUPa3u BCIX BU/IIB
pyXiB mpocTopy 0e3 creriaJizaliil cucTeM KOOpJMUHAT 1, TUM CAMHUM, y3arajbHUTH
BUCHOBKU TeopeMu Lllajsa B mpocTopi.

148. 3Buatimu nepemeopenms pyry 3 npasum 00EPMAHHAM Ha KYM © HABKOAO OCI
g nanpamrom v = {1, =2, 2} i smiwennam yszdosoc oci na idcmans A.

Posp’si30k. 3uaiijiemo |v| = 3. O64uciumo HanpsiMui KOCUHYCH OCi:

1 2 2
cosa = 3 cosff=—=, cosy=-—.

3 3

2
3
1,8 4,5 4,5
Wil =g T §CoSY, Wy =5+ §Cosy, ws =g+ §Ccosy,
1
1

wip = —2(1 —cosp) — Zsingp, w3 =3(1 —cosyp) — Zsing,
w1 = —2(1 —cosp) + 2singp, wyy = —5(1 —cosy) — sine,
w31 = (1 — cos p) + 2 sin, w32 = —3(1 — cos ) + 3 sin p.

Omxe, TMyKaHUM TIEPETBOPEHHSIM € MEPETBOPEHHS

=5+ 3cosp)z— (3(1+cosp)+ 2sinp)y + (3(1 — cosp) — 2sinp)z + 3\
J=(—2(1—cosp)+ 2sing)z+ (54 2cosp)y — (5(1 —cosp) + zsingp)z — 2A
Z=(3(1—cosy)+ 2sing)z+ (— 5(1 —cosp) + ssing)y + (5 + 2cosp)z + 2\

]

[TocaigoBHo Bukonani obepranust (3(c) Hakosio oci Oz, norim Qy(F) HaBKoJIO
no6020 mosoxkerHst oci Oy 1 morim 3H0BY (23(7y) HABKOJIO 106020 TIONOXKeHHs 0ci Oz
OIUCYETHCST JIOOYTKOM MaTPHUIIb

Q3(a)0(B)2(7) =
cosa —sina 0 cos 0 sinpf cosy —siny 0
sina cosa 0 0 1 0 siny cosvy 0

0 0 1 —sinf 0 cospf 0 0 1
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KyTtn moBopotiB «a, 5 i v HazuBaOThcsa kymamu Eiaepa. Icnye 6 BapiaHTiB KyTiB
Eitnepa |?|, Tobro mogadi maTpuri obepTants y BUIsAIL J0OYTKY MATPHUIb BUJLY

Qi) (B)(y) (4 k=1,2,370 # k).

Oxkpim Toro, icuye 6 BapiaHTIB TOa4l obepTaHHst Yepe3 00epTaHHsT HABKOJO TPHhOX
PI3HUL Oceit, TOOTO MaTPUIICIO BUJLY

Qi(@)(B)(y) (45, k=1,2350F# i # k. j #k).

ObepranHsi, 1110 OIHUCYETbCsT MATPUIICIO

() 2(0)25(v) =

1 0 0 cosf 0 sinf cosy —siny 0
0 cosp —sing 0 1 0 siny cosvy 0 |,
0 singp cosyp —sinf 0 cos@ 0 0 1

BUKOPHUCTOBYETHCSI B aBiallil 1 KOCMIUHIN HaBiralil JJist OIMKUCY MOJOXKEHHS JiTaka ado
KOCMIYHOIO KOpabJisi, 1110 BUKOHYE IOCJIJIOBHI ObDepTaHHs Ha KyT HaXWJIy 0, KyT
TaHTraxKy 6 1 Ha KyT Kypcy % HaBKOJO OCeii, 10 IPOXOJITh Yepe3 #oro meHTp Baru
1 CIpsIMOBAaHWX BIOBLTHO BIlepei, B OIK #oro mpasoro 6opry i itoro gua. Kytu ¢,
0 1 1) HABUBAIOTHCST AGIAULTHUMY KYMAMU.

3.4 OnykJjai MHOXXWHHU 1 3a7ad9a JIHIITHOI OIITUMIi3aIil

Muoxkuna M Ha3UBAETHCS 0NYKA0M0, SKIIO JJIst OyIib-IKUX JBOX TOU0K Aj, Ay € M
Biipizok [A1, Ay] C M. OgHOTOUKOBA i MOPOXKHS MHOXKWHHU TAKOXK BBAYKAIOTHCSI
OIIYKJIMMU.

Hexait Ay, Ay — TOUKM 3 pajiiyc-BeKTOpaMu Iy 1 ro Bianosigno. Toukm BiIpi3Ky
[A1, As] napaMerpusyoThesi pajiiyc-BeKTOPOM

r=(1—t)ry+try, 0<t<1.

Bejemo nosnauennsi: Ay = 1 — ¢, Ao = t. Toui rouku Bijpiska [A;, As] nojatorsbes
Y BUTJIAL ONYKA0T KOMOIHGULT CBOIX KIHIIEBUX TOYOK, TOOTO

r=A\r;+Xry, A1 >0, >0, A\ +X=1. (39)

149. frxwo My @ My onyrat muoorcunu, mo MiNMsy — onyraa muoorcuna. osecmu,
wo nepemur 6Ydv-AK0i CYKYNHOCML ONYKAUL MHOHCUH € ONYKAON MHONCUHON.

Hexait | : Ax + By + C = 0 npsma na miomuai. Toml miBmiomman [, =
{(z,y)|Az + By + C > 0} i I_ = {(z,y)| Az + By + C < 0} nasupaworbcs
GIORPUMUMU NIBNAOUUHAMY, & TIBILIONMHN [, = {(a:,y) | Ax + By + C > O} i
- ={(z,y) | Az + By + C < 0} HA3MBAIOTHCS 3aMKHEHIMHU MiBILUIOMMHAM.
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150. Ilepesipme, wo 6idkpuma (3aMEHEHE) NIBNAOWUHA € ONYKAON MHOHCUHOIO.

BaMKHEHUM (BIIKPUTUM ) OIYKJIUM 6a2aMoKyMHUKOM HASUBAETHCS IEPETUH CKiH-
9eHHOT KIJIBKOCTI 3aMKHEHUX (BIAKpUTHX) TiBILIONWMH. Bepuunoio 3aMKHEHOTO Oa-
raTOKYTHUKA, HA3WBAETHCA TOUYKA TMEPETUHY HemapaJieTbHUX MPAMUX, 10 BU3HAYA-
foTh OaraTokyTHUK. KiibKicTh BepiinH Bu3Havae Tuil OaraTrokyrHuka (1-KyTHUK,
2-KyTHUK, 3-KYTHUK ... ). BiZIpi3Ku IpsMuX MiXK BepITUHAME HA3HBAIOTHCS CIMOPO-
HaMu. BaraTOKyTHUK HA3UBAETLCS 00OMedCeHUM, KO BIH MICTUTBHCS B Kpy3i J0-
CTATHRO BEJMKOIO CKIHYEHHOTO pajiyca. 3aMKHEHWH 1 oOMeXeHnii 0araToKyTHUK
HA3UBAETHCA KOMNAKIMHUM.

151. Ilokasicimo, wo idkpumud (3amrnenutd) onykiut 6a2amokymuuk € onykA0m0
MHOACUHOT0.

Hexait II : Ax + By + Cz + D = 0 wiomuna B npocropi. Toul niBupocropu
I, = {(z,y,2) | Az+ By+Cz+D > 0} iIl_ = {(,y,2)| Az+By+Cz+D < 0}
HA3MBAIOTHCA BlAKpuTHMH, a misnpocropn I = {(z,y,2) | Az+ By+Cz+D > 0}
iIl_ = {(z,y,2)| Az + By + Cz + D < 0} Ha3suBarorbCst 3aMKHEHUMH.

152. Ilokasicimo, wo sidkpumui (3amrnenutl) nienpocmip € OnYKA010 MHOACUHON.

BaMKHEHUM (BIKPUTHM) Oy KJIUM 0a2aM02PAHHUKOM HABHBAETHCS TEPETHH CKiH-
4eHHOT KIJIbKOCT 3aMKHEHNX (BIAKpUTHX) miBpocropis. Pedbpom 6ararokyTHuKa Ha-
3UBAETHCSA MEPETUH HelapaJiebHUX TIONIWH, 10 BU3HAYAIOTH OaraTorpanuuk. Bep-
WuH010 3aMKHEHOT'0 DaraTorpanHuKa Ha3UBaEThC TOYKa, [epeTuny ioro pebdep. ba-
raToOrpaHHUK HA3UBAETHCS 00MEINCEHUM, SIKIIO BIH MICTUTHCS B KYJI JIOCTATHBO BEJIN-
KOI'O CKIHYEHHOI'O paJiilycy. S3aMKHEHUI 1 0OMexKeHuit bararorpaHHUK HAa3THBAETHCS
KOMNAKMHUM.

153. Hoxaoscimo, wo samrknenud (6idxpumud) onykiut 6a2amo2pannuK € OnyK.A010
MHOHCUNHOTO0.

Onyr.n010 060401K010 Mrooicuny M HA3UBAETHC TIEPETUH BCIX OMYKJINX MHOXKUH,
Mo MicTaTh MEOXKWHY M. [Hmmvu cioBaMu, onmykia 000JI0HKa — 1€ HaliMeHTIa oIy-
KJia MHOKHMHA, 1110 Micturh M. Onykiia 060J0HKa mo3HadaeThest sk conv(M).

Konycom Cy(M) 3 sepuwunoro 6 mowyi A i ocnosoro M HaszuBaeThest 00’ €THAHHS
yCiX BIpi3KiB, 1110 3’€MHYI0Th TOUKY A i3 Toukamu Muoxkunu M. Orxe,

Ca(M) = |J [4, B].
BeM
154. Adxwo M — onyraa muootcuna, mo Ca(M) — onyraa muoorcuna. Axwo A ¢ M,
mo conv(M U{A}) = Ca(M). Hosecmu.

155. Hexatt M = {Aq, Ay, ..., Ay} ckinuennut nabip mowox. Todi conv(M) — ue
MHONCUHA MOYOT, Padiyc-6eKmop AKUT MAE 6UZAAO:

I':Zn:)\iri, )\ZZO(Z:L,TL), zn:)\zzl
1=1 i=1
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ITinka3zka. CkopucraTucs METOJIOM MaTeMaTHIHOI 1HTYKIIT.

