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Ëåêöi¨ ç çàãàëüíî¨ àëãåáðè

Ðîçäië 1. Ïðÿìèé äîáóòîê ãðóï

Ïðÿìèé äîáóòîê ãðóï

Òåîðåìà. Íåõàé G,H,K � ãðóïè. Òîäi ãðóïà G içîìîðôíà ïðÿ-

ìîìó äîáóòêó ãðóï H i K , òîáòî G ≈ H⊗K , òîäi i òiëüêè òîäi,

êîëè âèêîíóþòüñÿ òðè óìîâè:

1. Iñíóþòü íîðìàëüíi ïiäãðóïè H̃ /G, K̃ /G, òàêi ùî
H̃ ≈ H, K̃ ≈ K .

2. H̃ ∩ K̃ = {e}.

3. H̃K̃ = {hk |h ∈ H̃, k ∈ K̃} = G.

Öÿ òåîðåìà ìîæå áóòè óçàãàëüíåíîþ íà äîâiëüíó êiëüêiñòü

ïðÿìèõ ìíîæíèêiâ.
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Ðîçäië 1. Ïðÿìèé äîáóòîê ãðóï

Òåîðåìà. Íåõàé G,H1,H2, . . . ,Hn � ãðóïè (n ∈ N,n ≥ 2). Òîäi
ãðóïà G içîìîðôíà ïðÿìîìó äîáóòêó ãðóï H1,H2, . . . ,Hn, òîá-
òî G ≈ H1⊗H2⊗ . . .⊗Hn, òîäi i òiëüêè òîäi, êîëè âèêîíóþòüñÿ

òðè óìîâè:

1. Iñíóþòü íîðìàëüíi ïiäãðóïè H̃1 /G, H̃2 /G, . . . H̃n /G, òàêi
ùî H̃1 ≈ H1, H̃2 ≈ H2, . . . , H̃n ≈ Hn.

2. Äëÿ êîæíîãî j = 1,2, . . . ,n âèêîíó¹òüñÿ

H̃j ∩
(

H̃1 · . . . · H̃j−1H̃j+1 · . . . · H̃n

)
= {e}.

3. H̃1H̃2 · . . . · H̃n = G.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Â öüîìó ðîçäiëi ìè áóäåìî âèâ÷àòè àáåëåâi ãðóïè. Çàçâè÷àé

îïåðàöiþ â äîâiëüíié àáåëåâié ãðóïi ïîçíà÷àþòü çíàêîì + i

íàçèâàþòü äîäàâàííÿì.

Ó âèïàäêó íàáîðó àáåëåâèõ ãðóï çàìiñòü ïðÿìîãî äîáóòêó êà-

æóòü ïðî ïðÿìó ñóìó. ßêùî G1,G2 � äâi àáåëåâi ãðóïè, îïå-

ðàöi¨ â îáîõ ïîçíà÷àþòüñÿ çíàêîì +, òî ïðÿìà ñóìà öèõ ãðóï

G1 ⊕G2 = {(g1,g2) | g1 ∈ G1,g2 ∈ G2},

äå îïåðàöiÿ ââîäèòüñÿ �ïîêîîðäèíàòíî�

(a,b) + (c,d) = (a + c,b + d), a, c ∈ G1, b,d ∈ G2.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Öèêëi÷íi ãðóïè

Òåîðåìà. Íåõàé G = 〈a〉 � öèêëi÷íà ãðóïà, |G| = k · l , äå
k , l ∈ N \ {1}, ÍÑÄ(k , l) = 1. Òîäi öÿ ãðóïà ¹ ðîçêëàäíîþ, à

ñàìå, iñíóþòü ïiäãðóïè K < G,L < G, |K | = k , |L| = l , òàêi
ùî G ≈ K ⊕ L.

Äîâåäåííÿ. Ðîçãëÿíåìî åëåìåíòè b = la ∈ G i c = ka ∈ G.
Î÷åâèäíî, ùî |b| = k , |c| = l . Ïîçíà÷èìî K = 〈b〉 < G,
L = 〈c〉 < G, òîáòî |K | = k , |L| = l . Ïåðåâiðèìî, ùî G ≈ K ⊕L.

Íåõàé d ∈ K ∩ L, |d | = s ∈ N. Îñêiëüêè d ∈ K , s|k , à îñêiëüêè
d ∈ L, s|l , òîìó ç ÍÑÄ(k , l) = 1 îòðèìó¹ìî s = 1, òîáòî d = 0.
Ìè äîâåëè, ùî K ∩ L = {0}.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ïåðåâiðèìî òåïåð, ùî K + L = G. Ç ÍÑÄ(k , l) = 1 ìà¹ìî:

iñíóþòü öiëi ÷èñëà m,n ∈ Z : ml+nk = 1. Ðîçãëÿíåìî åëåìåíòè
f = mla = m(la) = mb ∈ K < G, g = nka = n(ka) = nc ∈ L <
G. Çâiäêè îòðèìó¹ìî

a = (ml + nk)a = mla + nka = mb + nc ∈ K + L,

ja = jmb + jnc ∈ K + L, ∀j ∈ Z.

Òîáòî K + L = G. 2
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ïðîñòèì íàñëiäêîì öi¹¨ òåîðåìè ¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé G = 〈a〉 � öèêëi÷íà ãðóïà, |G| = pk1
1 pk2

2 ·. . .·p
km
m ,

p1,p2, . . . ,pm � ïîïàðíî ðiçíi ïðîñòi ÷èñëà, m ∈ N,m ≥ 2.
Òîäi öÿ ãðóïà ¹ ðîçêëàäíîþ, à ñàìå, iñíóþòü ïiäãðóïè H1 <

G,H2 < G, . . . ,Hm < G, |Hj | = pkj
j äëÿ ∀j = 1,2, . . . ,m, òàêi ùî

G ≈ H1 ⊕ H2 ⊕ . . .⊕ Hm.

