
1 Îá÷èñëåííÿ âèçíà÷íèêiâ ìåòîäîì ïðåäñòàâ-

ëåííÿ ¨õ ó âèãëÿäi ñóìè äâîõ âèçíà÷íèêiâ

Ó ëåêöiÿõ áóëà äîâåäåíà òàêà âëàñòèâiñòü âèçíà÷íèêiâ:

Âëàñòèâiñòü 1 ßêùî âñi åëåìåíòè i-ãî ðÿäêà âèçíà÷íèêà ïîäàíi ó

âèãëÿäi ñóìè äâîõ äîäàíêiâ

cij = aj + bj , j = 1, ...n,

òî âèçíà÷íèê äîðiâíþ¹ ñóìi äâîõ âèçíà÷íèêiâ, ó ÿêèõ óñi ðÿäêè îêðiì

i-ãî òàêi æ, ÿê i ó âèõiäíîìó âèçíà÷íèêó, à i-é ðÿäîê â îäíîìó ç âèçíà÷-

íèêiâ ñêëàäà¹òüñÿ ç åëåìåíòiâ aj, à â iíøîìó � ç åëåìåíòiâ bj.

Àíàëîãi÷íà âëàñòèâiñòü ìà¹ ìiñöå äëÿ ñòîâï÷èêiâ. Ðîçãëÿíåìî ïðèêëàäè

íà çàñòîñóâàííÿ öi¹¨ âëàñòèâîñòi.

Ïðèêëàä 1 �112 (È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå)

Äîâåñòè, ùî

det J =

∣∣∣∣∣∣
a1 + b1x a1 − b1x c1
a2 + b2x a2 − b2x c2
a3 + b3x a3 − b3x c3

∣∣∣∣∣∣ = −2x
∣∣∣∣∣∣
a1x b1x c1
a2x b2x c2
a3x b3x c3

∣∣∣∣∣∣ .
Çàñòîñó¹ìî âèùåçãàäàíó âëàñòèâiñòü ñïî÷àòêó äî ïåðøîãî ñòîâï÷èêà,

à ïîòiì äî äðóãîãî.

det J =

∣∣∣∣∣∣
a1 a1 − b1x c1
a2 a2 − b2x c2
a3 a3 − b3x c3

∣∣∣∣∣∣+
∣∣∣∣∣∣
b1x a1 − b1x c1
b2x a2 − b2x c2
b3x a3 − b3x c3

∣∣∣∣∣∣
=

∣∣∣∣∣∣
a1 a1 c1
a2 a2 c2
a3 a3 c3

∣∣∣∣∣∣+
∣∣∣∣∣∣
a1 −b1x c1
a2 −b2x c2
a3 −b3x c3

∣∣∣∣∣∣+
∣∣∣∣∣∣
b1x a1 c1
b2x a2 c2
b3x a3 c3

∣∣∣∣∣∣+
∣∣∣∣∣∣
b1x −b1x c1
b2x −b2x c2
b3x −b3x c3

∣∣∣∣∣∣ .
Ïåðøèé i ÷åòâåðòèé âèçíà÷íèêè äîðiâíþþòü íóëþ, îñêiëüêè ìàþòü ó

ïåðøîìó âèïàäêó äâà îäíàêîâi, à ó äðóãîìó � äâà ïðîïîðöiéíi ñòîâïöi.