OmnykJja 000JIOHKA CKIHYEHHOT KLJIBKOCTI TOYOK M€ METAHIYHE MAYMAUEHH.A.
Axio Ai(ry), ..., Ay(ry,) TOUKK, y SIKUX 30CEPE/RKEH] Macu My, . . ., My, TO PAJIIYC-
BEKTOP T, IEHTPY MAC CUCTEMHU TOUYOK MA€ BUTJIST

. _Myry s My
.=
mi+---+my

156. Komnaxmuuid onykaud 6azamoxymuuk (6azamozpannuk) sbicaemoca 3 ony-
KA010 000A0HKON CEOIT BEPULUM.

Po3B’a30k. Hexait M — KOMHDakTHUil OMyKJnii OAraTOKyTHK 3 BEPIIMHAMU B
toukax Ai,...,A,. Bararokyrnuk M € OmyKI00 MHOXKHMHOIO, IO MICTUTH TOYKH
A1, ..., A,, asnaunrsb, M MicTHTL HafMEHITYy ONYK/Ly MHOXKMHY, 110 MiCTUTh TOUKH
Ay, ..., Ay, m00T0 M D conv(Ayg, ..., Ay).

[Tokaxemo, mo M C conv(Ay, ..., A,). Hexait m € M — nosinbha Touka Gara-
TOKYTHUKaA 3 pajiiyc-BekTopoM r(m). [losnaummo uepes ry, ..., T, pajiyc-BeKTOpU
BepIIUH DaraToKyTHUKA. ZAKIIO M JIEXKUTH Ha CTOPOHI DararoKyTHUKA, HAIPUKJIA]
m € [A;, A; + 1], To 3a dopmymoo (3.9) r(m) e omykiaon KoMbiHaIi€O TOUOK A,
ta A;p1, 10070 m € conv(A;, Aiy1) C conv(Ay, ..., Ay). AKINO XK M He JEeXUTH
Ha CTOPOHI, TO 4Yepe3 TOUYKY 1M HPOBEJEMO JIOBLIbHY 1ipsimy [(m). 3 obmexenocti
i OImyKJIOCTI GAraTOKYTHUKA BUILIHBAE, MO MpsiMa [(m) mepeTHe piBHO JBI CTOPOHU
OaraTOKyTHUKa B TOYKAX, CKaxiMo, m; € [A;, A1) Ta my € [Ag, Agr1]. Ockinbku
m € [m;, my], To 3a dopmy.on (3.9)

r(m) = Ar(m;) + Aer(mg) (A >0, >0, A\ + X =1).
3a Ti€io K HOPMYI0I0
r(m;) = fur; + fiaTit1, r(mg) = 1Ty + Va1,
pr = 0,0 20,01 +pe =1, 11 20,12 20,11 +12=1.
Ax nacaiok,
r(m) = A(puri + parip1) + Aa(varg + vargy) =
AL AT + ApiaTip1 + ATy + Aoleryyy = dir; + doryy 1 + d3ry + dyTyyq.
BayBaxkumo, 1o dy > 0,ds > 0,d3 > 0,dy > 0, a TakoxX 1110
di+dy+ds+dy = MN(p + po) + Ao +12) =M\ + Ao =1

Orxe, m € conv(A;, Aiy1, Ag, A1) C conv(Ay,..., A,), a 3HAYUTS,
M C conv(Ay,. .., Ay). Takum qunom, M = conv(Ay, ..., A,).

Hoseith TBeppKenns Jijis 6ararorpaiiuKa, BUKOPUCTABIIN J0BEACHHs JIJist Oa-
raTOKYTHUKA K 0a3y JIsd IHTYKIIiI.
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m
Oyukmis f: R" — IR (n=1,2,3,...) HA3UBAETHC JIHIAHOWO, SKITIO

f()\lrl + ...+ /\mrm) = >\1f<r1) + ...+ /\mf(rm),

JJIst OyJib-siIKuxX TO4UOK 3 IR 3 pajilyc-BEKTOpaMu Iy, ..., Ty,.

157. (a) Qynxuia f : R* — IR, axa 3adaemvca gopmyaroro f(x,y) = Ax + By, €
AIHITH0M0;

(6) Oynmuyia f: IR? — IR, axa zadaemuvea gopmyaoto f(x,y,2) = Ar+By+Cz,
€ MHITHOM0.

Posp’sa30k. (a) Hexait r1 = {x1, 11}, ..., = {Zm, Y }. Tom
AMry+ o A = { AT, Ay - AU -

SHaUNTD,

fOurs+ ...+ \urm) = Az + .o+ Ape) F BOWws + -+ A\ym) =
M(Azy 4+ Byr) + ...+ An(Azp, + Bym) = A f(r1) + -+ A f ().

(0) [lepeBipsieTbes aHaIOTITHO.
n

158. Hexadi f : IR? — IR — ninitina ynwuia i M — xomnaxmuuti onyxauti bazamo-
Kymuuk 3 sepuwunamu 6 moukax Ay, ..., Ap. dosecmu, uo natioisvwe © Hatmenwe
anavenns pynruii f docazaemuvca 6 020 sepuunar, mobmo
max f|y = max f(A;), min flyy = min f(A;).
i=1,...m 1=1,....m
, C :
Po3p’a30k. I3 3ajau 156 1a 155 i siniitnocti pyHKIIT BUILJIUBAE, 110 J1Jisd OY/ib-
SIKOT TOUKH 3 PaJiyCc-BEKTOPOM I' OAaraToKyTHUKA

fr)=XAf(r) 4+ ...+ A f(rn) < max f(A4;) (M + ...+ )

1=1,....,m N < 1=1,....,m
=1

f(I‘) = Alf(rl) + ...+ )\mf(rm) Z . min f(Az) ()\1 + ...+ )\m) = min f(Az>;

=1,....m N ~ ~ 1=1,....m

=1

I
=
&
"

=
o=

1o i Tpeda OYJI0 JOBECTH.
|

159. Hexadi f : IR? — IR — ainitina ¢ynwyia i M — xomnaxmnuts onyxaud 6a-
2amozpannuk 3 eepwunamu 6 moukar Ay, ..., An. Todi natbiavwe i natimenuie
sauavenmna gynrxuli f docazaemoca 6 ozo sepwunar, mobmo

max fy = max f(A;), minfly = min f(4;).

=1,... =1,...

Hosecmu.
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3adava AMIGHOT ONMUMI3AYLT TIOJIATAE Yy BIINTYKAHHI MAKCUMYyMYy ab0 MiHIMYMY
JiHifinol GyHKIIl Ha OMyKJI0MY 6araTrokyTHUKY (Dararorpanuuky ). Poss’s3anns el
3aja4i 3abe3medyerbesi pesysbraramu 3aa4 158 ta 159. Ak npukiaj posrissHeMo
3a/1a1y Ha 3MIIIyBaHHS.

160. V dennomy pauiont xapuysarms nosurHi 6Ymu npUCymHIMU 6IMaMIHU MUny
A > 10 odunuuynv, muny B < 12 odunuuv 1 muny C > 8 odunuunv. YV nassrnocmi
MAEMBCA d6a munu npodyxmie pi3noi AK0Cmi:

o [lepwutd mun npodyxmy micmumv: A — 1 odunuuro, B — 2 odunuui, C' — 4
00uHUYI;

o Jlpyeutds mun micmumv: A — 4 odunuui, B — 2 odunuui, C' — 1 odunuro.

Ilina nepuwiozo muny — § epusenn 3a 2pam, dpyzozo — 2 epusni. CriAvKU 1 AKUL
nPodyKmi6 6apmo yostcumu, u,ob 3abeanenumu pauior © Mamu HatMeHUL: BUMPAM.

Po3p’a30k. Hexait © — KiIbKiCTh I'paMiB IPOJLYKTY TEPIIOrO TUITY, 4 — KIJIBKICTD
rpamiB HpojyKTy Jipyroro tuily B paiioni. Takuit paiion micrurs ©(A+2B+4C) +
yY(4A+2B+C) = A(z+4y)+B(22+2y)+C(4x+y) onuHunb BIAMOBLIHEX BiTaMiHIB.

st 3abe3rnevents BiTaMiHaM¥u B TOTPIOHIHM KIJIBKOCTI CJIiJ] HAKJIACTH YMOBH:

x + 4y > 10;
2 + 2y < 12; {
dr +y > 8;

x > 0;
y > 0.

Oyukiis surpar L(z,y) = bx+ 2y e giniitnono. TakuM quHOM, HEOOXIHO 3HAKTH
MiHIMYM AihitHoi dyrkiii L(x,y) npu 3ajaaux yMOBax TUILy HepiBHOCTEd, TOOTO
Ha onyKJii MuoXkuHI (puc. 3.17). Bagaua 3ByKy€eThes 10 epebopy 3HAUEHD (DY HKITI
B KyTOBHX TOUYKax. A came,

L(14/3,4/3) = 26; L(22/15,32/15) = 11.6; L(2/3,16/3) = 14.

Omxe, onTUMaJIbHU TTaH: T = % ~ 147,y = % ~ 2.1.

161. 3natmu snavennsa sminnux (T,y), 3a axuxr gyuxyis L(z,y) = 3x + 4y npu-
UMae Hatoiavwe ma HatlMeHuLe 3HAYEHHA 30 YMOS, ULO

—x+y < 3,
ox + 3y < 97,
x+ Ty > 74,
x>0,y >0.

BiamoBigs. Makcuvym: (z,y) = (11,14), Lye: = 89.
Minimywm: (z,y) = (6.625,9.625), L = 58.375.
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Puc. 3.17: Onykia MHOXKWUHA — TPUKYTHUK, 0 yTBOpeHuit npamumu r+y—10 = 0, 2x+2y—12 = 0,
dr+y—8=0

162. 3uatimu snavwenns sminnux (x,y), 3a axur gynkuia L(x,y) = by npuimae
natibisvwe ma natiMenue 3Havenna 3a Ymos, UL

Tr + 12y < 84,
35 — 12y > 0,
Tr — 6y < 42,
x>0,y >0.

Bignosiab. Makcumywm: (x,y) = (2, 5%), Lonazr = 29%. Minimywm: (z,y) = (6, 0),

163. 3uatimu suavenns aminnur (x,y), 3a akux gynrkyia L(x,y) = 5.2x —y npu-
umae HatoLivuwe ma HalMeruLe 3HAYERHA 30 YMOS, ULO

2z + 5y > 10,
r — 3y <3,
—r+y <1,
x>0,y >0.

Bianosiae. Makcumywm: Ly, = +00. Minimywm: (z,y) = (5/7,12/7), Lyin = 2.

[TousTTst 1 381241 MMOTOYHOIO PO3JILILY MAIOTh JIAJEKOCHKHI y3arajbHEHHSI.