Çàëèøèëîñÿ ðîçãëÿíóòè öèêëi÷íi ãðóïè ïîðÿäêiâ pm, äå p �

ïðîñòå ÷èñëî, m ∈ N. Òàêi ãðóïè íàçèâàþòü ïðèìàðíèìè.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Íåðîçêëàäíiñòü ïðèìàðíèõ öèêëi÷íèõ ãðóï

Òåîðåìà. Íåõàé G = 〈a〉 � öèêëi÷íà ãðóïà, |G| = pm, äå p �

ïðîñòå ÷èñëî, m ∈ N. Òîäi ãðóïà G ¹ íåðîçêëàäíîþ.

Äîâåäåííÿ. ßêùî ãðóïà G ¹ ðîçêëàäíîþ, òî â íié iñíóþòü äâi

íåíóëüîâi ïiäãðóïè, ïåðåòèí ÿêèõ ñêëàäà¹òüñÿ ç íåéòðàëüíîãî

åëåìåíòà (íóëÿ ãðóïè). Ìè ïîêàæåìî, ùî êîæíà íåíóëüîâà

ïiäãðóïà ãðóïè G ìiñòèòü åëåìåíò pm−1a 6= 0.

Íåõàé H < G,H 6= {0}. Ðîçãëÿíåìî äîâiëüíèé íåíóëüîâèé åëå-
ìåíò ïiäãðóïè b = ka ∈ H, k ∈ N, 1 ≤ k ≤ pm − 1. Çàïèøåìî
÷èñëî k ó âèãëÿäi k = pl t ,0 ≤ l ≤ m − 1,ÍÑÄ(p, t) = 1 (p �

ïðîñòå ÷èñëî). Òîáòî, iñíóþòü öiëi ÷èñëà u, v ∈ Z òàêi ùî

up + vt = 1.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Åëåìåíò pm−l−1vb ∈ H, i ìè ìà¹ìî

pm−l−1vb = pm−l−1vka =
(

pm−l−1vk
)

a =
(

pm−l−1vpl t
)

a =(
pm−1vt

)
a =

(
pm−1(1− up)

)
a = pm−1a−upma = pm−1a ∈ H.

Òîáòî, äîâiëüíà íåíóëüîâà ïiäãðóïà ãðóïè G ìiñòèòü åëåìåíò

pm−1a 6= 0.
2
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ñêií÷åíi àáåëåâi ãðóïè

Òåîðåìà. Íåõàé G � àáåëåâà ãðóïà, |G| = pk1
1 pk2

2 · . . . · pkm
m ,

p1,p2, . . . ,pm � ïîïàðíî ðiçíi ïðîñòi ÷èñëà, m ∈ N,m ≥ 2.
Òîäi iñíó¹ ¹äèíèé íàáið ïiäãðóï H1 < G,H2 < G, . . . ,Hm < G,
òàêèé ùî äëÿ öüîãî íàáîðó ïiäãðóï âèêîíó¹òüñÿ

G ≈ H1 ⊕ H2 ⊕ . . .⊕ Hm,

à êîæíà ç öèõ ïiäãðóï ìà¹ íàñòóïíó âëàñòèâiñòü: x ∈ Hj ⇒
|x | = pn

j , 0 ≤ n ≤ kj (j = 1,2, . . . ,m).

Äîâåäåííÿ. Ðîçãëÿíåìî äîâiëüíèé íåíóëüîâèé åëåìåíò ãðóïè

a ∈ G,a 6= 0, òîäi ïîðÿäîê öüîãî åëåìåíòà |a| | |G|, |a| =
pl1

1 pl2
2 · . . . · p

lm
m , 0 ≤ lj ≤ kj , ∀j = 1,2, . . . ,m. Îñêiëüêè |a| 6= 1,

iñíó¹ s = 1,2, . . . ,m, òàêèé ùî ls 6= 0. Ðîçãëÿíåìî òîäi åëåìåíò

b = pl1
1 pl2

2 · . . . · p
ls−1
s−1pls+1

s+1 · . . . · p
lm
m a ∈ G,

î÷åâèäíî, ùî |b| = pls
s .
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Òîáòî â ãðóïi G iñíóþòü åëåìåíòè, ïîðÿäêè ÿêèõ ¹ ñòåïåíÿìè

ïðîñòèõ ÷èñåë, ïðè öüîìó öi ïðîñòi ÷èñëà íàëåæàòü ìíîæèíi

p1,p2, . . . ,pm (ïîêè ùî ìè íå çíà¹ìî, ÷è äëÿ êîæíîãî ïðîñòîãî

÷èñëà ç íàáîðó p1,p2, . . . ,pm ¹ åëåìåíò ãðóïè, ïîðÿäîê ÿêîãî

¹ ñòåïåíåì ñàìå öüîãî ïðîñòîãî ÷èñëà).

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

Hj = {x ∈ G | |x | = pl
j , 0 ≤ l ≤ kj} ⊂ G, j = 1,2, . . . ,m.

