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Íîðìîâàíi ïðîñòîðè: òåðìiíîëîãiÿ

Íåõàé X � ëiíiéíèé ïðîñòið. Âiäîáðàæåííÿ x 7→ ‖x‖, ÿêå ñòà-
âèòü êîæíîìó åëåìåíòîâi ïðîñòîðó X ó âiäïîâiäíiñòü íåâiä'¹ìíå

÷èñëî, íàçèâà¹òüñÿ íîðìîþ, ÿêùî âîíî çàäîâîëüíÿ¹ òàêi àêñi-

îìè:

(1) ÿêùî ‖x‖ = 0, òî x = 0 (íåâèðîäæåíiñòü);

(2) ‖λx‖ = |λ| ‖x‖ äëÿ áóäü-ÿêîãî x ∈ X i áóäü-ÿêîãî

ñêàëÿðà λ;

(3) ‖x + y‖ 6 ‖x‖+ ‖y‖ (íåðiâíiñòü òðèêóòíèêà).

Ëiíiéíèé ïðîñòið X , íàäiëåíèé íîðìîþ, íàçèâà¹òüñÿ íîðìîâà-

íèì ïðîñòîðîì.
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Íîðìîâàíi ïðîñòîðè: òåðìiíîëîãiÿ

Âiäñòàííþ ìiæ åëåìåíòàìè x1, x2 ïðîñòîðó X íàçèâà¹òüñÿ âå-

ëè÷èíà ρ (x1, x2) = ‖x2 − x1‖.

Ëiíiéíèé îïåðàòîð T , ùî äi¹ ç íîðìîâàíîãî ïðîñòîðó X ó íîð-

ìîâàíèé ïðîñòið Y , íàçèâà¹òüñÿ içîìåòðè÷íèì âêëàäåííÿì,

ÿêùî ‖Tx‖ = ‖x‖ äëÿ áóäü-ÿêîãî x ∈ X .

Ái¹êòèâíå içîìåòðè÷íå âêëàäåííÿ íàçèâà¹òüñÿ içîìåòði¹þ ïðî-

ñòîðiâ. Ïðîñòîðè X i Y içîìåòðè÷íi, ÿêùî ìiæ íèìè iñíó¹ içî-

ìåòðiÿ.

Ïiäïðîñòið íîðìîâàíîãî ïðîñòîðó � öå ëiíiéíèé ïiäïðîñòið, â

íîðìi, ùî óñïàäêîâàíà ç âèõiäíîãî ïðîñòîðó.
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Áàçîâi ïðèêëàäè íîðìîâàíèõ ïðîñòîðiâ

1. Íåõàé K � êîìïàêòíèé òîïîëîãi÷íèé ïðîñòið. ×åðåç C(K )
ïîçíà÷à¹òüñÿ íîðìîâàíèé ïðîñòið íåïåðåðâíèõ ñêàëÿðíèõ ôóí-

êöié íà K ç íîðìîþ ‖f‖ = max {|f (t)| : t ∈ K}. Âàæëèâèé ÷àñ-

òêîâèé âèïàäîê ïðîñòîðó C(K ) � öå ïðîñòið C [a,b] íåïåðåðâ-
íèõ ôóíêöié íà âiäðiçêó [a,b].

2. `∞ � öå ïðîñòið âñiõ îáìåæåíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé

âèãëÿäó x = (xk )k∈N ç íîðìîþ ‖x‖ = sup
n
|xn|.

3. c0 � öå ïðîñòið âñiõ çáiæíèõ äî íóëÿ ïîñëiäîâíîñòåé. Íîðìà

íà c0 çàäà¹òüñÿ âèðàçîì ‖x‖ = max
n
|xn|.
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Áàçîâi ïðèêëàäè íîðìîâàíèõ ïðîñòîðiâ

4. Íåõàé (Ω,Σ, µ) � ïðîñòið ç ìiðîþ (ñêií÷åííîþ àáî íåñêií-

÷åííîþ), p ∈ [1,∞) � ôiêñîâàíå ÷èñëî. ×åðåç Lp (Ω,Σ, µ) ïî-
çíà÷à¹òüñÿ ìíîæèíà âñiõ âèìiðíèõ ñêàëÿðíèõ ôóíêöié íà Ω,
äëÿ ÿêèõ iñíó¹

∫
Ω |f |

pdµ. Ïðè öüîìó ôóíêöi¨, ÿêi äîðiâíþþòü

îäíà îäíié ìàéæå ñêðiçü, ââàæàþòüñÿ â Lp (Ω,Σ, µ), (òàê ñà-

ìî ÿê áóëî â L1 (Ω,Σ, µ)), îäíèì i òèì ñàìèì åëåìåíòîì. Äëÿ

f ∈ Lp (Ω,Σ, µ) ïîêëàäåìî

‖f‖p =

∫
Ω

|f |pdµ

 1
p

.