Ó äðóãîìó âèçíà÷íèêó âèíåñåìî ç äðóãîãî ñòîâï÷èêà -õ, à ó òðåòüîìó

âèçíà÷íèêó âèíåñåìî ç ïåðøîãî ñòîâï÷èêà õ òà ïîìiíÿ¹ìî ïåðøèé òà

äðóãèé ñòîâï÷èêè ìiñöÿìè. Ìà¹ìî:

det J = −x

∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣− x
∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ = −2x
∣∣∣∣∣∣
a1x b1x c1
a2x b2x c2
a3x b3x c3

∣∣∣∣∣∣ .
Ïðèêëàä 2 �306 (È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå)
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Îá÷èñëiòü âèçíà÷íèê

det J =

∣∣∣∣∣∣∣∣
x1 a2 ... an
a1 x2 ... an
... ... ... ...
a1 a2 ... xn

∣∣∣∣∣∣∣∣
Ïîäàìî ñïî÷àòêó åëåìåíòè ïåðøîãî ñòîâï÷èêà ó âèãëÿäi ñóìè äâîõ äî-

äàíêiâ, à âèçíà÷íèê ó âèãëÿäi ñóìè äâîõ âèçíà÷íèêiâ. Ïîòiì àíàëîãi÷íî

â÷èíèìî ç iíøèìè ñòîâïöÿìè. Îòðèìà¹ìî:

det J =

∣∣∣∣∣∣∣∣
a1 + (x1 − a1) a2 ... an

a1 + 0 x2 ... an
... ... ... ...

a1 + 0 a2 ... xn

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
a1 a2 ... an
a1 x2 ... an
... ... ... ...
a1 a2 ... xn

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
x1 − a1 a2 ... an

0 x2 ... an
... ... ... ...
0 a2 ... xn

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
a1 a2 + 0 ... an
a1 a2 + (x2 − a2) ... an
... ... ... ...
a1 a2 + 0 ... xn

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
x1 − a1 a2 + 0 ... an

0 a2 + (x2 − a2) ... an
... ... ... ...
0 a2 + 0 ... xn

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
a1 a2 ... an
a1 a2 ... an
... ... ... ...
a1 a2 ... xn

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
a1 0 ... an
a1 (x2 − a2) ... an
... ... ... ...
a1 0 ... xn

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣
x1 − a1 a2 ... an

0 a2 ... an
... ... ... ...
0 a2 ... xn

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
x1 − a1 0 ... an

0 x2 − a2 ... an
... ... ... ...
0 0 ... xn

∣∣∣∣∣∣∣∣ .
Ïåðøèé âèçíà÷íèê äîðiâíþ¹ íóëþ, îñêiëüêè ìàòðèöÿ ìà¹ äâà îäíàêî-

âèõ ñòîâïöi. Â iíøèõ âèçíà÷íèêàõ òðåòié ñòîâï÷èê ïîäà¹ìî ó âèãëÿäi

ñóìè. Ïðîäîâæóþ÷è öåé ïðîöåñ îòðèìà¹ìî, ùî âiäìiííèìè âiä íóëÿ çà-

ëèøàòüñÿ âèçíà÷íèê äiàãîíàëüíî¨ ìàòðèöi ç åëåìåíòàìè xj−aj íà ãî-
ëîâíié äiàãîíàëi, à òàêîæ âèçíà÷íèêè n ìàòðèöü, ó ÿêèõ îäèí çi ñòîâï-

÷èêiâ ñêëàäà¹òüñÿ ç åëåìåíòiâ aj, à â iíøèõ ñòîâï÷èêàõ íåíóëüîâèì ¹

ëèøå åëåìåíò ãîëîâíî¨ äiàãîíàëi xj − aj. Òîìó (çàïèøiòü öå äîêëàäíî!)

det J =

n∏
j=1

(xj − aj) +
n∑

k=1

ak

n∏
j=1,j 6=k

(xj − aj).

Äîìàøí¹ çàâäàííÿ: È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå, �� 114, 305, 307, 308.
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2 Âèçíà÷íèê Âàíäåðìîíäà

Îçíà÷åííÿ 1 Âèçíà÷íèêîì Âàíäåðìîíäà íàçèâà¹òüñÿ âèçíà÷íèê âèãëÿ-

äó

detV (a1, a2, ...an) =

∣∣∣∣∣∣∣∣∣∣
1 1 1 ... 1
a1 a2 a3 ... an
a21 a22 a23 ... a2n
... ... ... ... ...

an−11 an−12 an−13 ... an−1n

∣∣∣∣∣∣∣∣∣∣
.