Íåñêëàäíî ïåðåâiðèòè, ùî Hj < G, j = 1,2, . . . ,m (íàðàçi ìè

íå âèêëþ÷à¹ìî âèïàäêó, ùî äåÿêi ç öèõ ïiäãðóï ñêëàäàþòüñÿ

òiëüêè ç íóëüîâîãî åëåìåíòà). Äiéñíî, ÿêùî a,b ∈ Hj , |a| =
pr1

j , |b| = pr2
j , r1, r2 ∈ N ∪ {0}, 0 ≤ r1 ≤ kj , 0 ≤ r2 ≤ kj , òî

pmax(r1,r2)
j (a + b) = pmax(r1,r2)−r1

j (pr1
j a) + pmax(r1,r2)−r2

j (pr2
j b)

= 0 + 0 = 0,



Ëåêöi¨ ç çàãàëüíî¨ àëãåáðè

Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

çâiäêè |a + b| = pr
j , 0 ≤ r ≤ max(r1, r2) ≤ kj ⇒ (a + b) ∈ Hj .

Êðiì òîãî, |0| = 1 ⇒ 0 ∈ Hj . I, íà îñòàíîê, |a| = | −a|, çâiäêè
a ∈ Hj ⇒ (−a) ∈ Hj . Òîáòî, ìè äîâåëè, ùî Hj < G, j =
1,2, . . . ,m.

Ìè õî÷åìî äîâåñòè, ùî G ≈ H1 ⊕ H2 ⊕ . . . ⊕ Hm. Ðîçãëÿíåìî
äîâiëüíèé åëåìåíò ãðóïè x ∈ G i éîãî öèêëi÷íó ïiäãðóïó 〈x〉 <
G. |x | = |〈x〉| = pl1

1 pl2
2 · . . . · p

lm
m , 0 ≤ lj ≤ kj , ∀j = 1,2, . . . ,m. ßê

ìè âæå äîâåëè, öèêëi÷íà ãðóïà åëåìåíòà x ¹ ïðÿìîþ ñóìîþ

ñâî¨õ ïðèìàðíèõ öèêëi÷íèõ ïiäãðóï. Òîáòî, iñíóþòü öèêëi÷íi

ïiäãðóïè

Cj < 〈x〉 < G, |Cj | = plj
j , j = 1,2, . . . ,m :

〈x〉 ≈ C1 ⊕ C2 ⊕ . . .⊕ Cm.

Çîêðåìà, x = c1 + c2 + . . .+ cm, cj ∈ Cj , j = 1,2, . . . ,m.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ç òîãî, ùî |Cj | = plj
j âèïëèâà¹, ùî |cj | = ptj

j , 0 ≤ tj ≤ lj , òîáòî
cj ∈ Hj , j = 1,2, . . . ,m. Ìè ïåðåâiðèëè, ùî

∀x ∈ G x ∈ H1 + H2 + . . .+ Hm,

òîáòî

G = H1 + H2 + . . .+ Hm.

Äëÿ çàâåðøåííÿ äîâåäåííÿ íàì íåîáõiäíî ïîêàçàòè, ùî

∀j = 1,2, . . . ,m Hj∩
(
H1 + . . .+ Hj−1 + Hj+1 + . . .+ Hm

)
= {0}.

Íåõàé y ∈ Hj ∩
(
H1 + . . .+ Hj−1 + Hj+1 + . . .+ Hm

)
. Ç òîãî, ùî

y ∈ Hj ìà¹ìî |y | = pt
j , t = 0,1, . . .
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ç òîãî, ùî y ∈ H1 + . . . + Hj−1 + Hj+1 + . . . + Hm, ìà¹ìî
y = d1 + . . . + dj−1 + dj+1 + . . . + dm, di ∈ Hi . Òîìó |y | ¹
äiëüíèêîì íàéìåíøîãî ñïiëüíîãî êðàòíîãî ïîðÿäêiâ åëåìåíòiâ

d1, . . . ,dj−1,dj+1, . . . ,dm, òîáòî |y | = pt1
1 · . . . · p

tj−1
j−1ptj+1

j+1 · . . . · p
tm
m .

Ç òîãî, ùî p1,p2, . . . ,pm � ïîïàðíî ðiçíi ïðîñòi ÷èñëà, ìà¹ìî

|y | = 1, àáî y = 0. Ìè äîâåëè, ùî

∀j = 1,2, . . . ,m Hj∩
(
H1 + . . .+ Hj−1 + Hj+1 + . . .+ Hm

)
= {0}.

Ìè äîâåëè, ùî

G ≈ H1 ⊕ H2 ⊕ . . .⊕ Hm.

(�äèíiñòü íàáîðó ïiäãðóï âèïëèâà¹ ç ìåòîäó ¨õ ïîáóäîâè) 2
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Çàëèøèëîñÿ äîñëiäèòè ãðóïè iç íàñòóïíîþ âëàñòèâiñòþ: ïî-

ðÿäîê êîæíîãî åëåìåíòà ãðóïè ¹ ñòåïåíåì îäíîãî i òîãî æ

ïðîñòîãî ÷èñëà.

Òåîðåìà. Íåõàé p � ïðîñòå ÷èñëî, G � ñêií÷åíà àáåëåâà ãðóïà iç

íàñòóïíîþ âëàñòèâiñòþ: äëÿ êîæíîãî g ∈ G iñíó¹ s ∈ N∪{0},
òàêå ùî |g| = ps. Òîäi iñíóþòü b1,b2, . . . ,bn ∈ G, òàêi ùî
G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . .⊕ 〈bn〉, òîáòî ãðóïà G içîìîðôíà ïðÿìié

ñóìi ñâî¨õ öèêëi÷íèõ ïiäãðóï (çîêðåìà, |G| = pm, m ∈ N∪{0}).

Äîâåäåííÿ. Íåõàé b1 � îäèí iç åëåìåíòiâ ãðóïè, ÿêèé ìà¹ íàé-

áiëüøèé ïîðÿäîê. Ìîæëèâi äâà âèïàäêè:
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

1. Äëÿ êîæíîãî åëåìåíòà ãðóïè G âèêîíó¹òüñÿ:

∀x ∈ G : 〈b1〉 ∩ 〈x〉 6= {0}.

