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Òîïîëîãi÷íi ãðóïè

Ãðóïà G iç çàäàíîþ íà íié âiäîêðåìëþâàíîþ çà Ãàóñäîðôîì

òîïîëîãi¹þ τ íàçèâà¹òüñÿ òîïîëîãi÷íîþ ãðóïîþ, ÿêùî òîïî-

ëîãiÿ óçãîäæåíà ç ãðóïîâîþ ñòðóêòóðîþ â òàêîìó ðîçóìiííi:

1) îïåðàöiÿ (x , y) 7→ x · y äîáóòêó åëåìåíòiâ íåïåðåðâíà çà

ñóêóïíiñòþ çìiííèõ;

2) íåïåðåðâíà îïåðàöiÿ x 7→ x−1 ïåðåõîäó äî îáåðíåíîãî

åëåìåíòà.
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Âëàñòèâîñòi.

(i) Äëÿ áóäü-ÿêîãî x ∈ G ìíîæèíè âèãëÿäó xU, U ∈ Oe,

óòâîðþþòü áàçó îêîëiâ åëåìåíòà x .
(ii) Òàêó æ âëàñòèâiñòü ìà¹ ñèñòåìà ìíîæèí U · x , U ∈ Oe.

(iii) Äëÿ áóäü-ÿêîãî îêîëó W ∈ Oe iñíó¹ òàêèé îêië U ∈ Oe,

ùî U · U ⊂W .

(iv) Äëÿ áóäü-ÿêîãî îêîëó W ∈ Oe iñíó¹ òàêèé îêië U ∈ Oe,

ùî U−1 ⊂W .

(v) Äëÿ áóäü-ÿêîãî îêîëó W ∈ Oe iñíó¹ òàêèé îêië U ∈ Oe,

ùî îäíî÷àñíî

U · U−1 ⊂W , U−1U ⊂W i U · U ⊂W .
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Îçíà÷åííÿ. Íåõàé G � òîïîëîãi÷íà ãðóïà, Z � ìåòðè÷íèé ïðî-

ñòið. Âiäîáðàæåííÿ f : G → Z íàçèâà¹òüñÿ ðiâíîìiðíî íåïå-

ðåðâíèì, ÿêùî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ òàêèé îêië U ∈ Oe,

ùî îáðàçè áóäü-ÿêèõ U-áëèçüêèõ x , y ∈ G áëèçüêi ç òî÷íiñòþ

äî ε: x−1y ∈ U ⇒ ρ (f (x), f (y)) < ε.

Òåîðåìà 1. Íåõàé G � êîìïàêòíà òîïîëîãi÷íà ãðóïà, Z � ìå-

òðè÷íèé ïðîñòið. Òîäi áóäü-ÿêå íåïåðåðâíå âiäîáðàæåííÿ f : G→
Z ¹ ðiâíîìiðíî íåïåðåðâíèì.

Äîâåäåííÿ. Çàôiêñó¹ìî ε > 0. Ñêîðèñòàâøèñü íåïåðåðâíiñòþ

f , äëÿ êîæíîãî x ∈ G âèáåðåìî òàêèé îêië Wx ∈ Oe, ùî äëÿ

áóäü-ÿêîãî y ∈ G, ÿêùî y ∈ xWx , òî ρ (f (x), f (y)) < ε
2 .
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Äàëi, çà âëàñòèâiñòþ (iii) òîïîëîãi÷íèõ ãðóï, äëÿ êîæíîãî x ∈
G ìîæíà âèáðàòè âiäêðèòèé îêië Ux ∈ Oe òàê, ùî UxUx ⊂Wx .

Îñêiëüêè ìíîæèíè xUx , x ∈ G óòâîðþþòü âiäêðèòå ïîêðèò-

òÿ êîìïàêòà G, ìîæíà âèáðàòè ñêií÷åííå ïiäïîêðèòòÿ. Òîáòî

iñíó¹ òàêà ñêií÷åííà ïiäìíîæèíà A ⊂ X , ùî
⋃

x∈A xUx ⊃ G.

Ïîêëàäåìî U =
⋂

x∈A Ux . Ïåðåâiðèìî, ùî U � öå øóêàíèé

îêië ç îçíà÷åííÿ ðiâíîìiðíî¨ íåïåðåðâíîñòi. Íåõàé x , y ∈ G
i x−1y ∈ U. Âèáåðåìî òàêå x0 ∈ A, ùî x ∈ x0Ux0 . Çîêðåìà,

x ∈ x0Wx0 , òîáòî ρ (f (x), f (x0)) < ε
2 . Äàëi,

y ∈ xU ⊂ x0Ux0Ux0 ⊂ x0Wx0 ,

òîáòî ρ (f (y), f (x0)) < ε
2 i, çà íåðiâíiñòþ òðèêóòíèêà,

ρ (f (y), f (x)) < ε. 2
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Ïðîïîíó¹ìî ÷èòà÷åâi ñàìîñòiéíî äîâåñòè òàêèé àíàëîã òåîðå-

ìè Àðöåëà.

Òåîðåìà 2. Íåõàé G � êîìïàêòíà òîïîëîãi÷íà ãðóïà. Äëÿ òîãî,

ùîá ñiì'ÿ F íåïåðåðâíèõ ñêàëÿðíîçíà÷íèõ ôóíêöié íà G áóëà

ïåðåäêîìïàêòîì â C(G), íåîáõiäíî i äîñòàòíüî, ùîá âîíà (a)

áóëà ðiâíîìiðíî îáìåæåíîþ i (b) çàäîâîëüíÿëà òàêó óìîâó

îäíîñòàéíî¨ íåïåðåðâíîñòi: äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ òàêèé

îêië U ∈ Oe, ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ f ∈ F i áóäü-ÿêèõ

x , y ∈ G, ÿêùî x−1y ∈ U, òî ρ (f (x), f (y)) < ε.
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Îïåðàòîðè çñóâó íà C(G)

Äëÿ áóäü-ÿêîãî s ∈ G îçíà÷èìî îïåðàòîðè Ls,Rs : C(G) →
C(G) ëiâîãî i ïðàâîãî çñóâiâ:

(Lsf )(x) = f (sx), (Rsf )(x) = f (xs).

Îçíà÷èìî òàêîæ îïåðàòîð ñèìåòði¨ Ψ: C(G) → C(G) ôîðìó-
ëîþ (Ψf )(x) = f (x−1).

Ëåìà . Îïåðàòîðè çñóâó ìàþòü òàêi âëàñòèâîñòi:

I. Le = I, LsLt = Lts, çîêðåìà, (Ls)−1 = Ls−1 .

II. Re = I, RsRt = Rst , çîêðåìà, (Rs)−1 = Rs−1 .

III. LsRt = RtLs.

IV. Îïåðàòîðè Ls,Rs i Ψ � ái¹êòèâíi içîìåòði¨ ïðîñòîðó

C(G).

V. Ls−1Ψ = ΨRs.


	 
	   C(G)