Poz i 4

EaemenTn 6araTroBuMIpHOI aHAJITUYIHOIL

reoMeTpil

[TonaTTa mpsgaMol 1 IJIOMUHY TPUBUMIPHOTO TPOCTOPY Ta MO3UIIHHO-METPUYHI 38,714~
Yl MMOJI0 1X B3aEMHOTO PO3TAllyBaHHS MalOTh NPUPOJHI y3araJbHeHHsd Ha BHUIIAI0K
npocTopy BumipHocti n > 4. Jaa posyminna bazamosumipnoi 2eomempii caid pas
no pas 3sepmamuca do nonepednir po3diaie s nopienaHHA 10etl 1 Memodie baza-
MOBUMIPHOL 2eomempii’ 3 610N06IOHUMYU MPUBUMIPHUMY AHAAO2AMIU.

Adginnum npocmopom wasusacrhest apa A = (P, V), ge P — ToukoBa MHOXKWHA,
VYV — BekTopHuii ipoctip. Muoxkuna i BeKTOpHUI 11POCTIP 1OB si3aH1 BiJI0OparKeHHSIM
P xP — V, gake cTaBUTb y BIMOBIIHICTD KOXKHIN YIOPSIKOBaHIM Mapi TOUYOK
(A, B) € P Bektop 3 V, mo nosuadactbesa AB. Touka A BBaXKaeThCs MOIATKOM Be-

KTOPa Ag, a TouKa B — itoro kinmem. BijjobpakeHHs (o Ma€e 3aJ0BOJIbHATH YMOBAM:

e 151 Oynn-sikol Toukn A € P Oynb-sikoro BekTopa a € V icHy€ €amHa TOUKa,
B € P raka, mo AB = a (mpaBwio BiJIKJIaJIJaHHS JIOBLIBHOIO BEKTOPa BiJ|
JIOBLTBHOT TOYKH );

e J171s1 OyIb-IKUX TPhoX TOUOK A, B, C' € P BUKOHYETLCSI CITIBBIHOMICHHSI

AD + BC = AC

(HpaBWJIO TPUKYTHUKA JIOJ[ABAHHS BEKTODIB).

Bumipnictio adinnoro mpocropy A Ha3MBAE€THCsI BUMIPHICTH BEKTOPHOIO IPOCTO-
py V. VY noganbimmx posrisgax mijg adinauM mpocropom A" ciig posymiti mapy
(R™,R™). Muoxuna R" € muo)Kunotw Habopis 3 n uuces (xy,...,x,). Bekropuuii
npoctip R" TakoXK CKIaIaeTbes i3 Habopis 3 n uucena {zi,...,z,}, ame Ha JKUX
BU3HaYEHI onepallli TOKOOPJAWHATHOTO JI0/laBaHHs 1 MHOXKEHHsT Ha IUCJIO, 10 3aJ10-
BOJIbHSIIOTH akciomaM BeKTOpHOro npocropy. Axio A(xi,...,x,) 1 B(yl, ..., Yn),
TO

(A, B) ={y1 —1,...,yn — n}.
Adinna cucrema KoopauHar ckiagaeThest 3 Toukn O € R™ i basucy ey, ..., e, €

R", sipkiagenoro iy rouku O. Pajiyc-pektopom Touku M € R" nasupaerbcs
BekTop OM € R".

89
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Hexait y adinnomy mpocropi A" 3adikcoBana Touka My, pajiyc-BeKTOp KOl TI'.
[ mexait 3ajani k JiHIAHO He3aJeXKHUX BEKTOPIB aj, ..., ag. Adinnor k-eumiproro
naowunoro ™ B adinnomy mpocropi A" Ha3HBAETHCS MHOKIHA TOUOK Vv A", pasiyc-
BEKTOP IKUX (BIJIHOCHO 3a/1aHOT aiHHOT CUCTEMU KOOPJMHAT) 3a/1a€ThCsi PIBHICTIO

r:r0+t1a1+t2a2+---+tkak.

Touka My HA3HBAETHCA NOUAMKOCOI MOUKOIO NAOUUNY T, 8 BEKTOPHUII TPOCTIp

LF 3 6azucom ay, . .., a; HABUBAETLCS HANPAMHUM NPOCMOPOM TIIOIMHA T
Axmo k = 1, o 1-BumipHa adinHa IJIONUHA HA3UBAETLCS APiHHON NPAMOIO

B A" drmo kK = n — 1, To Taka mommHa HaszWBaeThcst zinepniowuroro B A"

Tak, ™ : r = 19 + t'a; + t?ay € rinepmwionmnoo B A3 a 7! r = rg + tla; €

1

rinepmiomunoo B A2, fcno, mo 7! e B Toit ke dac i adinHO0 TpAMOIO.

164. Iloxaocimo, wo pienanns 2inepniowuny 6 adinnomy npocmopt A" moorce
bymu 3anucare Yy 6u2AA0l

VoAt + As®> + -+ A2+ D =0.

Bexmop N = {Ay, ..., Ay} nasusaemoca sexmopom adinmol nopmani 2inepniousu-
nu L
165. Ilokaoscims, wo das npamoi 6 A" 3 nouamxosoro moukor (x(l), ce, ) 1 Ha-
NPAMHUM GEKMOPOM & = {al, . ,a”} MOJHCHA BUNUCANY 1T KAHOHIYHE PIGHAHHA 1
6U2AAD

vl — ) 2?— a3 " — xg

al a? a”

166. Hexati

1:A%x1+A%x2+---—|—A}lx”+Dl =0,
Po At 4+ Ada? 4+ A22" 4+ D? =0
dei zinepnaowunu 6 A", Hexati Ny = {Al, ... AL} iNy = {A3,... A2} iv agpinni
HOPMANL. HO%&QfCimb, wo
o 1 Nal Tl =772 akwo N # ANy;
o 7 || m, arwo Ny = ANy 1 D! #£ \D?;
o T =y akuwo Ny = ANy ¢ D! = \D?,

Hexait L™ — pexropnuii npocrip. [Tiqmuoxuna L C L" nasupaernes nidnpocmo-
pomy L™, akmo AX + py € L jaida Oyib-9Kux X,y € Li OYyIb-IKUX A, [

Hexaii ay, . . ., a; — cucrema BexropiB y L". Jlinitinoro oboaronkoro Lin(ay, ..., ay)
JIaHOT CUCTEMU HA3WBAETHCS MMHOKWHA BEKTOPIB y L™ BUY

k
D> Na | N eR

1=1
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[HIIIME cJtoBaMu, JIiHIiHA 000JIOHKA — 116 MHOXKMHA, YCIX JIHIMHIX KOMOIHAIi# 3a/1a-
HOI CHCTEMH BEKTOPIB.

[Tigmuoxkuna V) C L™ nazuBaerhes nidnpocmopom B L™, sKIio Oyib-stKa, JIHIAHA
KoMOiHallist BeKTopiB 3 V Jiexkursb B V.

167. Iepesipme, wo Lin(ay, ..., a;) (k < n) e nidnpocmopom y L™. Hozo sumip-
HICMD

dim Lin(ay, ..., a;) < k.
IIpu yvomy dim Lin(ay, . .., a;) = k modi i miavku modi, kKoau eexmopu ay, . . . , aj
N0 Hesanesichi, a 3nanumo, ay, . . ., ay — odun 3 basucie L¥ = Lin(ay, ..., ay).
Posw’a3ok. [liiicho, nexait x,y € Lin(ay,...,a). Toxai

k k k
X = inai, y = Zyiai, AX + py = z:()\xZ + wy')a; € Lin(ay, ..., a),
i=1 i=1 i=1

a 3HaUnTh, Lin(ay,...,a;) — BeKTOpHUl miampoctip y L.
Poskiagemo BekTopu ay, ..., ay 3a jgeskum 6aszucom B L". Tomi
_ 1 n . 1 n
a = {ay,...,al}, ... ap=A{ag...,a.}.

JIIHIMHUME olepallisiMy HaJl BEKTOPaMU HA3UBaIOTHCs Ollepallil Jo/laBaHHs 1 MHOXKE-
HH¢ Ha yucsio. JIiHIiHKM orepaliisiM Ha/[ BEKTOPAMU ayq, . . . , &k BIIOBIIAIOTH JIiHIH]I
onepalil Ha | CTOBIYUKAMU N X k Marpuiii

al ... ap
Panrom matpurii, 1mo mo3HadaeTbes rg(-), HA3UBAECTHCS MAKCHMAJIbHE TUCJIO 1T Jii-
HiffHO He3aJiesKHUX CcTOBIIIB'. 3 O3HAYEHBb BUILIMBAE, 110 PAHI MATPHIL JIOPIBHIOE
sumipHocti nijnpocropy Lin(ay, ..., ag). Ockinbku k < n, ro rg (A) < k. dxkmo
rg (A) = k, To BCi croBmumMKE Marpuii A JHIKHO He3aJeXKHI, & BEKTOPHU a1, . . . , Ay
YTBOPIOIOTH oiuH 3 6asucis L* = Lin(ay, ..., a;).
|
Hexait L¥ 1 L' — nBa mignpocropu B L™. Cymoro nionpocmopie L 1 L' nasupaerncs
MHOXKHHA, BEKTOPiB y L" BUIy

{z+y|laelr yel} =L+ L

168. Ilepesipme, wo L* + L' ¢ nidnpocmopom ¢ L.

I Takuit paHT Ha3MBAETHCH CTOBITYMKOBAM. AHAJIOTIYHMI PaHT BU3HAYAECTHCA JIJIA JIIHIHHAX ONepaliil HaJ ps-
KaMu, 1 BiH HA3UBAETHCA PAAKOBUM. CTOBMYUKOBHUI 1 PAJKOBUN PAHTH OJHAKOBI.
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Ouesuno, mo dim(L* + LY) < k + 1. Sdxmo dim(L* + L') = k + [, To cy-
Ma, HA3MBAETHCA NPAMOol0 i nosnauaerbes LF @ L. ko cyma npsiMa, TO BeKTOpH
aj,...,ay by, ..., b; yreopoors 6asuc y LF @ L.

169. dxwo L* @& L' — npama cyma, mo daa xoorcnozo z € LF @ L' posxaadanma
z=x+vy, de x € LF y € L', cdune (mobmo x i y odnosnaumo eusnanens).
Cnpasedause i obeprene.

Iepemunom nionpocmopie LF i L' nasupaerncst MHokuua BekTopis B L™, 1110
HaJieXKaTh 000M IijiipocropaM. TobTo 11e

{xel'xelf xel'}:=L"nL.