Òîäi ïîáóäîâó çàêií÷åíî, i â ïîäàëüøîìó ìè ïîêàæåìî, ùî

G = 〈b1〉.

2. Iñíóþòü åëåìåíòè ãðóïè G, òàêi ùî

∃y ∈ G : 〈b1〉 ∩ 〈y〉 = {0}.

Òîäi ç óñiõ åëåìåíòiâ ç òàêîþ âëàñòèâiñòþ ìè âèáåðåìî åëå-

ìåíò íàéâèùîãî ïîðÿäêó (îäèí ç òàêèõ) i ïîçíà÷èìî éîãî b2.
Òîáòî ∀y ∈ G : 〈b1〉 ∩ 〈y〉 = {0} ⇒ |y | ≤ |b2|.
Ìè ìà¹ìî |b1| ≥ |b2| (ïîÿñíåííÿ!)
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Áóäåìî ïðîâîäèòè òàêó ïîáóäîâó äàëi. Íåõàé ìè âæå ïîáó-

äóâàëè åëåìåíòè b1,b2, . . . ,bs, s ≥ 2. Ðîçãëÿíåìî ïiäãðóïó

ãðóïè G, ÿêà ïîðîäæåíà öèìè åëåìåíòàìè:

Hs = {k1b1 + k2b2 + . . .+ ksbs | k1, k2, . . . , ks ∈ Z} ⊂ G.

Ëåãêî ïåðåâiðèòè, ùî Hs < G. Äiéñíî, íåõàé c,d ∈ Hs, c =
m1b1+m2b2+. . .+msbs, d = r1b1+r2b2+. . .+rsbs,m1,m2, . . . ,ms,
r1, r2, . . . , rs ∈ Z. Òîäi c + d = (m1 + r1)b1 + (m2 + r2)b2 + . . .+
(ms + rs)bs ∈ Hs. Êðiì òîãî, 0 = 0 ·b1+0 ·b2+ . . .+0 ·bs ∈ Hs i

−c = −m1b1−m2b2− . . .−msbs ∈ Hs. Ìè äîâåëè, ùî Hs < G.
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Ðîçäië 2. Ñêií÷åíi àáåëåâi ãðóïè

Ìîæëèâi äâà âèïàäêè:

1. Äëÿ êîæíîãî åëåìåíòà ãðóïè G âèêîíó¹òüñÿ:

∀x ∈ G : Hs ∩ 〈x〉 6= {0}.

Òîäi ïîáóäîâó çàêií÷åíî, i â ïîäàëüøîìó ìè ïîêàæåìî, ùî

G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . .⊕ 〈bs〉.

2. Iñíóþòü åëåìåíòè ãðóïè G, òàêi ùî

∃y ∈ G : Hs ∩ 〈y〉 = {0}.

Òîäi ç óñiõ åëåìåíòiâ ç òàêîþ âëàñòèâiñòþ ìè âèáåðåìî åëå-

ìåíò íàéâèùîãî ïîðÿäêó (îäèí ç òàêèõ) i ïîçíà÷èìî éîãî bs+1.
Òîáòî ∀y ∈ G : Hs ∩ 〈y〉 = {0} ⇒ |y | ≤ |bs+1|.
Ìè ìà¹ìî |b1| ≥ |b2| ≥ |b3| ≥ . . . ≥ |bs| ≥ |bs+1|. (ïîÿñíåííÿ!)
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Îñêiëüêè ãðóïà G ¹ ñêií÷åíîþ, òî çà ñêií÷åíó êiëüêiñòü êðîêiâ

íàøó ïîáóäîâó áóäå çàêií÷åíî. Òîáòî, ìè ïîáóäó¹ìî åëåìåíòè

b1,b2, . . . ,bn ∈ G òàêi ùî

1. |b1| = max
x∈G
|x |.

2. ∀j = 2,3, . . . ,n Hj−1 ∩ 〈bj〉 = {0},

(Hj−1 = {k1b1 + k2b2 + . . .+ kj−1bj−1 | k1, k2, . . . , kj−1 ∈ Z}).

3. ∀y ∈ G,∀j = 2,3, . . . ,n : Hj−1 ∩ 〈y〉 = {0} ⇒ |y | ≤ |bj |.
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4. |b1| ≥ |b2| ≥ . . . ≥ |bn|.

5. ∀x ∈ G Hn ∩ 〈x〉 6= {0}.

Ìè õî÷åìî äîâåñòè, ùî G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . .⊕ 〈bn〉.

Ïåðåâiðèìî ñïî÷àòêó, ùî G = 〈b1〉 + 〈b2〉 + . . . + 〈bn〉. Ðîç-
ãëÿíåìî äîâiëüíèé åëåìåíò x ∈ G. Îñêiëüêè x ∈ G, ìà¹ìî
|x | = ps, s ∈ N ∪ {0}. ßêùî s = 0, òî |x | = 1, òîáòî x = 0.
0 = 0+0+ . . .+0 ∈ 〈b1〉+ 〈b2〉+ . . .+ 〈bn〉. Áóäåìî ðîçãëÿäàòè
âèïàäîê |x | = ps, s ∈ N. Ìè áóäåìî äîâîäèòè òîé ôàêò, ùî

x ∈ 〈b1〉+ 〈b2〉+ . . .+ 〈bn〉 iíäóêöi¹þ çà s.