Âiäîìî, ùî

detV (a1, a2, ...an) =
∏

1≤j<i≤n
(ai − aj).

Äîâåäåííÿ öüîãî ôàêòó ðîçáåðiòü, íàïðèêëàä, çà êíèãîþ À. Ã. Êóðîøà

"Êóðñ âûñøåé àëãåáðû".

Ïðèêëàä 3 �329 (È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå)

Îá÷èñëiòü âèçíà÷íèê

detV =

∣∣∣∣∣∣∣∣∣∣
an (a− 1)n (a− 2)n ... (a− n)n
an−1 (a− 1)n−1 (a− 2)n−1 ... (a− n)n−1
... ... ... ... ...
a a− 1 a− 2 ... a− n
1 1 1 ... 1

∣∣∣∣∣∣∣∣∣∣
.

Çàïèøåìî ðÿäêè öüîãî âèçíà÷íèêà ó çâîðîòíîìó ïîðÿäêó, ïðè öüî-

ìó éîãî íåîáõiäíî äîìíîæèòè íà sign

(
1 2 3 ... n+ 1

n+ 1 n n− 1 ... 1

)
=

(−1)C2
n+1.

detV = (−1)
(n+1)n

2

∣∣∣∣∣∣∣∣∣∣
1 1 1 ... 1
a a− 1 a− 2 ... a− n
... ... ... ... ...
an−1 (a− 1)n−1 (a− 2)n−1 ... (a− n)n−1
an (a− 1)n (a− 2)n ... (a− n)n

∣∣∣∣∣∣∣∣∣∣
.

Ìè îòðèìàëè âèçíà÷íèê Âàíäåðìîíäà (n+1)-ãî ïîðÿäêó ç aj = a−j, j =
0, 1, ..., n.

detV = (−1)
(n+1)n

2

∏
0≤j<i≤n

(j − i).

Çìiíèìî çíàê ó êîæíié äóæöi ïiä çíàêîì äîáóòêó. Îñêiëüêè ìíîæíè-

êiâ C2
n+1, òî

detV =
∏

0≤j<i≤n
(i− j).
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Çàïèøåìî îêðåìî ìíîæíèêè, ùî âiäïîâiäàþòü j = 0, 1, ..., n− 1.

detV = (1·2·3·...·(n−2)·(n−1)·n)(1·2·3·...·(n−2)·(n−1))(1·2·3·...·(n−2))·...·1.

Îòðèìà¹ìî:

detV = n!(n− 1)!(n− 2)!... · 1! =
n∏

k=1

k!.

Äîìàøí¹ çàâäàííÿ: È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå, �� 328, 330, 332.

3 Ëiíiéíi ïðîñòîðè

Îçíà÷åííÿ 2 Íåõàé V � íåïîðîæíÿ ìíîæèíà, F � ïîëå. V íàçèâà¹òü-

ñÿ ëiíiéíèì ïðîñòîðîì íàä F, ÿêùî íà V çàäàíà îïåðàöiÿ äîäàâàííÿ i

çîâíiøíÿ îïåðàöiÿ ìíîæåííÿ íà ñêàëÿð ç ïîëÿ F, ùî çàäîâîëüíÿþòü

íàñòóïíèì âëàñòèâîñòÿì:

1. ∀x, y ∈ V : x+ y = y + x;

2. ∀x, y, z ∈ V : (x+ y) + z = x+ (y + z);

3. ∃θ ∈ V ∀x ∈ V : x+ θ = x;

4. ∀x ∈ V ∃y ∈ V : x+ y = θ;

5. ∀x, y ∈ V ∀α ∈ F : α(x+ y) = αx+ αy;

6. ∀x ∈ V ∀α, β ∈ F : (α+ β)x = αx+ βx;

7. ∀x ∈ V ∀α, β ∈ F : (αβ)x = α(βx);

8. ∀x ∈ V : 1 · x = x.