Âàæëèâèé ÷àñòêîâèé âèïàäîê � öå ïðîñòið Lp[a,b] (òîáòî âè-
ïàäîê Ω = [a,b] ç ìiðîþ Ëåáåãà).
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Áàçîâi ïðèêëàäè íîðìîâàíèõ ïðîñòîðiâ

5. Ïðîñòið `p (äå p ∈ [1,∞))� öå ïðîñòið ÷èñëîâèõ ïîñëiäîâíî-
ñòåé âèãëÿäó x = (xk )k∈N, ÿêi çàäîâîëüíÿþòü óìîâó

∑∞
k=1 |xk |p <

∞, ç íîðìîþ

‖x‖p =

( ∞∑
k=1

|xk |p
) 1

p

.
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Áàçîâi ïðèêëàäè íîðìîâàíèõ ïðîñòîðiâ

Âïðàâè.

1.1. Íåõàé ïîñëiäîâíiñòü (xn) åëåìåíòiâ íîðìîâàíîãî ïðîñòîðó
çáiãà¹òüñÿ äî åëåìåíòà x . Äîâåäiòü, ùî lim n→∞‖xn‖ = ‖x‖.
1.2. Äîâåäiòü, ùî çáiæíiñòü â C(K ) � öå ðiâíîìiðíà çáiæíiñòü
íà K . Çîêðåìà, çáiæíiñòü â C [a,b] � öå ðiâíîìiðíà çáiæíiñòü

íà [a,b], � âèä çáiæíîñòi, äîáðå çíàéîìèé ç êóðñó ìàòåìàòè-

÷íîãî àíàëiçó.

1.3. Äëÿ áóäü-ÿêèõ a < b ïðîñòið C [a,b] içîìåòðè÷íèé ïðî-

ñòîðó C [0,1].
1.4. ßêùî êîìïàêòè K1 i K2 ãîìåîìîðôíi, òî C(K1) içîìåòðè-
÷íî C(K2).
Âiäîìî, ùî íàâïàêè, ÿêùî C(K1) içîìåòðè÷íî C(K2), òî K1 i K2
ãîìåîìîðôíi, àëå äîâåäåííÿ öüîãî ôàêòó ïîòðåáó¹ äîäàòêîâèõ

çíàíü.



9 / 13

Ôóíêöiîíàëüíèé àíàëiç

Ôàêòîð-ïðîñòið íîðìîâàíîãî ïðîñòîðó

Íåõàé X � ëiíiéíèé ïðîñòið, Y � ïiäïðîñòið â X . Ââåäåìî òàêå

âiäíîøåííÿ åêâiâàëåíòíîñòi íà X : x ∼ z, ÿêùî x − z ∈ Y .

Êëàñîì åêâiâàëåíòíîñòi åëåìåíòà x ¹ ìíîæèíà

[x ] = x + Y = {x + y : y ∈ Y} .

Ìíîæèíà òàêèõ êëàñiâ åêâiâàëåíòíîñòi, íàäiëåíà îïåðàöiÿìè

λ[x ] = [λx ],

[x1] + [x2] = [x1 + x2],

íàçèâà¹òüñÿ ôàêòîð-ïðîñòîðîì ïðîñòîðó X çà ïiäïðîñòîðîì

Y i ïîçíà÷à¹òüñÿ X/Y .
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Ôàêòîð-ïðîñòið íîðìîâàíîãî ïðîñòîðó

Íåõàé Y � çàìêíåíèé ïiäïðîñòið íîðìîâàíîãî ïðîñòîðó X , x ∈
X � äîâiëüíèé åëåìåíò, [x ] = x + Y � âiäïîâiäíèé åëåìåíò

ôàêòîð-ïðîñòîðó X/Y . Îçíà÷èìî òàêó âåëè÷èíó:

‖[x ]‖ = inf
y∈Y
‖x + y‖ .