Áàçà iíäóêöi¨ s = 1, |x | = p. Íàì âiäîìî, ùî 〈b1〉+ 〈b2〉+ . . .+
〈bn〉 ∩ 〈x〉 6= {0}.
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Ìè òàêîæ çíà¹ìî, ùî Hn = 〈b1〉+〈b2〉+. . .+〈bn〉 < G, 〈x〉 < G,
òîìó ìè îòðèìó¹ìî Hn ∩ 〈x〉 < G.
Îòæå Hn ∩ 〈x〉 < G, i Hn ∩ 〈x〉 ⊂ 〈x〉, òîáòî Hn ∩ 〈x〉 < 〈x〉. I
ìè çíà¹ìî, ùî Hn ∩ 〈x〉 6= {0}. Îñêiëüêè|〈x〉| = |x | = p, à p �

ïðîñòå ÷èñëî, ìè ïðèõîäèìî äî âèñíîâêó, ùî Hn ∩ 〈x〉 = 〈x〉.
Çîêðåìà, x ∈ Hn. Áàçó iíäóêöi¨ äîâåäåíî.

Iíäóêòèâíèé ïåðåõiä ≤ m ; (m + 1). Ïðèïóñòèìî, ùî ìè äî-

âåëè, ùî êîæåí åëåìåíò ãðóïè G, ïîðÿäîê ÿêîãî íå ïåðåâèùó¹

pm, íàëåæèòü äî 〈b1〉 + 〈b2〉 + . . . + 〈bn〉. Íåõàé x ∈ G, |x | =
pm+1. Ç òîãî, ùî |b1| ≥ |b2| ≥ . . . ≥ |bn|, ìè îòðèìó¹ìî:

∃k ∈ {1,2, . . . ,n} ∀j = 1,2, . . . k : |x | ≤ |bj | ∧ ∀j > k : |x | > |bj |.
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Çà ïîáóäîâîþ åëåìåíòiâ b1,b2, . . . ,bn, öå îçíà÷à¹, ùî

〈b1〉+ 〈b2〉+ . . .+ 〈bk 〉 ∩ 〈x〉 6= {0}.

ßê ìè âæå âiäìi÷àëè, 〈b1〉+ 〈b2〉+ . . .+ 〈bk 〉 ∩ 〈x〉 < G, çâiäêè
〈b1〉 + 〈b2〉 + . . . + 〈bk 〉 ∩ 〈x〉 < 〈x〉. Â ïîïåðåäíüîìó ðîçäiëi

ìè âiäìiòèëè, ùî êîæíà íåíóëüîâà ïiäãðóïà öèêëi÷íî¨ ãðóïè

〈x〉 ïîðÿäêó |〈x〉| = |x | = pm+1 ìiñòèòü åëåìåíò pmx . Òîáòî,
y = pmx ∈ 〈b1〉+ 〈b2〉+ . . .+ 〈bk 〉.

Òîáòî, iñíóþòü öiëi ÷èñëà t1, t2, . . . , tk ∈ Z, òàêi ùî

y = pmx = t1b1 + t2b2 + . . .+ tkbk .
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Îñêiëüêè |x | = pm+1, òî |y | = |pmx | = p, îòæå

py = pm+1x = pt1b1 + pt2b2 + . . .+ ptkbk = 0.

Ìè äîâåäåìî, ùî ç ïîáóäîâè åëåìåíòiâ b1,b2, . . . ,bk ∈ G âèï-

ëèâà¹, ùî

r1b1 + r2b2 + . . .+ rkbk = 0, r1, r2, . . . , rk ∈ Z ⇒

r1b1 = 0 ∧ r2b2 = 0 ∧ . . . rkbk = 0.

Äiéñíî,

r1b1+r2b2+. . .+rkbk = 0 ⇒ r1b1+r2b2+. . .+rk−1bk−1 = −rkbk
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Ëiâà ÷àñòèíà ðiâíîñòi ¹ åëåìåíòîì ïiäãðóïè Hk−1, à ïðàâà ÷à-

ñòèíà � åëåìåíòîì ïiäãðóïè 〈bk 〉. Òîáòî, öåé åëåìåíò íàëå-

æèòü Hk−1 ∩ 〈bk 〉, àëå çà ïîáóäîâîþ Hk−1 ∩ 〈bk 〉 = {0}. Ìè

ìà¹ìî

−rkbk = 0 ∧ r1b1 + r2b2 + . . .+ rk−1bk−1 = 0.

Iç îñòàííüî¨ ðiâíîñòi ìà¹ìî

r1b1 + r2b2 + . . .+ rk−2bk−2 = −rk−1bk−1.

Ëiâà ÷àñòèíà ðiâíîñòi ¹ åëåìåíòîì ïiäãðóïè Hk−2, à ïðàâà ÷à-

ñòèíà � åëåìåíòîì ïiäãðóïè 〈bk−1〉. Òîáòî, öåé åëåìåíò íàëå-

æèòü Hk−2∩〈bk−1〉, àëå çà ïîáóäîâîþ Hk−2∩〈bk−1〉 = {0}. Ìè

ìà¹ìî

−rk−1bk−1 = 0 ∧ r1b1 + r2b2 + . . .+ rk−2bk−2 = 0.
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Ìiðêóþ÷è àíàëîãi÷íî, îòðèìó¹ìî

r1b1 = 0 ∧ r2b2 = 0 ∧ . . . rkbk = 0.

Ìè çóïèíèëèñÿ íà òîìó, ùî

y = pmx = t1b1 + t2b2 + . . .+ tkbk ,

çâiäêè

py = pm+1x = pt1b1 + pt2b2 + . . .+ ptkbk = 0.

ßê ìè ùîéíî äîâåëè, ç öüîãî âèïëèâà¹, ùî

pt1b1 = 0 ∧ pt2b2 = 0 ∧ . . . ∧ ptkbk = 0,
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çâiäêè

|b1|
∣∣∣ pt1 ∧ |b2|

∣∣∣ pt2 ∧ . . . ∧ |bk |
∣∣∣ ptk .