170. Iepesipme, wo L¥ N L' e nionpocmopom y L".

171. Hexatiay, . .., a,, — Ainitino nezaiescna cucmema sexmopis y L¥ (m < k). To-
i i mootcra donosnumu do 6azucy L*. To6mo snatidymoca maki sexmopu by,i1, . . ., by,
Wo cucmema 6eKmopie ay, . . ., am bmit, ..., by € bazucom ¢ LF.

Posp’si30k. Hexait ay, . . ., a,, — Jiniiino nesanexui. Toui Lin(ay, . .., a,,) € nij-
npocropoM y L*. Tloznauumo itoro uepes L. dxmo L™ # L*¥, o icaye x € LF
Takuit, mo x ¢ L™, robro x ¢ Lin(ay,...,a,). B takomy pasi ai, ..., a,,, X JiHiii-
no nesanexni. [lokmanemo by, = x. Toxi Lin(ay,...,a,,b,) = L™ C LF

dxmo L™ # L*, To nponosxumo mporec. ¥ pesynbrari mobyayeMo BHYepITHMI
JIQHITIOZKOK TIJIITPOCTOPIB

L™ c ™' c ... c Lk

Ha ocrannbomy kpori ogepxkumo LF = Lin(ay, ..., am,, by, ..., bg).
m

172. (@opmyaa I'pacmana) Hexadi LF i L' — nionpocmopu ¢ L. Todi
dim(LF + L") = dim L* + dim L' — dim(L" N LY).

Po3B’a30k. [loznaunmo L™ = L* N L!. Hexaii qy,...,q, — 6asuc L™. Jonos-
HUMO Hforo 110 6asucis y L¥ i L. Hexait

L¥ = Lin(qu, ..., Qms @met, - - ak),  L'= Lin(qi, ..., %m, bmgts - - ., by).

[TokaxKkeMo, IO q1, - . ., Qs Aty - - - 5 A, Pintts . . ., by — 6asuc LF + L. s mporo
CJI1JT TIEPpEBIPUTH, 1110

(a) 6ymb-axuit Bexrop 3 L¥ 4+ L! ¢ ninifinoro koMbinanieio BeKTOpiB
dis - 9my Am+1, - - '7ak’7bm+17' . '7bl;

(6) BEKTODH 1, - - -, Qs it 1y - - - 5 Ay Dys1, - - -, Dy JHITHO He3aEXKHI.
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(a) Hexait z € L¥ + L' Toni z = x+y, ge x € L*y € L' Ockinbku
dis .- 9m, Amil, .- ., — 0azuc y LF ro

x =Llc.(ql, -, Qmy Aty - - -5 A)-

AnaJjoriaso,
y = l.C.(ql, <o OAmy Am1, bm+1)-

Orxe,
Z :X+y :I'C'(qh'"7qmyam+17"'7akabm+17"'7bl)-

(6) Hexait icaye nempusiaavha niniiina KoMOiHAII
Le.(q, - s Qms @ty - - - Ak, D1, ..., by) = 0.
Po3ib’emo 11 Ha, JiBl yacTUHNA:

Le(q, - Qms @ity - - - ak) + Le(bpgt, ..., b)) = 0.

Baysaxumo, o L.c.(byi1, ..., b)) wempusiasvra, OCKIIbKY B HPOTHIIEKHOMY BHU-
majaky Le.(qu, ..., Qm, Amat, - - -, ) OyIa 6 HempusiasvbHoto 1 TAKOIO IO JOPIBHIOE
0, a Ie CyLepPeunThb TOMY, IO 1, - . - , Qs Amsd, - - -, A, — 0asuc LF. Tlokinamemo

w = Lc.(bygq, ..., b)) #0.

Toni, 3 onnoro 6oky, w € L' sk siniitna xombinarist Bektopis 6asucy L'. 3 immoro
OOKYy,

Leqyy - oy Qs @1y - - -, QL) = —W,

a 3HaunTh, W € L* gx ninifina xom6inamis Bexropis 6aszucy L*. Ile o3nauae, 110
w € L* N L'. Ase Bekropu qy, . . ., Qy YTBOPIOIOTH 6a3uc L* N L', A 3naunts,

w=lc(q, ..., ),

npudoMy JiiHiliHa KOMOiHamis B mpasiit yactuni HerpuBiaigbaa (W # 0). Takum wu-
HOM, MA€EMO JIBl HEMPUGIa.AbHE JIHIHTHI KOMOIHAIIIT, 1110 BUPaXKalOTh BEKTOP W:

w =lc.(byi1,...,by), w=lc(qi,...,dqnm)-

Omxe, Mae micrie piBHicTb L.c.(q1, . . ., Q) = Lc.(byy, ..., by) abo le.(qy, ..., qm)—
Lc.(bpyt, - -+, by) = 0. 3 orusiiy Ha ve, o Le.(by, 11, ..., b;) Oyja HeTpuBiaibHOW,
MU OJIEPXKAJIE HEMPUBTANDHY

Le(qi, - s Qs Binst, - -, by) =0,

1[0 HEMOXKJIMBO, TOMY 110 (1, . - . , Qm, Pma1, ..., D) — 0asuc L.
n
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4.1 BzsaemHe po3TalllyBaHHsA JBOX ILIOmMUH y A"

. ko i . .
Hexait 7%: r =1} +> - t'a; — k-Bumipua momuna B A”. Ile o3natae, 1o piBHsAHNS

nommny TF MoykHa sarmcaTn y Burasyi 7 v = ry+ Lin(ay, . . ., a;) abo, me Kopo-

tme, 7%: r = r; + L*. Mignpocrip LF = Lin(ay, ..., a;) Ha3uBaeThesa HANPAMHUM

nidNpPOCMOPoM TIONAHA T~
Hexait 7%: r =1y + L¥, 7':r = ry + L' a8i miommuu 8 A”, npudomy k < [.

k l

[nomunu 7% i 7! masusarornes napasesvrumu (7% || «t), axmo LF C L.

173. Hexati 7*: v =1, + LF, 7w:r=ro+ L' (k<) dei naparesvri naouyumnu
y A™. Iloknrademo w =1y — 1. T00i

o axwow & L', mo N7l = a;

o axwo w € L', monh Crl.

Po3s’sa30k. Hexaii aj, . .., a; — 6asuc LF. Ockinbkn L¥ C L', vo 6azuc ay, . . ., a;
MOZKHA JIOMOBHUTU BEKTOPAMU by, . .., b; 1o 6asucy B L'. Toxi
k. .. _ : I, . _ :
m™:r=ry+ Lin(ay,...,ar), 7w:r=re+ Lin(ay,...,ag, bgi1,...,by).

Posrisnemo sunajok w = r9 — ry ¢ L' i upunycrumo, mo 7% N 7l # @. Hexaii
M € 7% nxt. Toni

r(M)=ry+1lc(ay,...,a;), r(M)=ry+lc(ay,...,a5br,...,by),

a 3HAYUTD,
r| + l.c.(al, e ,ak) =Ty + 1.(3.(3.1, e, Ak, bk-l-l) e ,bl).
3igcn w = Le.(ay, ..., ag, by, ..., b)) € L, a ue cynepeunicrs.

Posrsmemo sunaiok w € L. Lle osmauae, mo ro—r; = Le.(ay, ..., ay, bpyr, ..., by).
Tomire = ri+lc.(ay,...,a;)+l.c.(briq, ..., by), 1 pIBHIHHS TONMH MOXKHA [OJIATH
AK

™ r =1, + Lin(ay,...,ap),

ahir= ry + l.c.(al, c ,ak) + Lz’n(al, U - VAR o TATE T ,bl).
[Toxknamemo rg = ri+l.c.(ay, . .., ax). 3 miniitnoi obosonku Lin(ay, .. ., ay) B piBHSIH-
wi 77k BHOKpEeMUMO 3Hadieny l.c.(ay, . .., ax). Toxl piBHAHHS MUIOMUH MOXKHA MOIATH
y BUTJIS

akr = ri+ lLe(ag, ... ,akz—i—Lm(al, Coay),

o
7hir= ry+ lLe.(ay,. .. ,ak)/+Lz'n(a1, <oy ak, b, ..., by).

ro

Takum amHOM,

v =1y + Lin(ay,...,ap),

mlir =1y + Lin(ay,...,a;) + Lin(byi,...,by).
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Tenep ouesuano, mo 7 C w!, Tomy mo 7 MoxKHa ofepxKaTH 3 piBHAHHA 7, IO-
KJIABIIW HYJIsiMU BCl KoedinienTu pu bgyq, ..., b;.

Firly A" HazsuMBaIOTBCS MUMOGIMHCHUMU, SIKIO BOHU He IepeTH-

HAIOTHCS 1 He TapaJiesTbHl.

JIBi mtomunam m

174. Hezatim: v =11+ L), 7l:r =1+ L' (k <1) dei nenaparesvni naowunu
6 A". Iloxnademo

w=r,—1r;, L"=ILFNnL! L[*=LF+1L.
Toodi
o skwo W & L¥ mo naowsunu Mumobiochi;

o axwow € L*, mo n* Nxl =7xm (Mobmo naowuNY NEPEMUNAIOMBEA O NAO-
WUHE BUMIPHOCTIE T ).
Po3B’a3zok. Axuo " bs 7!, mo icuypoms naowuny P D5 maki, wo p; O
7%, ps D« pi || ps. Hiicno, nexait qy, . .., q, — 6asuc L™. JIOMOBHUMO (1, . . ., Qm
: k l
JI0 0a3ucCiB q1, - - -, Qs Amtty - - -,k Y LY 191, -+, Qs D1, -, by B LY.

- _ 7k
Tomi qi,. .+, Qs At 1y - -+ s Ak, Pina1, ..., by —bazuc y L® = L¥ + L°.
PosriisineMo Bl ILJIOIIMHA

II':I'l+Lin(q1,...,qm,am+1,...,ak,bm+1,...,b1) =I‘1—|—LS,
Py r:r2+Lin(qla"-7qm>am—|—17"'7akabm—|—17"'7bl) =1+ L°.

Ouesnro, mo pi || p5 (mampsvui npocropw s6iratorses). pn mpomy pi O 7k
OCK1JIbKH

I

pi:r=r1+ Lin(qy, -, Qm, @mats - - -, a) + Lin(byi1, ..., by),

a 3HAYNTD, 7% niiicHO € TAMHOKIHOWO p], 1O 3aJa€ThCsA TPUBIAJIBHOIO JIHIIHHOIO
KOMOIHAIIIEI0 BEKTOPIB byy,y1, . . ., by, Anajoriuno, p§ D 7.

dxmo w & L, ro pi || p5 i piNp5 = @. Snaunts, 7* Nl = @. dxmo x w € L*,
TO

w=ry—r; =Llc(qe, - Qs @ity - -5 Ak, g1y -+, DY),
TOOTO
ro =11+ le(ame1, .-, ar) +le(qy, - A, brat, - -+, by).

