
Ëåêöi¨ ç çàãàëüíî¨ àëãåáðè

Ëåêöi¨ ç çàãàëüíî¨ àëãåáðè, 2 êóðñ, 4 ñåìåñòð,

ìàòåìàòèêà,

÷àñòèíà 2

Àííà Âèøíÿêîâà

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â.Í.Êàðàçiíà

Õàðêiâ, 2020



Ëåêöi¨ ç çàãàëüíî¨ àëãåáðè

Ðîçäië 3. Òåîðåìè Ñèëîâà

Äiÿ ãðóïè íà ìíîæèíi

Íåõàé G � ãðóïà, X � ìíîæèíà, X 6= ∅.

Îçíà÷åííÿ. Âiäîáðàæåííÿ (·, ·) : G×X → X íàçèâà¹òüñÿ äi¹þ

ãðóïè G íà ìíîæèíi X , ÿêùî

1.∀g,h ∈ G, ∀x ∈ X : (g, (h, x)) = (gh, x).

2.∀x ∈ X : (e, x) = x .

Ïðèêëàäè. Íàâåäåìî äâà ïðîñòèõ ïðèêëàäè, áiëüø âàæëèâi

äëÿ íàñ ïðèêëàäè íàâåäåìî ïiçíiøå.

1. Íåõàé G � ãðóïà, X = G. Òîäi ãðóïà G äi¹ íà ñîái ìíîæåí-

íÿì çëiâà: (g, x) = gx , g ∈ G, x ∈ X . Ïåðåâiðòå: öå ¹ äi¹þ

ãðóïè íà ñîái.

2. Íåõàé G � ãðóïà, H < G. Òîäi ãðóïà H äi¹ íà ìíîæèíi X = G
ìíîæåííÿì çëiâà: (h, x) = hx , h ∈ H, x ∈ X . Ïåðåâiðòå: öå ¹
äi¹þ ïiäãðóïè íà ãðóïi.
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Íåõàé G � ãðóïà, X � ìíîæèíà, X 6= ∅, i çàäàíà äiÿ ãðóïè G íà

ìíîæèíi X , òîáòî çàäàíå âiäîáðàæåííÿ (·, ·) : G×X → X , ÿêå
çàäîâîëüíÿ¹ âëàñòèâîñòi 1 i 2. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò

g ∈ G i ðîçãëÿíåìî âiäîáðàæåííÿ Fg : X → X , òàêå ùî

Fg(x) = (g, x), x ∈ X .
Òâåðäæåííÿ. Äëÿ êîæíîãî g ∈ G âiäîáðàæåííÿ Fg ¹ ái¹êöi¹þ.

Äîâåäåííÿ. Iç âëàñòèâîñòi 2 äi¨ ãðóïè íà ìíîæèíi Fe(x) =
(e, x) = x , ∀x ∈ X . Òîáòî Fe = id � òîòîæíå âiäîáðàæåííÿ.

Êðiì òîãî, iç âëàñòèâîñòi 1:

∀g,h ∈ G, ∀x ∈ X : Fg ◦ Fh(x) = Fg(Fh(x)) =

(g, (h, x)) = (gh, x) = Fgh(x).
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Ìè ìà¹ìî

Fg ◦ Fg−1 = Fgg−1 = Fe, Fg−1 ◦ Fg = Fg−1g = Fe.

Òîáòî, âiäîáðàæåííÿ Fg ìà¹ äâîñòîðîíí¹ îáåðíåíå âiäîáðà-

æåííÿ, çâiäêè âîíî ¹ ái¹êòèâíèì. 2

Îçíà÷åííÿ. Íåõàé ãðóïà G äi¹ íà ìíîæèíi X , x ∈ X . Ìíîæè-

íà O(x) = {(g, x) | g ∈ G} ⊂ X íàçèâà¹òüñÿ îðáiòîþ åëåìåíòà

x ïiä äi¹þ ãðóïè. Êiëüêiñòü åëåìåíòiâ â îðáiòi åëåìåíòà x ïî-

çíà÷à¹òüñÿ |O(x)|

Òâåðäæåííÿ. Íåõàé ãðóïà G äi¹ íà ìíîæèíi X . Äîâiëüíi äâi
îðáiòè íå ïåðåòèíàþòüñÿ àáî çáiãàþòüñÿ:

∀x , y ∈ X O(x) ∩O(y) 6= ∅ ⇒ O(x) = O(y).
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî x , y ∈ X : O(x) ∩ O(y) 6= ∅.
Íåõàé z ∈ X : z ∈ O(x) ∧ z ∈ O(y). Òîáòî, iñíóþòü åëåìåíòè

ãðóïè g,h ∈ G : (g, x) = z, (h, y) = z. Çâiäêè (g−1, (g, x)) =
(g−1, z), òîáòî (g−1, z) = (e, x) = x . Àíàëîãi÷íî, (h−1, z) = y .

Äëÿ äîâiëüíîãî w ∈ O(x) iñíó¹ ϕ ∈ G, òàêå ùî w = (ϕ, x) =
(ϕ, (g−1, z)) = (ϕg−1, z) = (ϕg−1, (h, y)) = (ϕg−1h, y) ∈ O(y).
Òîáòî O(x) ⊂ O(y). Òàê ñàìî, äëÿ äîâiëüíîãî ω ∈ O(y) iñ-

íó¹ ψ ∈ G, òàêå ùî ω = (ψ, y) = (ψ, (h−1, z)) = (ψh−1, z) =
(ψh−1, (g, x)) = (ψh−1g, x) ∈ O(x). Òîáòî O(y) ⊂ O(x). Ìà¹-

ìî O(x) = O(y). 2

Òàêèì ÷èíîì, ìíîæèíà X ¹ äèç'þíêòíèì îá'¹äíàííÿì îðáiò

äi¨ ãðóïè G.
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Îçíà÷åííÿ. Íåõàé ãðóïà G äi¹ íà ìíîæèíi X , x ∈ X . Ñòà-
áiëiçàòîðîì åëåìåíòà x íàçèâà¹òüñÿ ìíîæèíà St(x) = {g ∈
G | (g, x) = x} ⊂ G.

Òâåðäæåííÿ. Íåõàé ãðóïà G äi¹ íà ìíîæèíi X , x ∈ X . Òîäi
St(x) < G.

Äîâåäåííÿ. Íåõàé g,h ∈ St(x), òîäi (g, x) = x i (h, x) = x ,
çâiäêè ìà¹ìî (gh, x) = (g, (h, x)) = (g, x) = x , îòæå gh ∈
St(x). Î÷åâèäíî, ùî e ∈ St(x). ßêùî g ∈ St(x), òî ìà¹ìî

(g, x) = x ⇒ (g−1, (g, x)) = (g−1, x) ⇒

(g−1g, x) = (g−1, x) ⇒ (e, x) = (g−1, x) ⇒ x = (g−1, x),

çâiäêè g−1 ∈ St(x). Ìè äîâåëè, ùî St(x) < G. 2
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Òåîðåìà. Íåõàé ãðóïà G äi¹ íà ìíîæèíi X , x ∈ X . Êiëüêiñòü
åëåìåíòiâ îðáiòè åëåìåíòà x äîðiâíþ¹ êiëüêîñòi êëàñiâ ñóìiæ-

íîñòi ãðóïè G ïî ïiäãðóïi St(x), òîáòî |O(x)| = [G : St(x)] .
ßêùî ãðóïà G ¹ ñêií÷åíîþ, òî |O(x)| = |G|

|St(x)| .

Äîâåäåííÿ. Ðîçãëÿíåìî ìíîæèíó ïðàâèõ êëàñiâ ñóìiæíîñòi

ãðóïè G ïî ïiäãðóïi St(x) : {[g] | g ∈ G}, äå [g] = g St(x).
Çàäàìî ôóíêöiþ f : {[g] | g ∈ G} → O(x) (iç ìíîæèíè ïðàâèõ
êëàñiâ ñóìiæíîñòi ãðóïè G ïî ïiäãðóïi St(x) â îðáiòó åëåìåíòà
x) íàñòóïíèì ÷èíîì: f ([g]) = (g, x).