Äóæå âàæëèâèì ïðèêëàäîì ëiíiéíîãî ïðîñòîðó íàä ïîëåì R ¹ ïðîñòið

âåêòîðiâ-ñòîâï÷èêiâ Rn:

Rn =



a1
a2
...
an

 : aj ∈ R


ç îïåðàöiÿìè ïîåëåìåíòíîãî äîäàâàííÿ òà ïîåëåìåíòíîãî ìíîæåííÿ íà

ñêàëÿð. Çà àíàëîãi¹þ ç öèì ïðèêëàäîì åëåìåíòè áóäü-ÿêîãî ëiíiéíîãî

ïðîñòîðó áóäåìî íàçèâàòè âåêòîðàìè.
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Îçíà÷åííÿ 3 Âåêòîðè x, y, ..., w ∈ V íàçèâàþòüñÿ ëiíiéíî íåçàëåæ-

íèìè, ÿêùî ç ðiâíîñòi αx + βy + ... + γw = 0 âèïëèâà¹, ùî α = β =
... = γ = 0. Òîáòî äîðiâíþâàòè íóëþ ìîæå ëèøå òðèâiàëüíà ëiíiéíà

êîìáiíàöiÿ öèõ âåêòîðiâ.

Îçíà÷åííÿ 4 Ñèñòåìà âåêòîðiâ x1, x2, ..., xn ∈ V íàçèâà¹òüñÿ ïîâíîþ,

ÿêùî áóäü-ÿêèé âåêòîð y ∈ V ìîæå áóòè ïîäàíèé ó âèãëÿäi ëiíiéíî¨

êîìáiíàöi¨ öèõ âåêòîðiâ

y = α2x2 + α2x2 + ...+ αnxn, αi ∈ R.

Îçíà÷åííÿ 5 Ïîâíà ñèñòåìà ëiíiéíî íåçàëåæíèõ âåêòîðiâ íàçè-

âà¹òüñÿ áàçèñîì ëiíiéíîãî ïðîñòîðó.

Îçíà÷åííÿ 6 Ðîçìiðíiñòþ ëiíiéíîãî ïðîñòîðó íàçèâà¹òüñÿ ÷èñëî âåê-

òîðiâ ó áàçèñi (dimV ).

Ïðèêëàä 4 ×è ¹ íàñòóïíi âåêòîðè ó ïðîñòîði R4 ëiíiéíî íåçàëåæíè-

ìè?

à)


1
−1
0
2

 ,


2
0
3
1

 ,


4
−2
3
5

.
Çàïèøåìî ëiíiéíó êîìáiíàöiþ öèõ âåêòîðiâ, ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ

i ç'ÿñó¹ìî, ÷è ìîæóòü ÿêiñü ç êîåôiöi¹íòiâ ëiíiéíî¨ êîìáiíàöi¨ áóòè

âiäìiííèìè âiä íóëÿ.

α


1
−1
0
2

+ β


2
0
3
1

+ γ


4
−2
3
5

 = 0

. 
α+ 2β + 4γ = 0

−α− 2γ = 0

3β + 3γ = 0

2α+ β + 5γ = 0.

Äîäàìî äî äðóãîãî ðiâíÿííÿ ïåðøå, à äî ÷åòâåðòîãî � ïåðøå, ïîìíî-

æåíå íà (-2). Ìåòà öüîãî ïåðåòâîðåííÿ � ïîçáàâèòèñÿ âiä α ó äðóãîìó

i ÷åòâåðòîìó ðiâíÿííÿõ. Ìà¹ìî:
α+ 2β + 4γ = 0

2β + 2γ = 0

3β + 3γ = 0

−3β − 3γ = 0.
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Äðóãå, òðåò¹ i ÷åòâåðòå ðiâíÿííÿ âèÿâèëèñÿ åêâiâàëåíòíèìè. Ðîçãëÿ-

íåìî ñèñòåìó {
α+ 2β + 4γ = 0

β + γ = 0.