Ìè çíà¹ìî, ùî

∀j = 1,2, . . . k : |bj | ≥ |x | = pm+1,

êðiì òîãî, |bj |, j = 1,2, . . . k , ¹ ñòåïåíåì ïðîñòîãî ÷èñëà p (öå

âëàñòèâiñòü ïîðÿäêiâ óñiõ åëåìåíòiâ ãðóïè), òîáòî

pm+1
∣∣∣ pt1 ∧ pm+1

∣∣∣ pt2 ∧ . . . ∧ pm+1
∣∣∣ ptk ⇒

pm
∣∣∣ t1 ∧ pm

∣∣∣ t2 ∧ . . . ∧ pm
∣∣∣ tk .
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Ìè ìà¹ìî

t1 = pml1, t2 = pml2, . . . , tk = pmlk , l1, l2, . . . , lk ∈ Z.

Íàãàäó¹ìî, ùî y = pmx = t1b1 + t2b2 + . . .+ tkbk , òîáòî

y = pmx = pml1b1 + pml2b2 + . . .+ pmlkbk ∈ Hk .

Ïîêëàäåìî

z := l1b1 + l2b2 + . . .+ lkbk ∈ Hk .

Ìè ìà¹ìî

y = pmx ∧ y = pmz ⇒ pm(x − z) = 0,

îòæå, åëåìåíò ãðóïè x − z ∈ G ìà¹ ïîðÿäîê, ìåíøèé àáî ðiâ-

íèé pm.
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Çà iíäóêòèâíèì ïðèïóùåííÿì, w = x − z ∈ Hk < Hn. Êðiì
òîãî, çà ïîáóäîâîþ z ∈ Hk < Hn, îòæå x = w+z = (x−z)+z ∈
Hk < Hn.

Îòæå,ìè äîâåëè ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ùî G = 〈b1〉+
〈b2〉+ . . .+ 〈bn〉.

Çàëèøèëîñÿ äîâåñòè, ùî äëÿ óñiõ j = 1,2, . . . ,n âèêîíó¹òüñÿ

〈bj〉 ∩ (〈b1〉+ 〈b2〉+ . . .+ 〈bj−1〉+ 〈bj+1〉+ . . .+ 〈bn〉) = {0}.

Íåõàé

x ∈ 〈bj〉 ∩ (〈b1〉+ 〈b2〉+ . . .+ 〈bj−1〉+ 〈bj+1〉+ . . .+ 〈bn〉).
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Öå îçíà÷à¹, ùî

x ∈ 〈bj〉 ∧ x ∈ (〈b1〉+ 〈b2〉+ . . .+ 〈bj−1〉+ 〈bj+1〉+ . . .+ 〈bn〉).

Òîáòî ìè ìà¹ìî

x = tjbj ∧ x = t1b1 + t2b2 + . . .+ tj−1bj−1 + tj+1bj+1 + . . .+ tnbn,

äå t1, t2, . . . , tn ∈ Z. Ïðèðiâíÿ¹ìî öi âèðàçè i îòðèìó¹ìî

t1b1 + t2b2 + . . .+ tj−1bj−1 − tjbj + tj+1bj+1 + . . .+ tnbn = 0.

Âèùå ìè âæå äîâîäèëè, ùî ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî

t1b1 = 0 ∧ t2b2 = 0 ∧ . . . ∧ tjbj = 0 ∧ . . . ∧ tnbn = 0,

îòæå x = 0. Òîáòî äëÿ óñiõ j = 1,2, . . . ,n âèêîíó¹òüñÿ

〈bj〉 ∩ (〈b1〉+ 〈b2〉+ . . .+ 〈bj−1〉+ 〈bj+1〉+ . . .+ 〈bn〉) = {0}.
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Îòæå, ìè äîâåëè, ùî G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . .⊕ 〈bn〉. 2

Íàñëiäîê. Íåõàé p � ïðîñòå ÷èñëî, G � ñêií÷åíà àáåëåâà ãðóïà

iç íàñòóïíîþ âëàñòèâiñòþ: äëÿ êîæíîãî g ∈ G iñíó¹ s ∈ N ∪
{0}, òàêå ùî |g| = ps. Òîäi iñíó¹ òàêå m ∈ N∪{0}, ùî |G| = pm.

Äîâåäåííÿ. Ìè äîâåëè, ùî iñíóþòü òàêi åëåìåíòè b1, . . . ,bn ∈
G, ùî

G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . .⊕ 〈bn〉.

Òîäi

|G| = |〈b1〉| · |〈b2〉| · . . . · |〈bn〉| = |b1| · |b2| · . . . · |bn| = pm.

2
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Òåîðåìà. Íåõàé p � ïðîñòå ÷èñëî, G � ñêií÷åíà àáåëåâà ãðóïà iç

íàñòóïíîþ âëàñòèâiñòþ: äëÿ êîæíîãî g ∈ G iñíó¹ s ∈ N∪{0},
òàêå ùî |g| = ps. Íåõàé çíàéøëèñÿ b1,b2, . . . ,bn ∈ G \ {0},
òàêi ùî G ≈ 〈b1〉 ⊕ 〈b2〉 ⊕ . . . ⊕ 〈bn〉, i, êðiì òîãî, çíàéøëèñÿ

c1, c2, . . . , cm ∈ G\{0}, òàêi ùî G ≈ 〈c1〉⊕〈c2〉⊕. . .⊕〈cm〉. Òîäi
n = m, i iñíó¹ òàêà ïåðåñòàíîâêà σ ∈ Sn, ùî äëÿ äîâiëüíîãî

j = 1,2, . . . ,n âèêîíó¹òüñÿ |〈bj〉| = |〈cσ(j)〉|.