Tenep piBHSIHHA IJIONMH MOXKHA, BUIIUCATU 31 CNIABHOIO NOUAMKOGON MOUKOI0
ro =11+ Le(anat, ..., a).

A came

Tir=r + Le(amyts -+ ak) + Lin(qy, - - - Qm, b1, - -+, by),
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k.o - _
mr=r1+ Lin(qy,...,qm, &ni1,---,85) =

r + Le(amet, - ag) + Lin(qy, -« Qs @ty - - -5 k).

Binpm Toro, HaIpsAMHI IPOCTOPH TUX ILJIOMTUH PO3MIEIIIOIOTHC Y BULJIS/I

7Tl: r =rp+ LG(qh s 7qm) + Lin(berlv <. 7bl)7

v =ro+ Lin(qi,...,qm) + Lin(a,i1, ..., a).
Posrsmemo miomuny 7™ v = ro + Lin(qy, . .., qm). 3posymino, mo 7F O 1 i
7l O 7™, a sunaunte, ™ Nt D 7M.

[Tokaxkemo, mo 7% N 7!l C ™. Hexait Touka M € 7% N «!'. Toui

I'(M) :I'o—|—1.C.(q1,...,qm,am+1,...,ak) :rO+Q1+A7
r(M)=ro+Le(di, .-+, Qmy Bimat, - - -, b)) =19+ Qo + B,

Jle TI03HaYeHO, BIJITIOBIIHO,

Qi =lc.(qi,---,qm), A =Llc.(ans1,...,a;) y nepuomy Bupasi mis r(M),
B =

Q2 =lc(qi,.--,qm), Le.(bypst, - -+, by) y npyromy Bupasi jist r(M).

Binnimarodu, ogepKumMo

OZQl—Q2—|—A—B= l.c.(ql,...,qm)Jr
Le(amyts - a) — Le(bps, ..., by).

3 JiHIAHOT He3aJIe3KHOCTI BEBKTOPIB q1, - . . » Uy Amtds - - - » Ak, Piit, . . ., D BUILIUBAE,
10 JIHIAH] KoMOiHAIT B IpaBiii YacTUHI TpuBiaJjbHi. I3 mporo Bummsae, mo Q; —
Q> = 0, a rakoxk o A = 0,B = 0. Taku aunom, r(M) = 1o+ Lc.(q1,. .., qnm) €
™, a 3nauntb, T Nl C 1™ .

k l k

Hexait 7% 1 ' — i mmomunn B A", Ilnomuna 7% napasesvna nopadky m 1o
myomuan 7! (nosnaunmo e uepes 7" ||, '), sxmo ixni nanpsamui mpocropu LF i L
MalOTh LI€peTUH BUMipHOCTI M. fK npukiaj, JBl IJIOMUMHA B TPUBUMIPHOMY IIPO-
CTOPI, 10 IePEeTUHAITHCS 110 IPsMIiil, BIIIOBIa0Th BUNIAAKY k = 2,l =2, m = 1.

Bunajiok m = min(k,l) Bignosigae curyarii napajeabHOCTI TIoMuH. K mpu-
KJIa I, IJIOIIMHA 1 1HapaJiesibHa T 1npsiMa BiJIOBIIa0OTh BUMIpHOCTSIM k = 2,] =
1,m=1.

Bunaynok m = 0 o3Havdae BIACYTHICTH HapaseJbHUX HANPAMKIB. Y TaKOMY BH-
naJKy, sKimo 7F N 7l = @, To WIONMHN HABUBAIOTLCS UiAKOM MUMObIdCHUMU. K
HPUKJIA)L, JIBI MUMODIKHI 1IPsiMI B TPUBUMIPHOMY [1POCTOPI BIJIIIOBLJIAI0TH BUMIPHO-
cram k= 1,1 =1,m = 0. dxmo x 7" N 7' = {-}, o 7* i 7! nasuBaroTLCa TakuMu,
0 TIEPETUHAIOTHCS MPAHCEEPCAAbHO. FIK TIPpUKJIAJl, TJIOIMIWHA 1 HenapaJiejibHa Ti
psiMa B TPUBUMIPHOMY IIPOCTOPI BiJIIOBI1al0Th BuMipHoctsim k = 2,0 = 1,m = 0.

Bonn nepeTnHaOTHCI TPpacBepCaJbHO.
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k- miemumao

l

175. Hexat 7% i ©° — deéi m-napasesvni naowunu. Todi naowuna
(k — m)-napamempuume cimeticmeo naouwsun, napareavnur do T, a naouuna T
micmumo (I — m)-napamempuune cimeticmeo naowgun, napasesvhus do .

Po3B’a3ok. Hexait qi, ..., q, — 6asuc neperuny L¥ N L. Toxi 7! i 7% moxyTh

OyTH 3a/aHi y HACTYITHUI CIIOCIO:

v =1+ Lin(qi,...,qn) + Lin(a,1,...,a;),

v =ro+ Lin(qy,...,qm) + Lin(by,i1,...,by).

Pozrystnemo oy 7. 3adikcyeMo A0BiibHY JiHiitHY KOMOIHALIIO i, . . . , A,

k

HAIPUKJIAI, t(l)am+1—|—- . -—i—tlg_mak. Toui B ™" «BUPI3YETHCs» IJIOLIMHA, 1110 331a€ThCS

PIBHIHHSIM
r=r;+ téamﬂ + -4 tlgfma;g—l—Lm(ql, e Om)-

"~
To

[i mampsimumit mpoctip L™ neskuth v LY, a orke, s miommaa mapasensnaa go Lb. [i
110YATKOBA TOUKA, T BU3HauaeThest (k—m) HezajexKHUMHU apaMerpaMu by, . . . ,t’g_m.
]

4.2 IlpakTuynnii crocid 3’dcyBaHHS pPO3TalllyBaHHS TIJIOITUH

y A"
4.2.1 TeomerpudyHa iHTepIIpeTallisd CUCTEMU JHHINHUX PIBHIHb

Posrignemo cucremy JiHiiiHUX piBHAHDL ¥y MarpuaHii ¢popmi AX = b, ge A — ma-
! bt

TpUll Po3MipoM m X n, X = : — cToBIIelb HeBllOMUX, b = : =
x" b™

CTOBIIEIbL TPABUX YacTUH. Posrisgmemo marpuimio A sSK Taky, IO CKJIATAETHCI 3

BEKTOP-CTOBTIIIB

aj ay a,
a; = : , Qg = : yeee,Qpy = :
ar’ ay’ Q'

Toni cucremy piBusiab AX = b MoxHa 1epenucaTi y BATIIA
z'a; +---+2"a, = b.

Crae o4eBHIHNM, 110 PO3B’sI3aHHs CUCTEMH JIHIAHUX PIBHAHD JIA€ BIAMOBLIL Ha IIH-
TaHHSA, YU HasedHcumsb sexmop b do ainitinoi 06040nKYU 3a0aHUT 6eKMOPIG Ay, . . . , Ay,.
Ao po3B’sizoK icHye, TO BeKTOp b rnojaerbest y Burjisjil JiHiiHOT KoMOiHAIT Be-
KTOpPIB Ay, ..., a, 3 KoedillieHTaMH, [0 € YUCJTAMHU 3 PO3B I3KY.
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Y Bunajnky b = 0 pos3p’si3aHHs Ja€ BIANOBIAbL Ha MUTAHHS, YU € GEKMOPU

ap,...,a, AHIGHO 3arescrumu. KO Hemae IHIIUX Po3B’sI3KiB, oKpiM z! = 22 =

.= 2a" = 0, To BeKTOpH Ay, ..., a, MHIIHO He3arexHcHl. AKINO XK iCHYE HETPHUBI-
aJIbHUI PO3B’A30K, TO BEKTOPU A1, . . ., &y ALHIGHO 3AAEIHCHI.

4.2.2 TlobynoBa 6a3ucy cyMu MOiJIIPOCTOPIB

Hexait mijmnpocropu L* i L! 3ayani cBoiMu 6a3ucamu sk JiiHifiHI 060JI0HKY, a caMe
L* = Lin(ay,...,a;), L'= Lin(by,...,by).

BisbMeMo ay,...,a; 1 IPUIYCTUMO, IO cepej BeKTopiB by, ..., b; 3HaiijieTbes Be-
krop bj;, ¢ Lin(ay,...,a;). Yrsopumo

Lin(ay, ..., a; bj) C LM 4+ L',
Axkimo 3naiiiernes
bj2 ¢ Lz’n(al, .« ag, bj1)7
T0o yrBOpUMO Lin(ai,...,a; b, bj,) C LF + L' i 7.1 Iporec BoueBUIL 3aKiHTye-

ThCs TOOYIOBOIO Ha3uCy cyMu MPOocTOpiB. KiMbKicTh BEKTOPIB MOOY/IOBAHOTO Da3uCy
JIaCTh BUMIPHICTH CYMU.

Onucannii nporec peasizyerbes ajredpaldno B Takuit crocio. Hexair

ay s ay,
a; = ; Ay = E ey A = 3
ay’ ay aj
bl b b
b; = y b=+ |,....b =
by by o

— pexropu 6asucis L¥ i L' sijnosinno. Chopmyemo 3 ixuix koopjuuar (sK 3i ¢ros-
MIB) MATPUIL

ai ... a bl ... b
A= : + |, B=| : :
ay ap by ... b
CkiajeMo MaTpHITIO
1 1 1 1
aj ap | by b;
(A|B) =
al ... ap | b} ... O

[TocaimoBre npueananns g0 cropnmiB Matpuil A crosmiip marpuii B, mo Ha KO-
PKHOMY KPOIIl JIHIAHO He3aJIexKHI Biji CTOBIIIB MaTpuill A 1 BxKe HPUEJHAHUX CTOB-
NIiB MaTpullli B j1ae B OCTATOYHOMY MiJICYMKY MaKCUMAaJbHY JIHIHO He3aJeXHy
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cucTeMy BekTopis y cymi npocropis L¥ 4+ L!, to6ro 6asuc 8 L¥ + L'. Makcumasbua
KLIBKICTH JIHIHO He3aJIeKHUX CTOBIIIIB MATPUIIL 3 O3HAYCHHAM € PaH20M MAMPU-
wi. Taknum unnom, dim(LF+ L) = rg(A|B). Ouncanuii cnioci6 norpebye poss’szamist
Ha KOXKHOMY KpOIll CHCTeMH JiHIMHUX piBHAHL. MeToy ['ayca 3BejieHHsa MaTpuUIii g0
CTYIHYACTOIO BUJLY JO3BOJISIE CITPOCTUTH TIPOIEAYPY PO3B si3aHHS CUCTEMU 3 OJ[HO-
JACHUM BHJIJIEHHSIM Oasucy JiiHifiHOT 00o/0HKK cToBIIIB MaTpuil. ITo cyri, meTos
['ayca Oa3oBaHUiI HA HACTYIHOMY CIIOCTEPEXKEHHI.