Ïåðåâiðèìî êîðåêòíiñòü îçíà÷åííÿ. Íåõàé [g] = [h], òîáòî iñ-

íó¹ ξ ∈ St(x), òàêèé ùî g = hξ. Òîäi ìà¹ìî f ([g]) = (g, x) =
(hξ, x) = (h, (ξ, x)) = (h, x) = f ([h]). Êîðåêòíiñòü ïåðåâiðåíî.
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Ïåðåâiðèìî, ùî f � ái¹êöiÿ. Íåõàé f ([g]) = f ([h]), g,h ∈ G.
Öå îçíà÷à¹, ùî (g, x) = (h, x) ⇒ (h−1g, x) = (h−1, (g, x)) =
(h−1, (h, x)) = (h−1h, x) = (e, x) = x . Çâiäêè h−1g ∈ St(x),
òîáòî g ∈ h St(x) = [h], çâiäêè [g] = [h]. Ìè äîâåëè, ùî f �

ií'¹êöiÿ.

Ðîçãëÿíåìî äîâiëüíèé y ∈ O(x). Ìè ìà¹ìî y ∈ O(x) ⇔ ∃g ∈
G : y = (g, x). Òîäi f ([g]) = y . Ìè äîâåëè, ùî f � ñþð'¹êöiÿ.
Òîáòî, f � ái¹êöiÿ, çâiäêè ìíîæèíà ïðàâèõ êëàñiâ ñóìiæíîñòi

ãðóïè G ïî ïiäãðóïi St(x) i ìíîæèíà åëåìåíòiâ îðáiòè O(x)
ìàþòü îäíàêîâó ïîòóæíiñòü. 2

Ïðèêëàä 1.

Íåõàé G � ãðóïà, ìíîæèíà X = G. Çàäàìî äiþ ãðóïè G íà

ìíîæèíi X íàñòóïíèì ÷èíîì:

(g, x) = gxg−1, g ∈ G, x ∈ X

(äiÿ ãðóïè íà ñîái ñïðÿæåííÿì).
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Ïåðåâiðèìî, ùî öå ¹ äi¹þ ãðóïè íà ñîái.

1. Äëÿ äîâiëüíèõ g,h ∈ G i äîâiëüíîãî x ∈ X ìà¹ìî (g, (h, x)) =
(g,hxh−1) = ghxh−1g−1 = (gh)x(gh)−1 = (gh, x).
2. (e, x) = exe−1 = exe = x . Òîáòî ãðóïà G äi¹ íà ñîái ñïðÿ-

æåííÿì.

Ïðèêëàä 2.

Íåõàé G � ãðóïà, ìíîæèíà X = {H | H < G}. Çàäàìî äiþ

ãðóïè G íà ìíîæèíi X íàñòóïíèì ÷èíîì:

(g,H) = gHg−1, g ∈ G,H ∈ X

(äiÿ ãðóïè íà ìíîæèíi ñâî¨õ ïiäãðóï ñïðÿæåííÿì). Ïåðåâiðòå,

ùî öå ¹ äi¹þ ãðóïè íà ìíîæèíi.
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Ñèëîâñüêè ïiäãðóïè ñêií÷åíî¨ ãðóïè

Íåõàé G � ãðóïà, p � ïðîñòå ÷èñëî, i |G| = pnm, äå ÍÑÄ(m,p) =
1, n ∈ N.

Îçíà÷åííÿ. Ñèëîâñüêîþ p-ïiäãðóïîþ ãðóïè G íàçèâà¹òüñÿ ïiä-

ãðóïà H < G, òàêà ùî |H| = pn.

Òåîðåìà (Ñèëîâ). Íåõàé G � ãðóïà, p � ïðîñòå ÷èñëî, i |G| =
pnm, äå ÍÑÄ(m,p) = 1, n ∈ N. Òîäi iñíó¹ ïiäãðóïà H < G,
òàêà ùî |H| = pn, òîáòî â ãðóïi G iñíó¹ ñèëîâñüêà p-ïiäãðóïà.