Êàæóòü, ùî ðîçêëàäàííÿ ãðóïè ïîðÿäêó |G| = pm, äå p �

ïðîñòå ÷èñëî, â ïðÿìó ñóìó ïðèìàðíèõ öèêëi÷íèõ ãðóï ¹ îä-

íîçíà÷íèì ç òî÷íiñòþ äî ïîðÿäêó ïðÿìèõ äîäàíêiâ.
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Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, ìè ìîæåìî ââàæàòè,

ùî |b1| ≥ |b2| ≥ . . . ≥ |bn| i |c1| ≥ |c2| ≥ . . . ≥ |cm|. Ïîçíà÷èìî
÷åðåç

|b1| = pk1 , |b2| = pk2 , . . . , |bn| = pkn ,

k1 ≥ k2 ≥ . . . ≥ kn,

i

|c1| = pl1 , |c2| = pl2 , . . . , |cm| = plm ,

l1 ≥ l2 ≥ . . . ≥ lm.

ßêùî òâåðäæåííÿ íàøî¨ òåîðåìè íå âèêîíó¹òüñÿ, òî çíàéäåòü-

ñÿ òàêå j ∈ N, ùî âèêîíó¹òüñÿ

k1 = l1, k2 = l2, . . . , kj−1 = lj−1, kj 6= lj .

(ïîÿñíåííÿ!)
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Íå çìåíøóþ÷è çàãàëüíîñòi, kj < lj . Ââåäåìî ïîçíà÷åííÿ

H := {x ∈ G | |x | ≤ pkj}.

Íåñêëàäíî ïåðåâiðèòè, ùî H < G (çðîáiòü öå). Îñêiëüêè G �

àáåëåâà ãðóïà, ìè ìà¹ìî H � G.

Ðîçãëÿíåìî ôàêòîð-ãðóïó G/H. Âiäìiòèìî, ùî

pk1−kj b1 ∈ H,pk2−kj b2 ∈ H, . . . ,pkj−1−kj bj−1 ∈ H,

bj ∈ H,bj+1 ∈ H, . . . ,bn ∈ H.

Ç iíøîãî áîêó,

pk1−kj−1b1 /∈ H,pk2−kj−1b2 /∈ H, . . . ,pkj−1−kj−1bj−1 /∈ H,

ÿêùî ïîêàçíèêè ñòåïåíiâ íå ¹ âiä'¹ìíèìè.
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Öå îçíà÷à¹, ùî êëàñ ñóìiæíîñòi åëåìåíòà bi ïî ïiäãðóïi H ìà¹

â ôàêòîð-ãðóïi G/H ïîðÿäîê pki−kj äëÿ óñiõ i = 1,2, . . . , j −
1 (òîáòî, íàéìåíøå t ∈ N, òàêå ùî t [bi ] = [tbi ] = [0] = H,
äîðiâíþ¹ pki−kj ).

Äîâåäåìî, ùî ãðóïà G/H ¹ ïðÿìîþ ñóìîþ öèêëi÷íèõ ïiäãðóï

åëåìåíòiâ [bi ] = bi + H, i = 1,2, . . . , j − 1 :

G/H ≈ 〈[b1]〉 ⊕ 〈[b2]〉 ⊕ . . .⊕ 〈[bj−1]〉,

i òîìó ïîðÿäîê öi¹¨ ôàêòîð-ãðóïè äîðiâíþ¹

|G/H| = p(k1−kj )+(k2−kj )+...+(kj−1−kj ).
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Íåõàé x � äîâiëüíèé åëåìåíò ãðóïè G, òîäi x = s1b1 + s2b2 +
. . .+ snbn, äå s1, . . . , sn ∈ Z. Äëÿ i = j , j + 1, . . . ,n ìà¹ìî sibi ∈
H, òîìó [sibi ] = [0]. Ìè äîâåëè, ùî

[x ] = [s1b1]+[s2b2]+. . .+[sj−1bj−1] ∈ 〈[b1]〉+〈[b2]〉+. . .+〈[bj−1]〉.

Òîáòî ìè äîâåëè, ùî

G/H = 〈[b1]〉+ 〈[b2]〉+ . . .+ 〈[bj−1]〉.
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Ïåðåâiðèìî òåïåð, ùî äëÿ äîâiëüíîãî i = 1,2, . . . , j − 1 âèêî-

íó¹òüñÿ

〈[bi ]〉∩(〈[b1]〉+〈[b2]〉+. . .+〈[bi−1]〉+〈[bi+1]〉+. . .+〈[bj−1]〉) = {[0]}.

Íåõàé âèêîíó¹òüñÿ

[y ] ∈ 〈[bi ]〉∩(〈[b1]〉+〈[b2]〉+. . .+〈[bi−1]〉+〈[bi+1]〉+. . .+〈[bj−1]〉),

òîáòî

[y ] ∈ 〈[bi ]〉 ∧ [y ] ∈ 〈[b1]〉+〈[b2]〉+. . .+〈[bi−1]〉+〈[bi+1]〉+. . .+〈[bj−1]〉.
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Ìè ìà¹ìî

y = tibi +hi ∧ y = (t1b1+h1)+(t2b2+h2)+. . .+(ti−1bi−1+hi−1)

+(ti+1bi+1 + hi+1) + . . .+ (tj−1bj−1 + hj−1),

äå t1, . . . , tj−1 ∈ Z, h1,h2, . . . ,hj−1 ∈ H. Òîäi âèêîíó¹òüñÿ

t1b1+t2b2+. . .+ti−1bi−1−tibi +ti+1bi+1+. . .+tj−1bj−1 = h ∈ H.