176. Hexat aq,...,a; — AtniiHo Hesareocna cucmema sexmopis. Ckaademo Ho-
8y cucmemy Vi,as,...,ar, de Vi = a; + Zf:Q wia;. Todi vy,as,...,a; makooic
AIHITHO He3anedicha cucmema. I mwasnaxu, Axuw,o cucmema Vi, as, . ..,a; AHITHO
HE3ANEINCHA, MO | CUCTNEME BEKMOPI6 A1, Aa, . . ., ) MHITHO HE3AAEHCHA.

[amuMuy ciioBamu, J1oj1al0un Jio Oy/ib-siIKOro BEeKTOpa JIHIHHO He3aJIe2KHOI CUCTEMU
JIIHIHY KOMOIHAIIIIO BCIX 1HIIUX BEKTOPIB I1€] CUCTEMU, MU OTPUMYEMO HOBUIT Da3uc
JIIHIHOI 000JIOHKHK JIaHOI cucTeMu BeKTopiB. Jlokasnime npo meron I'ayca i 06um-
CJIEHHsI paHT'y depe3 TaK 3BaHl MIHOpUu MaTPUIl MOXKHA JII3HATUCS Y HIJIPYyYHUKAX 3
JIIHITHOT aJiredpu.

4.2.3 TIlobynoBa 6a3ucy rnepeTuHy IIiIITPOCTOPIB

Hexait ai,...,a;; bj,,..., b, , 6asuc LF + L!. TlepenyMepyeMo BEKTOPH TakK, 11100
6asuc LF + L' nabys Burusy:

{al, e ,ak;bl, e ;bs—k}-

Toni ay,...,a; — 6asuc L*, {by,..., by, by pi1...,b;} — 6asmc L'. 3pozymino,

110
bs—k‘—i—l; e ,bl € Lz’n(al, ce ,ak;bl, ce ;bs—kz)-

3HalieMo BIIITOBIHI JiHIHI KOMOIHAI] SIK PO3B’s130K [+k—s := m cucTeM JIHIAHIX
piBastHb. Toj1i 0J1ep>KUMO:

bs—k+1 = l.c.(al, R & § bl, ce 7bs—k)7
bg = l.c.(al,...,ak;bl,...,bl_l).
Po3ib’emo orpumMani Bupasu Tak:

b1 —le(by,...,bsx) = Lec(ag,...,a),

bl —I.C.(bl,...,bl_l) = l.c.(al,...,ak)

i 3ayBaxKKMO, 110 JiBi YacTuHu piBHOCTE Jexars y L ax sinifini kombinatii Be-
KTOpiB Gasucy L', a mpasi wactunm snexkars y LF 3 amasoriunoi npuuman. Tomy
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BEKTOpHU
qi ;= b1 —le(by,...,bsk) =lc.(ay,...,ax),
qm ‘= bl — l.C.(bl, R 7bl—1) = 1.0.(31, ceey ak)
nexxars v LF N L' Tlokaxemo, 110 qy, . . ., q,, — JiHiitno zesamesxmi. JiiicHo,
m
> Ngi=Y Nbypyi+Lle(by,.. b)) =0
i=1
i, orxe, \' = 0, tomy mo by, ..., b; — 6azuc L. Takum quuom, qy, . . ., Qy, — JHIHHO

HEe3aJIeXKHI, JIeXKATh Y MePeTUH1 MiIIPOCTOPIB, 1 IXHS KIJIHKICTD JIOPIBHIOE BUMIPHOCTI
nepetuny. Tomy 3HaiieH] BEKTOPU YTBOPATH IIYKaHWHE Oa3uc.

Onucanuii mporiec peaJizyerbes ajaredbpaidno B Takuii croci6. CkiiajeMo Marpu-
110
by || b5k - b

—_—

al ... a;| b

(AlB) =

3 .

n n T n T
al ... ay | b TN | 7 A

epIi § CTOBIIIIB AKOI € BeKTOpaMu 6asnucy cyMu. JIjist KOXKHOTO HACTYITHOTO CTOBIIIIS
3HAIEMO PO3B’ 30K CUCTEMU PIBHAHD 3 IIUM CTOBIIIEM 9K CTOBIIECM IPABUX YACTUH.
SIKIMO JTst CTOBMIA 3 HOMepoM s — k + i maGip wmcen {A}, ... N pho oo i FY e
PO3B’SI3KOM, a caMe,

b 11 = )\%al + ...+ )\’fak + ,U%bl + ...+ pff‘kbs,k,
TO BEKTOpU Da3UCy MepeTuHy IMiJ[IPOCTOPIB OTPUMAIOTH BUPa3

Qi = bs_pyi — b1 — ... — i Fby_y,

abo0, eKBIBaJIEHTHO,
1 k
aqi =ANa;+ ...+ Nag.

4.2.4 3’acyBaHHS B3a€EMHOTO PO3TAINTyBaHHSA MJIOIINH

Hexaix i i

7™ r =1+ Lin(ay,...,a;) =r; + L",

7hir= I'Q—I—Lin(bl,...,bl) = I‘Q—f—Ll.
Buaitgemo 6asucu LF+L! i L*NL'. Hexait nie 6y1yTh BeKTOpH Ay, . . ., ax; b1, ..., bs_y
i qi,...,qm. Bekrop W :=ry — 11 Hasexxkurs L¥ 4+ L! toxi i Tinbku Tozi, Konn Mae
PO3B’s130K cucrema:

1 1 1 1 1
n n n n n
at ... ay b ... by, | w
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Hexait cucrema Mae po3B’s130K, TOOTO

a1 k 1 s—k

w=\Na;+---+AXap+pub+-+p" by
Tomi criibHA TOYKA ILIONUH 3HAXOUTHCS K
r0:r1—|—>\1a1—|—~-—|—)\kak,

1 PIBHAHHS IJIONIUMHU IIEPETUHY HaOyJie BUIJIALY

7" r=rg+ Lin(qi,...,qn) =ro+ L™

Ko X cucreMa po3B’SA3KIB HE Ma€, TO IJIOMMWHE € MUMODIXKHUMHU 3 HAIIPSIMKOM
JaCTKOBOI IapaJjejabHocti L™,

177. 3’acysamu 63aemmne posmawysanns 060x 2-6UMIPHUL NAOULUH 6 4-BUMIPHOMY
aPiHHOMY NPOCMOPIL, WO 300a4HT NAPAMEMPUYHUMU PIEHAHHAMU

VI r:r1+Lin(a1,a2), 9! r:r2+Lin(b1,b2),

de
r={1,2,1,1}, a; = {1,2,0,1}, ap = {1,1,1,0},
ro =1{2,1,2,1}, by ={1,0,1,0}, by ={1,3,0,1}.

Po3sB’s30K. 3naiiemo Bekrop w =1y — 11 = {1, —1,1,0} i ckiagemo marpuiiio
(A|Blw), 3amucaBIiy KOOpJUHATH BEKTOPIB y CTOBITYUKH.

11111 1
21| 03| -1

ABw) =19 111 0| 1
10|01

BHaiijieMo 6a3uc cyMu, KOpUCTYIOUUCh MeTojioM [ayca po3s’a3anus cucreM JiHIRHUX
piBHsHB. 7151 1150TO Oymemo 3BojuTn Matpuio (A|B|w) mo crymindacToro Buy, a
caMme

111 1] 1 1 1] 11] 1
21103] -1 0 —1] -2 1| -3
otl1o] 1| 1o 1| 10 1]°7
10/01] 0 0 —1] -1 0] -1

1 1] 1 1] 1 1 1] 11] 1

0 -1] -2 1| -3 0 —1] -2 1| -3

0 0| -1 1| -2]1"710o o] -1 1| -2

0 0| 1 —1| 2 0 0| 00| 0

Orke, 6asznc cyMmu CKIQJIal0Th BEKTOPH a1, a2, by (ae MoXKHa TakoXK B3sTH 3a a3uc
BEKTOPHU a1, Az, bs). BekTop W iHiiiHO BUpaykaeThest depes ag, as, by i Tomy w €
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Ly + Ly . 3nauntsb, Ly N Ly # @. 3naiinemo 6asuc neperuny. st mporo 3HaXommMo
PO3B’SI30K CHUCTEMU

1 1 1 Al 1
0 —1 —2 M l=11
0 0 —1 ut 1

Jocutb sHajitu jume pt = —1, Tomy mo q; = by — ulby = {2,3,1,1}. Bekrop q
— HampsAMHN BekTop repetuny Lq M Lo.
BHailJIeMO CIIJIbHY TOYKY 3aJ@HuX IJIOMMUH. JlJIst 1bOro pos3s’sizKeMO CUCTeMy

PIBHSIHD
1 1 1 Al 1
0 —1 =2 N l=1 -3
0 0 —1 ut —2

[i posp’szox ' = 2,22 = —1, A\ = 0. Orike,
ro=r; + Ma; + May; = {0,1,0,1}.
Takum 9MHOM, 3HAXOMMO PIBHAHHS JIIHIT IepeTUHY
T N7 T =1y 4+ tqq

abo B KOOP/IMHATAX
r(t) ={0+2t,1+3t,0+1¢1+t}.

178. 3’acysamu 63aemme posmawysarts 080T 2-6UMIPHUL NAOULUH Y J-BUMIPDHOMY
aPIHHOMY NPOCMOPL, WO 360aHE NAPAMEMPULHUMY PIBHAHHAMU

71 - r:rl—i—Lin(al,ag), 79 - r:r2+Lin(b1,b2),

de
r; =4{0,0,0,0,0}, a; ={1,0,0,0,0}, ay = {0,1,0,0,0},

r, = {0,0,0,0,1}, by = {0,1,0,0,0}, by = {0,0,0,1,0}.

Bignosiab. LlijikoM MIMOOIXKHI.

