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https://en.wikipedia.org/wiki/Juliusz_Schauder

Ïîñëiäîâíiñòü {en}∞1 åëåìåíòiâ áàíàõîâîãî ïðîñòîðó X íàçè-
âà¹òüñÿ áàçèñîì (àáî, ùî òå ñàìå, áàçèñîìØàóäåðà) â X , ÿêùî
äëÿ áóäü-ÿêîãî åëåìåíòà x ∈ X iñíó¹ ¹äèíà ïîñëiäîâíiñòü êî-
åôiöi¹íòiâ {an}∞1 , äëÿ ÿêèõ ðÿä

∑∞
n=1 anen çáiãà¹òüñÿ äî x .

Ðÿä
∑∞

n=1 anen íàçèâà¹òüñÿ ðîçêëàäîì åëåìåíòà x çà áàçèñîì
{en}∞1 , à ÷èñëà {an}∞1 íàçèâàþòüñÿ êîåôiöi¹íòàìè ðîçêëàäó.

Òâåðäæåííÿ 1. Åëåìåíòè áàçèñó ëiíiéíî íåçàëåæíi ìiæ ñîáîþ.
Çîêðåìà, åëåìåíò áàçèñó íå ìîæå äîðiâíþâàòè íóëþ.

Òâåðäæåííÿ 2. Áàçèñ {en}∞1 áàíàõîâîãî ïðîñòîðó X � öå ïîâíà
â X ìíîæèíà: Lin {en}∞1 = X .

Òâåðäæåííÿ 3. ßêùî áàíàõiâ ïðîñòið X ìà¹ áàçèñ Øàóäåðà,
òî X íåñêií÷åííîâèìiðíèé i ñåïàðàáåëüíèé.

https://en.wikipedia.org/wiki/Juliusz_Schauder
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Ïðèêëàäè áàçèñiâ Øàóäåðà â êëàñè÷íèõ ïðîñòîðàõ

Íåõàé X � îäèí ç ïðîñòîðiâ ïîñëiäîâíîñòåé `p (1 6 p 6∞) àáî
c0. Êàíîíi÷íèì áàçèñîì ïðîñòîðó X íàçèâà¹òüñÿ òàêà ñèñòåìà
âåêòîðiâ {en}∞1 : e1 = (1,0,0, ...), e2 = (0,1,0, ...), ...

Òâåðäæåííÿ 4. Êàíîíi÷íèé áàçèñ ïðîñòîðó c0 � öå áàçèñ. Ïðè
1 6 p < ∞ êàíîíi÷íèé áàçèñ ïðîñòîðó `p � öå áàçèñ. Êàíîíi-
÷íèé áàçèñ ïðîñòîðó `∞ íå áóäå áàçèñîì öüîãî ïðîñòîðó.

Âïðàâà 4.1. Ïðîñòið `∞ íåñåïàðàáåëüíèé, îòæå, òàì íåìà¹ æî-
äíîãî áàçèñó Øàóäåðà.
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Ïðîáëåìà áàçèñà

Âåëüìè íåïðîñòîþ âèÿâèëàñü ïîñòàâëåíà ùå Ñ. Áàíàõîì ïðî-
áëåìà: ÷è êîæåí ñåïàðàáåëüíèé íåñêií÷åííîâèìiðíèé áàíàõiâ
ïðîñòið ìà¹ áàçèñ?

(ïîâ÷àëüíà ðîçïîâiäü ïðî "Øêîòñüêó êíèãó"íà äîøöi ,)

https://en.wikipedia.org/wiki/Scottish_Book

https://en.wikipedia.org/wiki/Scottish_Book
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Kawiarnia Szkocka
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Íåãàòèâíó âiäïîâiäü íà ïðîáëåìó Áàíàõà äàâ
ó 1973 ðîöi Ï. Åíôëî.

https://peren�o.com/autobiography

https://perenflo.com/autobiography
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Ìàçóð, Åíôëî òà ãóñàê
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Íåõàé {en}∞1 � áàçèñ áàíàõîâîãî ïðîñòîðó X , x ∈ X . Ïîçíà-
÷èìî ÷åðåç e∗n(x) êîåôiöi¹íòè ðîçêëàäó åëåìåíòà x çà áàçèñîì
{en}∞1 , à ÷åðåç Sn(x) � ÷àñòèííi ñóìè öüîãî ðîçêëàäó:

Sn(x) =
n∑

k=1
e∗k (x) ek .