Iíøèìè ñëîâàìè, ‖[x ]‖ � öå âiäñòàíü â X âiä 0 äî ìíîæèíè

x+Y . Îñêiëüêè Y � ïiäïðîñòið i, âiäòàê, Y = −Y , òî îçíà÷åííÿ

ìîæíà ïåðåïèñàòè íàñòóïíèì ÷èíîì:

‖[x ]‖ = inf
y∈Y
‖x − y‖ .

Ãåîìåòðè÷íèé çìiñò öüîãî îçíà÷åííÿ: ‖[x ]‖ � öå âiäñòàíü â X
âiä x äî ïiäïðîñòîðó Y .
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Ôàêòîð-ïðîñòið íîðìîâàíîãî ïðîñòîðó

Òåîðåìà. Ââåäåíà âèùå âåëè÷èíà ‖[x ]‖ çàäà¹ íîðìó íà ïðî-

ñòîði X/Y .

Äîâåäåííÿ. Ïåðåâiðèìî àêñiîìè íîðìè.

1. Íåõàé ‖[x ]‖ = 0. Òîäi infy∈Y ‖x − y‖ = 0, i, îòæå, x � ãðà-

íè÷íà òî÷êà ïiäïðîñòîðó Y . Îñêiëüêè Y çàìêíåíèé, x ∈ Y i

[x ] = Y = [0].
2. Îñêiëüêè Y � ïiäïðîñòið, λY = Y äëÿ áóäü-ÿêîãî íåíóëüî-

âîãî ñêàëÿðà λ. Ìà¹ìî:

‖[λx ]‖ = inf
y∈Y
‖λx + y‖ = inf

y∈Y
‖λx + λy‖

= |λ| inf
y∈Y
‖x + y‖ = |λ| · ‖[x ]‖ .
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3. Íåõàé x1, x2 ∈ X , ε > 0. Çãiäíî ç îçíà÷åííÿì iíôiìóìà

iñíóþòü òàêi y1, y2 ∈ Y , ùî

‖x1 + y1‖ < ‖[x1]‖+ ε i ‖x2 + y2‖ < ‖[x2]‖+ ε.
Îòðèìó¹ìî îöiíêó

‖[x1 + x2]‖ = inf
y∈Y
‖x1 + x2 + y‖ 6 ‖x1 + x2 + y1 + y2‖ 6

6 ‖x1 + y1‖+ ‖x2 + y2‖ 6 ‖[x1]‖+ ‖[x2]‖+ 2ε,

ùî ç îãëÿäó íà äîâiëüíiñòü ε îçíà÷à¹ ïîòðiáíó íåðiâíiñòü òðè-
êóòíèêà.

Íàäàëi çàâæäè áóäåìî ïðèïóñêàòè, ùî ôàêòîð-ïðîñòið íîð-

ìîâàíîãî ïðîñòîðó íàäiëåíèé îïèñàíîþ âèùå íîðìîþ.
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Ïðèêëàä. Íåõàé (Ω,Σ, µ) � ïðîñòið ç ìiðîþ, X � ïðîñòið âñiõ

îáìåæåíèõ âèìiðíèõ ôóíêöié íà Ω, íàäiëåíèé íîðìîþ ‖f‖ =
supt∈Ω |f (t)|, Y � ïiäïðîñòið â X , ÿêèé ñêëàäà¹òüñÿ ç ôóí-

êöié, ùî äîðiâíþþòü íóëþ ìàéæå ñêðiçü. Âiäïîâiäíèé ôàêòîð-

ïðîñòið X/Y ïîçíà÷à¹òüñÿ L∞ (Ω,Σ, µ).

Âïðàâè.

1.5. Äîâåäiòü òàêó ôîðìóëó äëÿ íîðìè â L∞ (Ω,Σ, µ):

‖f‖∞ = inf
A∈Σ,µ(A)=0

{
sup

t∈Ω\A
|f (t)|

}
.

1.6. Äîâåäiòü íåðiâíiñòü |f |
ì.ñ.
6 ‖f‖∞.

1.7. Äîâåäiòü, ùî ‖f‖∞ äîðiâíþ¹ iíôiìóìó ìíîæèíè òèõ ñòà-

ëèõ c, äëÿ ÿêèõ |f |
ì.ñ.
6 c.
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