179. 3’acysamu 63aemme posmawysarts 080T 2-6UMIPHUL NAOULUH Y J-BUMIDHOMY
aPIHHOMY NPOCMOPL, WO 360a4HE NAPAMEMPULHUMYU PIBHAHHAMU

- r:r1—|—Lin(a1,a2), 9. r:r2—|—Lin(b1,b2),

de
r; = {0,0,0,0,0}, a; = {1,0,0,0,0}, as = {0,1,0,0,0},

r, = {1,1,1,1,0}, by = {0,0,1,0,0}, by = {0,0,0,1,0}.
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Biamosiak. Crisbaa Touka (1,1,0,0,0), MIONMHE TEPETHHAIOTHCS TPAHCBED-
CaJIbHO.

180. 3’acysamu 63aemmne posmawysanns 060x 2-6UMIPHULT NAOULUH 8 I-BUMIPHOMY
agpinrnomy npocmopt, w0 3adari NAPAMEMPUIYHUMU PIBHAHHAM

- r:r1+Lm(a1,a2), 9! r:r2+Lm(b1,b2),

de
r; = {0,0,0,0,0}, a; = {1,0,0,0,0}, as = {0,1,0,0,0},
ro ={0,0,0,1,0}, by ={0,0,1,0,0}, by = {1,1,1,0,0}.
BiamoBiab. MumMmobi>KHI 3 9aCTKOBOIO 1-IIapaJieJIbHICTIO JI0 NPSIMUX 3 HAIPSM-

M BekTopom {1,1,0,0,0}.

181. 3’acysamu 63aemmne posmawysanns 060x 2-6UMIPHULT NAOULUH 8 I-BUMIPHOMY
aPiHHOMY NPOCMOPIL, WO 300a4HT NAPAMEMPUYHUMU PIEHAHHAMU

- r:rl—l—Lz’n(al,ag), 9! I':I‘Q—I-Lin(bl,bg),

de
r; = {0,0,0,0,0}, a; = {1,0,0,0,0}, as = {0,1,0,0,0},
ro =4{0,1,1,0,0}, by ={0,0,1,0,0}, by = {1,1,1,0,0}.

Bignosiab. Ileperunaiornes.

4.3 Kyt MixK IJIOmIIHAMEI B €BKJIIOBOMY IIpocTopi £

Kytom Mixk nBoma momnunamu B E" 7 r =1+ LF, 7' r =ry+ L' nazusae-

ThCs KYT MK TxHiMu HanpsaMmunMu npocropamu LF i L. JIns BusHadenHst KyTa MixK
nijinpocropamMu HaM OyJiyTh MOTPIOHI J10/IATKOBI KOHCTPYKIIIT, 1110 € MPUPOJIHUMUI
y3araJbHEHHSAMU BIIIOBIIHUX KOHCTPYKIIIH npu n = 2, 3.

182. Ioxaocimob, wo 6 eskaidosomy npocmopt E™ icnye opmonopmosanuti basuc.

Ilinka3ka. [Ipunycrumo, o ag,...,a, — skui-uedyap dasuc y E". ITocuipos-
HICTH OIlepaIrlii

¢
[y
|

ap
by = ay — (a,er)ey, e = b
B Tl—l _ bn,
bn = ap — Ziil <an7 ei>ei On = [bn]
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HA3UBAETHCS Npouecom opmozonarizavii I'pama—IIImioma.

TBa mignpocropu LF i L'y E" Ha3uBaIoThCs 63AEMHO 0PMO2OHAALHUMU, SKIIO
st KoaxHOro X € L, st kosknoro y € L' maemo <X,y> = 0. [IJo6 Bkazaru Ha
OPTOrOHAJBHICTD Hifmpocropis, mumyrs LF L L.

Hexait E" = LF @ L" % i L" % 1 L* Toni L™ " nasuBaerncst opmozonasvHum
donoenennam LF i nosnauaernes sk (L¥)L. lns panoro mignpocropy fioro oproro-
HaJIbHE JIOTIOBHEHHS 3aBXK W ICHYE.

183. Axwo LF — nionpocmip y E™, mo icnye edunuti nionpocmip L% makut, wo
E"=LFo L% npuvomy LF 1 L"F,

Po3B’a3ok. Hexait ay,...,a; — 6asuc 8 L¥. Jlonosuumo ay, . .., a; j10 6asucy B
E™: ay,...,a; by, ..., b, Ouesmano, mo E" = L* @ L"*. Bukonaemo oproro-

Lk} L;Ck:
naJizanito 6asucy L*. Hexaii eq,. .., e, — opronopmosanuii 6asuc L*. Posrusnemo
BEKTOP
vi = b1 — (brir,er)er — ... — (bri1, ep)ep.

Toui vi Lei,...,eivi ¢ L*. Orxke, f; = |z—1| Mag€ BJIACTUBOCTI:

’f1| :1, flJ_el,...,ek.

[TokJiajiemo
vy = byt — (brao, fi) — (brsr,e1)er — ... — (brs1, € )ey.
Tomi vo L fi,eq,...,e,1fy = |z—3| € TaKNM, 110
‘fg‘ = 1, f2 1 fl,el, N S
[IponoBKyroun mporiec, ojep:kumo 6azucy E": eq,...,ex; fi,.. ., f,_, npuaomy
: _ (Tk\L
Lin(fy, ... £,_) = (LF)".
|

Hexaii y — noBiibHII BeKTOp 1 Hexaii eq, ..., e, f1, ..., f, 1 — opToHOpMOBaHMI

6asuc y E" Takuii, mo ey, ..., e, — 6asuc LF £, ... £, — 6asuc (LF)*. Toni

y=ylei - +yfer +y -y

1 BEKTOD
1 k
yigk =y e +---+y'e
HABMBAETHCS 0PIMO2ONAAbHOMW npoekyieto y na LF.

Kymom miorc sexmopom i nionpocmopom Ha3UBAETHLCS KYT MIXK BEKTOPOM 1 #0ro
OPTOTOHAJILHOIO MPOEKITIEI0 Ha Iei MiAmpocTip. TakKuM IYMHOM,

_ s
M
30KpeMa KYmom MIHC NPAmMot0 i NAoUuHo 6 K" HasnuBaeThCs KyT MiXK HAIIPSIMHUAM

cos(y "L")

BEKTOPOM TIPSIMOI 1 HATPAMHUM TJIITPOCTOPOM TLJIOIIAHH.
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4.3.1 Kyt Mi>K TpaHCBepCaJbHUMHU MinpocropamMu B E"

Ilignpocropu L' i LF nazusatorbes mpanceepcasviumu, sximo LEFN L= 0. Kymowm
Miote mpanceepcansvrumu nionpocmopamu L' i L¥ nazuBaernes HaiiMeHInii 3 KyTiB
vmick x € L'iy € L*.

184. ITosnawumo wepes L* “LY mioic nionpocmopamu L' i LF. Todi

cos(Lk ALZ) = max il = max izl
vell |yl yerr |y|

Koau y npobicae secv npocmip L' abo y npobizae secvy npocmip LF.

st 1oBLILHOT HpAMOKYTHOT Marpulli Ay, marpuns AAY € cumerpuunono k x
k matpurero, BiaacHi uucia sKoi jiiicui 1 HeBin'emui [4]. Apudmerndani kopeni 3
BiacHux 4uces Marpuni AA! nasupaloTbes cumeyaspHuMU wucAiaMU MATPUI A.

185. Kocunyc xyma misic dsoma mpanceepcasviumu nionpocmopamu LF i L' ¢ E™

AopieHI0€e HATOIADUOMY CUHZYAAPHOMY YUCAY Mampul Py = ((fi, ej>)i:1m17 =1k

abo mampuui Ppy; = ((ej, fi>)j:1...k, 1y, 0deer, ... ey if, ... £ opmonopmosani
basucu 6 L¥ i L', sidnosiono.

Po3B’sa30k. Hexaii eq, . .., e, — opronopmosannii 6azuc L*, f;, ... f — oproHop-
moBanuit 6azuc L. Tonosuumo 6a3uc e, ..., ey 10 6asucy E" rak, 1o ey, ..., e,
g1,...,8,_k CKIQJIyTh OpTOHOPpMOBaHuUil basuc K",

Hexait y = y'fy + ... + y'fy — nosimnmmit sexrop y L. Toni |y|? = Zizl(yi)z. 3
iHIOTO GOKY, PO3KJIAIEMO Yy 3a DA3UCOM €1, ..., €4, i,...,L8n k. Tomiy = y'e; +

..+ GFep + Mg + ...+ §"g,_p, 1 yacTuHa po3KJananusd §le; + ... + yrey
BU3HAYNTH OPTOIOHAJIBHY HPOEKLilo y Ha LF. BnaiijieMo koopjuHaTu 1i€l yacTunu
PO3KJIaIaHHS.

?Jl = <y791> = <Z§:1 yifi,el> = Zizl yi<fiael>

g = (y,ep) = <Zi’:1 y'fi, ep) = S y' (f;, ep).

[loznatumo p;; = <fz~,ej> (t=1,....0;j=1,...,k). Toni

z !
7= pay, . 7= pay’
i=1 i=1

Tenep Jjierko 3HAXOIIMO

k k ! 2

k l
vl P=) @ =) (D o' | =D pipsy'y
1 =1 i5—1
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Taxum unnom, supas aua |y o |? HabyBae BUIVISTY CHMETPHUHOI KBaJIpATHUHOL
dopmu

l
b =D ast'y’,

1,5s=1

3 MaTpUIeo Qx; = (qis) eJIEeMEHTHU $IKOI MalOTh BUIVIs]L

z
Gis = Y pipsj ~ Q=PP.
j=1

Tomi

l 2,8 l

- D ise14isY'Y .
cos*(L" L) = max =22 L = max Gisy'y’
y ! )2 Y|=1

> (y)  \is=1
Jlokasibui ekcrpemymu Kpagjiparuanol dgopvu Q(y,y) = Zi‘,s:l Qisy'y® 3a yMOBH
ly| = 1 nopiBHIOIOTH BIaCHUM dYHCIAM MATPHUIL 1€l (bOpME, TOOTO KOPEHSIM Xapa-

KTEPUCTUIHOI'O PIBHSIHHS

det(Q — AE) = 0.

cos(Lk ALZ) = v/ Amax,

J1€ Az — MAKCUMAJIBHE BJIaCHe Yrcyio MaTpulll (. JIummmocs: 3ayBaXKuTu, 110 BJIaCHI

Orxe,

qucsa MaTpuIl () € KBaJpaTtaMiu CUHTYJISIPHUX UUCEJT MaTPHII

Pixk = (<fi:ej>)z‘:1...z, j=1..k"

OueBniHo, 1110 y 3a3HaYeHNX obunciennsx mignpocropu LF i L! moxna nominsTu
MiCHEMU, 1O HPU3BOJUTL J0 MaTpull Pyy; = ((ej,fi>)j:1 L iy MO € TpaHcio-
HOBAHOIO Juisd Marpuil Py = ((fi, ej>)i:1...l, Lk

m

186. Obnucaumu xym mioic nionpocmopamu V = Lin(ey,es) i W = Lin(fy, £5), de
e; ={1,0,0,0}, ey ={0,1,0,0},
fi=3{1,1,1,1}, £=¢{1,1,3-5}.