Ç âèçíà÷åííÿ ïiäãðóïè H ïîðÿäîê åëåìåíòà â ëiâié ÷àñòèíi

ðiâíîñòi íå ïåðåâèùó¹ pkj (i ¹ ÿêèìîñü ñòåïåíåì p), çâiäêè

pkj t1b1 + pkj t2b2 + . . .+ pkj ti−1bi−1 − pkj tibi+

pkj ti+1bi+1 + . . .+ pkj tj−1bj−1 = 0.
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Îñêiëüêè çà óìîâîþ òåîðåìè G ≈ 〈b1〉⊕〈b2〉⊕. . .⊕〈bn〉 (òîáòî,
öÿ ñóìà ïiäãðóï ¹ ïðÿìîþ), iç îñòàííüî¨ ðiâíîñòi ìà¹ìî

pkj t1b1 = 0 ∧ pkj t2b2 = 0 ∧ . . . ∧ pkj tj−1bj−1 = 0.

Òîìó ìà¹ìî

|b1|
∣∣ pkj t1 ∧ |b2|

∣∣ pkj t2 ∧ . . . ∧ |bj−1|
∣∣ pkj tj−1,

òîáòî

pk1
∣∣ pkj t1 ∧ pk2

∣∣ pkj t2 ∧ . . . ∧ pkj−1
∣∣ pkj tj−1,

çâiäêè ìà¹ìî

pk1−kj
∣∣ t1 ∧ pk2−kj

∣∣ t2 ∧ . . . ∧ pkj−1−kj
∣∣ tj−1.
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Àëå äëÿ óñiõ i = 1,2, . . . , j−1 ìà¹ìî: êëàñ ñóìiæíîñòi åëåìåíòà

bi ïî ïiäãðóïi H ìà¹ â ôàêòîð-ãðóïi G/H ïîðÿäîê pki−kj , òîìó
ç òîãî, ùî pki−kj

∣∣ ti , âèïëèâà¹ [tibi ] = [0]. Ìè äîâåëè, ùî

[y ] = [0], òîáòî

〈[bi ]〉∩(〈[b1]〉+〈[b2]〉+. . .+〈[bi−1]〉+〈[bi+1]〉+. . .+〈[bj−1]〉) = {[0]}.

Òàêèì ÷èíîì,

G/H ≈ 〈[b1]〉 ⊕ 〈[b2]〉 ⊕ . . .⊕ 〈[bj−1]〉,

i òîìó ïîðÿäîê öi¹¨ ôàêòîð-ãðóïè äîðiâíþ¹

|G/H| = p(k1−kj )+(k2−kj )+...+(kj−1−kj ).
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Àíàëîãi÷íî ðîçãëÿíåìî ðîçêëàäàííÿ G ≈ 〈c1〉 ⊕ 〈c2〉 ⊕ . . . ⊕
〈cm〉, i îòðèìà¹ìî, ùî ôàêòîð ãðóïà G/H ìà¹ ïðåäñòàâëåííÿ

G/H ≈ 〈[c1]〉 ⊕ 〈[c2]〉 ⊕ . . .⊕ 〈[cj−1]〉 ⊕ 〈[cj ]〉 ⊕ . . .

(ïiäñóìóâàííÿ iäå ïî òèõ öèêëi÷íèõ ãðóïàõ êëàñiâ [ci ], äëÿ
ÿêèõ ïîðÿäîê åëåìåíòà ci ¹ áiëüøèì àáî ðiâíèì pkj , à çà íàøèì
ïðèïóùåííÿì |cj | = plj > pkj ). Òîáòî, ïîðÿäîê ôàêòîð ãðóïè

äîðiâíþ¹

|G/H| = p(l1−kj )+(l2−kj )+...+(lj−1−kj )+(lj−kj )+... =

p(k1−kj )+(k2−kj )+...+(kj−1−kj )+(lj−kj )+... >

p(k1−kj )+(k2−kj )+...+(kj−1−kj ).
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Ìè îòðèìàëè ïðîòèði÷÷ÿ, ÿêå i äîâîäèòü òåîðåìó. 2

Çâåäåìî â îäíå òâåðäæåííÿ âñå, ùî ìè äîâåëè äëÿ ñêií÷åíèõ

àáåëåâèõ ãðóï.
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Òåîðåìà (îñíîâíà òåîðåìà ïðî ñêií÷åíi àáåëåâi ãðóïè). Íåõàé

G � àáåëåâà ãðóïà, |G| = pk1
1 pk2

2 · . . . · p
km
m , p1,p2, . . . ,pm � ïî-

ïàðíî ðiçíi ïðîñòi ÷èñëà, m ∈ N. Òîäi öÿ ãðóïà ¹ içîìîðôíîþ

ïðÿìî¨ ñóìi ïðèìàðíèõ öèêëi÷íèõ ãðóï

G ≈ 〈g11〉 ⊕ 〈g12〉 ⊕ . . .⊕ 〈g1s1〉⊕

〈g21〉 ⊕ 〈g22〉 ⊕ . . .⊕ 〈g2s2〉 ⊕ · · ·

⊕〈gm1〉 ⊕ 〈gm2〉 ⊕ . . .⊕ 〈gmsm〉,

äå äëÿ êîæíîãî i = 1,2, . . . ,m ìà¹ìî

|gi1| · |gi2| · . . . · |gisi | = pki
i .
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Ïîðÿäêè öèêëi÷íèõ ãðóï ó âêàçàíîìó ïðåäñòàâëåííi çíàõî-

äÿòüñÿ îäíîçíà÷íî ç òî÷íiñòþ äî ïîðÿäêó äîäàíêiâ â ïðÿìié

ñóìi.
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