Äîâåäåííÿ. Ìè áóäåìî äîâîäèòè öþ òåîðåìó iíäóêöi¹þ ïî ïî-

ðÿäêó ãðóïè (çà óìîâîþ, ùî ïîðÿäîê ãðóïè äiëèòüñÿ íà p).

1. Áàçà iíäóêöi¨ |G| = p. Òîäi G ¹ ñâî¹þ ñèëîâñüêîþ ïiäãðóïîþ.
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2. Iíäóêòèâíèé ïåðåõiä. Ïðèïóñòèìî, ùî òâåðäæåííÿ òåîðåìè

âèêîíó¹òüñÿ äëÿ óñiõ ãðóï, ïîðÿäîê ÿêèõ ¹ ìåíøèì çà |G| =
pnm.

ßêùî ãðóïà G ìà¹ âëàñíó ïiäãðóïó H < G,H 6= G, òàêó ùî

pn | |H|, òî ñèëîâñüêà p-ïiäãðóïà äëÿ H áóäå i ñèëîâñüêîþ p-
ïiäãðóïîþ äëÿ G. Òîáòî, ìè ìîæåìî ïðèïóñòèòè, ùî êîæíà

âëàñíà ïiäãðóïà H < G,H 6= G, ìà¹ âëàñòèâiñòü p
∣∣ |G|
|H| .

Ðîçãëÿíåìî äiþ ãðóïè íà ñîái ñïðÿæåííÿì (ãðóïà G äi¹ íà

ìíîæèíi X = G íàñòóïíèì ÷èíîì: (g, x) = gxg−1, g ∈
G, x ∈ X ). Ìè âæå äîâîäèëè, ùî öå ¹ äi¹þ ãðóïè. Òîäi âñÿ ìíî-

æèíà X = G ¹ äèç'þíêòíèì îá'¹äíàííÿì îðáiò. Òîáòî, iñíóþòü

x1, x2, . . . , xs ∈ X : X = G = ts
j=1O(xj) (òîáòî, O(xi)∩O(xj) = ∅

ïðè i 6= j , i , j ∈ {1,2, . . . , s}), çâiäêè

|G| =
s∑

j=1

|O(xj)|.
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Äëÿ êîæíîãî j = 1,2, . . . , s âèêîíó¹òüñÿ |O(xj)| = |G|
|St(xj )|

. Äëÿ

êîæíîãî j = 1,2, . . . , s ìîæëèâi äâà âèïàäêè: St(xj) 6= G àáî

St(xj) = G. ßêùî St(xj) 6= G, òî, çà íàøèì ïðèïóùåííÿì ùîäî

âëàñíèõ ïiäãðóï, p
∣∣ |G|
|St(xj )|

, àáî p
∣∣ |O(xj)|. ßêùî St(xj) = G,

òî |O(xj)| = |G|
|St(xj )|

= |G|
|G| = 1.

Âiäçíà÷èìî, ùî O(e) = {(g,e) | g ∈ G} = {geg−1 | g ∈ G} =
{e}, òîáòî |O(e)| = 1. Ìè îòðèìàëè, ùî â ìíîæèíi X = G ¹

îðáiòè, ÿêi ñêëàäàþòüñÿ ç îäíîãî åëåìåíòà. Íåõàé t ,1 ≤ t ≤ s,
òàêå ùî |O(x1)| = |O(x2)| = . . . = |O(xt)| = 1, à ∀j ≥ (t +
1) : |O(xj)| > 1 (çà íåîáõiäíîñòi ïåðåíóìåðó¹ìî åëåìåíòè

x1, x2, . . . , xs). Òîäi ìà¹ìî

|G| =
t∑

j=1

|O(xj)|+
s∑

j=t+1

|O(xj)| = t +
s∑

j=t+1

|O(xj)|.
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ßê ìè âæå ïåðåâiðèëè, ∀j ≥ (t + 1) : p
∣∣ |O(xj)|, êðiì òîãî

p
∣∣ |G|. Âèñíîâîê: p

∣∣ t .