Po3B’g930K. Buznaunuk 3 KOOp/IMHAT BEKTOPIB HE HYJBOBU, OTKe, TITPOCTOPH
TpaHcBepcasibhi. Basucu nijnpocropis Vi W opronopmonani. CkJiajleMo MaTPUITIO

P = ({f;,e;)), a came

11
[ 2 %
P = 11
2 6
Matpuris

11 11

= = 1 5 9

—ppt=| 26 2 2 )| = —
¢ I <6> 18(55)
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Biracaumu auciaamu matpuii (@ € Ay = 0, Ay = 8. OTxKe, CHHTYJISIPHUMA 9HCIaMA

V5

maTpuiii P e oy = 0,09 = \/?5 Takum unnom, Kyt mik V' 1 W jopismioe arccos 5>

V5

Bianosigk. arccos 5>

187. Bnatimu opmozonasvny npoekuyito eexkmopay = {4, —1,—3,4} na nidnpocmip,
wo sadanuti ceoim basucom £y = {1,1,1,1}, £, = {1,2,2, —1}.

Po3p’a30k. 3anuiemo poskynajganid y = X +z = x1f) + xofs + 2z, ne z L
Lin(fy, ;). Koopnunatu x1, ro B po3KIaIaHHl 3HAIEMO, CKJIABIIN CHCTEMY

(y,f1) = 21|61 > + 2o (fy, £2),
(y,f2) = 21 (f1, £5) + 22| f5]%.

Jlng maHux 3aja4i cucTeMa OTPUMAE BHUIJIST

4 = 4@'1 + 416‘2,
—8 = 4x1 + 10x,.
Posp’s130k cuctemu ckiaaiors £ = 3, x5 = —2. Omke, x = 3f;—2f, = {1, -1, —1,5}.
Bianosinae. {1,—1,—1,5}.

188. 3uatimu kym miowc eexmopom {2,2,1,1} i nidnpocmopom, wo 3adarui ceoim

basucom {3,4,—4,—-1}, {0,1, —1,2}.

T

Bignosinae. 7.

189. 3natimu xym miowc nidnpocmopom, wo sadanut basucom e; = {1,0,0,0},
ey = {0,1,0,0}, i nidnpocmopom, wo 3adanuii basucom a; = {2,3,1,6}, ay =
{3,2,—6,—1}.

T

Bigmosigs. 7.

4.3.2 Kyt Mi>K HeTpaHCBepCcaJbHUMU ITignpocTopamMu B E"
Hexait LF i L' — aBa migmpocropu Taki, mo L N LI = L™,

190. Hexati L™ C L*. Todi mae micue posxaadanns LF = L™ @ LF=™, de L™ L
LE=m_ ITidnpocmip L¥™ nasusaemuvcs opmozonasvrum donoswuernmnam L™ y LF.

PozBs’a30k. Hexait qq,...,q, — 6azuc L. [lounnamoun 3 BekTopa (i, MOOyIy-
eMO oproHopMmoBaHuit 6azuc L™: p1,...,Pm.- Ha m + 1-my kpori npoiecy oproro-
HaJI3allll MU OJIEP>KUMO BEKTOP Pypt1, OPTOTOHAJLHUI YCIM BEKTOPAM P, - - - , Pm, a
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3HAUUTD, 1 BchoMy mijanpocropy L. IIpogoBxKytoun mporiec, IpuiijieMo 1o 0a3ucy B
Lk
{Ph <. 7p@7Pm+17 s 7p]3}7

-~ -~

Lm kam

npuaomy L™ L LF-m
|
191. Hexad L* i L' — dsa nidnpocmopu ¢ L" i nexatt L™ = L¥ N L', Todi
Lk _ Lm@kam Ll _ Lm@Llfm
de LF=™ ¢ LI=™ — opmozonaavni donosnenns L™ y L* i L' sidnosiono.

B orpuManux poskiajanusx migupocropu LFT™ 1 L™ rpancsepcasbui. Tomy
KyTOM MiXK JBOMa HeTpamcBepcasbHuME migmpocropamu LF i L' nasusaerbes Kyt
Mi’K OpPTOrOHAJIBLHUMH JOMOBHEeHHsMHU Hignpocropy L™ = LF N LYy L*F i L' sigmo-
B1JIHO.

192. 3natimu wym mioc nionpocmopamu V- = Lin(ey,es) ma W = Lin(f), f,),
AKULO
ep={1,1,1,1}, eo={1,-1,1,-1},
fi=1{2,2,1,0}, f£={1,-2,20}.
Po3B’ga30k. Bekropu eq, ey, £, £y siiniitHo 3a/i€2kHi, OCKIJIbKH

3(e1 +ey) =2(f; + £5) = {6,0,6,0}.
Basuc y V N W ckaanae sektop a = {1,0,1,0}. Joro oproronaibie 10moBHeHHs
B IiAIIpocTOpl V' CKJIAIa€ThCA 3 BEKTOPY

<61, a>
|al®

X =€ — a=1{0,1,0,1},

a B mignpoctopi W 3 BekTOpa

Orxe,

BigmnosBian. arccos %

]

Mmnozosudom Ipacmana G(n, k) HasuBaeThcst MHOXKUHA k -BUMIDHUX TJIONIAH B
N -BUMIPHOMY I[1POCTOPI, 1110 IIPOXOJATH Yepes 1ovarok Koopjunar. Muorosu,i ['pa-
CMaHa € y3araJbHeHHSIM MpOoeKTuBHOTO ipoctopy IRP™ = G(n,1). B axocri Bijcrani
Mi’K TOYKaMU MHOTOBUJy ['pacMaHa 0OMPAEThCs KYT MiXK BIJATIOBIIHUMY TLJIONIMHA~
mu. 3ajgada 185 jae crocidb obuuceHHst BicTan MiXK TogKaMu MHOTOBH LY ['pacMa-
HA.
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4.4 Biacranp MiXK ToOYKaMu 1 mommmHaMu B £

Mampuuero I'pama cucremu BEKTOPIB ayq, . . ., & HA3UBAETHCS MATPUIIS

G=_Glay,...,a) = ((a,a;)) (4,5 =1...k),
0 CKJIAJIAETHCS 3 MOMAPHUX CKaJIAPHUX JIOOYTKIB BEKTOPIB JI@HOI CUCTEMHU.

. Bexmopu o AIHITHO HE3ANEeHCHT MOo0L 1 MIADKU 001, KOAU T MATPU-
193. B ap,...,ag MHI 1 modi 1 mi o1, i
ua 'pama nesupodocena, moomo det G #£ 0.

ITinkaska. [TokaxiTs, mo G = A'A, ne A — maTpung, chopMoBaHa KOOpIHHA-
TaMU BEKTOPIB, 3alIMCAHUMHU Y CTOBIIUKUKH.

Hexait L C E" nignpoctip BumipHocti k < n. i noBiibHOTO BeKTOpa X € K"

3aIMIIeMo PO3KJIalaiis X = Xy, +X7, je X, € L, x7 € L. Bekrop X7 HasuBaeThest

HOPMAABHOI0 CKAADO6010 BEKTOPa X BijnocHo nignpocropy L. Ouesuino, mo X3 =

X —X.

194. Hexat nidnpocmip L = Lin(ay, . .., ay). Todi das dosiavrozo sexkmopa x € E"
X = )\1&1 + ...+ )\kak,

de Koediuiehmu po3kAadantA € Po36 A3KOM CUCTEMU

( (aj,a;) A\ + (ag, a0\ + ... + (ay, ap) A\, = (a1, x),
(ag,a;) A1 + (az,a2) Ao + ... + (a2, ap) \;, = (as, x),

(ak, a1>/\1 + (ak, a2>/\2 + ...+ <ak,ak>/\k = <ak,x>,

\

mampuuero axoi ¢ mampuua I'pama basucy nionpocmopy.

[Tapanenemnine oM 3 BEPIIMHOIO y MOYATKY KOOPAUHAT, 1110 YTBOPEHN BEKTOPaMU
ai,...,a, HA3WBAETHCA MHOXKNHA TOYOK

P(ay,...,a;) = {M(r) € E':r=zla;j+...+2%, 0<2'< 1}.
Busnaanmo 0b’em k-mrapaJeerninesia 1H1yKTHBHO:

e k=1,00emP(a;) = |ay;

e o6’emP(ay, ..., a;)=06'emP(ay, ..., a5 1) |af|, ne aj — HopmasbHa ckiasoBa
BEKTOpa &y, BiJIHOCHO 1iijpocropy Lin(ay, ..., a5 1).
O6’em k-napaJeserninesa nosnadumo Vol(ay, ..., ay).

195. Mae micue dopmyaa (Vol(al, o ,ak))2 = det G(ay,...,ay).
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Ilinka3ka. BukopucraTu iHIyKIlii0 33 BUMIPHICTIO HapaJiesierine/a.

Bijcranmio Big roukn M no k-mrommun [1F nasuBaerhest HaiiMeHIa BiicTaHb
Mix Toukoo M i goBiibHOWO Toukoo My miommnu 117,

196. Iokascimov, wo sidemans 6id mowku M(ry) do naowunu IIF : r = ry +
Lin(ay, ..., a;) obuwucsoemoca 3a $opmy.aoto
AT — Vol(ay,..., a1 — ro)'
Vol(ay,...,ay)

ITinkaska. O6’em napasiesemninesa JOpiBHIOE H00YTKY Mol (006’€My) OCHOBH
Ha oro BUCOTY.

Bijicrannio Mizk MuMobikauMu ommuamu 11F 1 TI™ B eBKJI1JI0BOMY 11pocTopi B
HA3WBACTHCS HAWMEHIIIA BIICTAHD MiXK JOBUIbHEME TOUKaMu mromme 11F i 1™,

197. IToxaosicimo, wo eidcmany mione mumobiocnumu niowunamu IIF : r = 1 +
Lin(ay,...,a;) i II" : r =1y + Lin(by,...,b,,) obuucaoemvca 3a dopmyaoro

Vol(ay,...,ag,by,..., by, 1o —17)
Vol(ay,...,ag, by,...,by)

d(ITF, TI™) =
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