Òâåðäæåííÿ 5. e∗n � ëiíiéíi ôóíêöiîíàëè íà X , à Sn � ëiíiéíi
îïåðàòîðè, ÿêi äiþòü ç X â X .
Äîâåäåííÿ. Íåõàé x , y ∈ X , a,b � äîâiëüíi ñêàëÿðè. Òîäi ìà¹ìî
òàêi ðîçêëàäè:

x =
∞∑

k=1
e∗k (x) ek , y =

∞∑
k=1

e∗k (y) ek , ax + by =
∞∑

k=1
e∗k (ax + by) ek .

Îòæå,
∞∑

k=1

(
ae∗k (x) + be∗k (y)

)
ek =

∞∑
k=1

e∗k (ax + by) ek .

Ç îãëÿäó íà ¹äèíiñòü ðîçêëàäó åëåìåíòà çà áàçèñîì îòðèìó¹-
ìî, ùî ae∗k (x) + be∗k (y) = e∗k (ax + by). 2
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Íàäàëi ôóíêöiîíàëè e∗n ìè íàçèâàòèìåìî êîîðäèíàòíèìè ôóí-
êöiîíàëàìè, à îïåðàòîðè Sn � îïåðàòîðàìè ÷àñòèííèõ ñóì çà
áàçèñîì {en}∞1 .

Òåîðåìà 1. (Ñ. Áàíàõ). Íåõàé {en}∞1 � áàçèñ áàíàõîâîãî ïðî-
ñòîðó X . Òîäi îïåðàòîðè Sn ÷àñòèííèõ ñóì i êîîðäèíàòíi ôóí-
êöiîíàëè e∗n íåïåðåðâíi,

sup
n
{‖en‖ · ‖e∗n‖} <∞

i
sup

n
‖Sn‖ <∞.
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Ïðîñòið êîåôiöi¹íòiâ

Ëåìà 1. Íåõàé X � áàíàõiâ ïðîñòið, en ∈ X � ôiêñîâàíà ïî-
ñëiäîâíiñòü íåíóëüîâèõ âåêòîðiâ. Ââåäåìî ïðîñòið E âñiõ ÷è-
ñëîâèõ ïîñëiäîâíîñòåé a = (an)

∞
1 , äëÿ ÿêèõ ðÿä

∑∞
n=1 anen

çáiãà¹òüñÿ. Íàäiëèìî ïðîñòið E íîðìîþ

‖a‖ = sup

{∥∥∥∥∥
M∑

n=N

anen

∥∥∥∥∥ : 1 6 N 6 M

}
.

Òîäi E � áàíàõiâ ïðîñòið.
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Äîâåäåííÿ òåîðåìè Áàíàõà

Äëÿ áàçèñó {en} ðîçãëÿíåìî âiäïîâiäíèé ïðîñòið E ç Ëåìè 1.
E � öå áàíàõiâ ïðîñòið. Îçíà÷èìî îïåðàòîð T : E → X ðiâíi-
ñòþ Ta =

∑∞
n=1 anen. Îïåðàòîð T ái¹êòèâíèé, îñêiëüêè {en}∞1

� áàçèñ. Ç î÷åâèäíî¨ íåðiâíîñòi ‖Ta‖ 6 ‖a‖ âèïëèâà¹ íåïåðåðâ-
íiñòü îïåðàòîðà. Îòæå, çà òåîðåìîþ Áàíàõà ïðî îáåðíåíèé
îïåðàòîð, îïåðàòîð T−1 òàêîæ íåïåðåðâíèé. Öå îçíà÷à¹ iñíó-
âàííÿ òàêî¨ ñòàëî¨ C, ùî ‖a‖ 6 C‖Ta‖ äëÿ áóäü-ÿêîãî a ∈ E .
Iíøèìè ñëîâàìè, äëÿ áóäü-ÿêîãî a ∈ E

sup

{∥∥∥∥∥
M∑

n=N

anen

∥∥∥∥∥ : 1 6 N 6 M

}
6 C

∥∥∥∥∥
∞∑

n=1

anen

∥∥∥∥∥ .
Îñòàííÿ íåðiâíiñòü äà¹ óñi ïîòðiáíi òâåðäæåííÿ òåîðåìè. 2
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Áàçèñíà êîíñòàíòà. Ìîíîòîííi áàçèñè.
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