Ç'ÿñó¹ìî, çà ÿêî¨ óìîâè |O(y)| = 1. Îñêiëüêè y ∈ O(y) (òàê ÿê
(e, y) = y), òî |O(y)| = 1 ⇔ O(y) = {y}. O(y) = {(g, y) | g ∈
G} = {gyg−1 | g ∈ G} = {y} ⇔ gyg−1 = y ∀g ∈ G ⇔
gy = yg ∀g ∈ G. Òîáòî, îðáiòà y ìiñòèòü îäèí åëåìåíò òîäi i

òiëüêè òîäi, êîëè y íàëåæèòü äî öåíòðó ãðóïè:

|O(y)| = 1 ⇔ y ∈ C(G) = {z ∈ G | ∀g ∈ G : gz = zg}.

Ìè äîâåëè, ùî íàøà ãðóïà ìà¹ íåòðèâiàëüíèé öåíòð, ïðè öüî-

ìó p
∣∣ |C(G)|.

Î÷åâèäíî, ùî öåíòð ãðóïè ¹ íîðìàëüíîþ ïiäãðóïîþ ãðóïè G,
òîáòî C(G) /G, ïðè öüîìó C(G) ¹ àáåëåâîþ ãðóïîþ (ïîÿñíåí-

íÿ!).
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Iç îñíîâíî¨ òåîðåìè ïðî àáåëåâi ãðóïè, C(G) ¹ içîìîðôíèì

ïðÿìî¨ ñóìi ïðèìàðíèõ öèêëi÷íèõ ãðóï. Îñêiëüêè p
∣∣ |C(G)|,

îäíà ç öèõ öèêëi÷íèõ ãðóï ìà¹ ïîðÿäîê pk äëÿ äåÿêîãî k ∈ N.
Òàêà öèêëi÷íà ãðóïà ìà¹ ïiäãðóïó ïîðÿäêó p (ïîÿñíåííÿ!).

Âèñíîâîê: ãðóïà G ìà¹ ïiäãðóïó K < G, òàêó ùî |K | = p, ïðè
öüîìó K < C(G), òîáòî K /G.

Ðîçãëÿíåìî ôàêòîð-ãðóïó G/K . Ìà¹ìî |G/K | = pn−1m. Çà
iíäóêòèâíèì ïðèïóùåííÿì, ãðóïà G/K ìà¹ ïiäãðóïó ïîðÿäêó

pn−1, M < G/K , |M| = pn−1. Ðîçãëÿíåìî êàíîíi÷íèé ãîìîìîð-
ôiçì f : G→ G/K , ÿêèé äi¹ çà ïðàâèëîì f (g) = [g] = gK , g ∈
G. Ïîçíà÷èìî S := f−1(M) = {g ∈ G | f (g) ∈ M}. Òîäi S < G
(òàê ÿê ïðîîáðàç ïiäãðóïè ïðè ãîìîìîðôiçìi ¹ ïiäãðóïîþ) i

K ⊂ S (òàê ÿê äëÿ k ∈ K ìè ìà¹ìî f (k) = [k ] = [e] ∈ M).

Î÷åâèäíî, ùî ãîìîìîðôiçì f : G → G/K ¹ ñþð'¹êòèâíèì, çà

ïîáóäîâîþ ãîìîìîðôiçì f |S : S → M ¹ ñþð'¹êòèâíèì.
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ßäðîì ãîìîìîðôiçìà f : G → G/K ¹ Ker (f ) = K , òîáòî ÿä-

ðîì ãîìîìîðôiçìà f |S áóäå Ker (f |S) = K . Äëÿ ãîìîìîðôiçìà

f |S çàñòîñó¹ìî òâåðäæåííÿ, ùî ôàêòîð-ãðóïà ïî ÿäðó ¹ içî-

ìîðôíîþ îáðàçó: S/Ker (f |S) ≈ M, çâiäêè |S/Ker (f |S)| = |M|,
òîáòî |S||K | = |M|, çâiäêè ìà¹ìî |S| = |K | · |M| = p · pn−1 = pn.

Òîáòî iñíó¹ S < G, òàêà ùî |S| = pn. 2


	 3.   