Öÿ ñèñòåìà ìà¹ íåòðèâiàëüíèé (òîáòî òàêèé, ùî ñêëàäà¹òüñÿ íå ëè-

øå ç íóëiâ) ðîçâ'ÿçîê: α = 2, β = 1, γ = −1. Îòæå, âåêòîðè ¹ ëiíiéíî

çàëåæíèìè.

á)


0
2
1
1

 ,


3
−1
2
0

 ,


4
1
1
2

.
Ïðèðiâíÿ¹ìî äî íóëÿ ëiíiéíó êîìáiíàöiþ öèõ âåêòîðiâ i îòðèìà¹ìî

ñèñòåìó ðiâíÿíü: 
3β + 4γ = 0

2α− β + γ = 0

α+ 2β + γ = 0

α+ 2γ = 0.

Âèðàæà¹ìî ç ÷åòâåðòîãî ðiâíÿííÿ α é ïiäñòàâëÿ¹ìî ó äðóãå i òðåò¹:
3β + 4γ = 0

β + 3γ = 0

2β − γ = 0

α = −2γ.

Ç öi¹¨ ñèñòåìè çíàõîäèìî, ùî α = β = γ = 0. Îòæå, âåêòîðè ¹ ëiíiéíî

íåçàëåæíèìè.

Îçíà÷åííÿ 7 Ïiäìíîæèíà L ëiíiéíîãî ïðîñòîðó V íàçèâà¹òüñÿ ëiíié-

íèì ïiäïðîñòîðîì, ÿêùî öÿ ïiäìíîæèíà ñàìà ¹ ëiíiéíèì ïðîñòîðîì

âiäíîñíî îïåðàöié ïðîñòîðó V .

Ïðèêëàä 5 ×è ¹ ëiíiéíèì ïiäïðîñòîðîì ïðîñòîðó R3 ìíîæèíà âåê-

òîðiâ âèãëÿäó {

x1x2
1

 : x1, x2 ∈ R}?

Îñêiëüêè

x1x2
1

+

y1y2
1

 =

x1 + y1
x2 + y2

2

, à 2 6= 1, òî äàíà ìíîæèíà íå

¹ ëiíiéíèì ïiäïðîñòîðîì.

Ïðèêëàä 6 ×è ¹ ìíîæèíà L = {


x1
0
x3
x4
x5

 : xi ∈ R, x5 = 2x1, x3 + x4 = 0}
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ëiíiéíèì ïiäïðîñòîðîì ïðîñòîðó R5? ßêùî òàê, çíàéäiòü éîãî áàçèñ i

ðîçìiðíiñòü.

Ïåðåâiðèìî çàìêíåíiñòü ìíîæèíè L âiäíîñíî îïåðàöié äîäàâàííÿ i

ìíîæåííÿ íà ñêàëÿð.
x1
0
x3
x4
x5

+


y1
0
y3
y4
y5

 =


x1 + y1

0
x3 + y3
x4 + y4
x5 + y5

 .

Áà÷èìî, ùî äðóãà êîìïîíåíòà ñóìè äîðiâíþ¹ íóëþ. Äàëi

x5 + y5 = 2x1 + 2y1 = 2(x1 + y1),

(x3 + y3) + (x4 + y4) = (x3 + x4) + (y3 + y4) = 0 + 0 = 0.

Îòæå, L çàìêíåíà âiäíîñíî ñóìè. Ðîçãëÿíåìî ìíîæåííÿ íà ñêàëÿð.

α


x1
0
x3
x4
x5

 =


αx1
0
αx3
αx4
αx5

 .

Äðóãà êîìïîíåíòà âåêòîðà äîðiâíþ¹ íóëþ, îêðiì òîãî

αx5 = α2x1 = 2(αx2),

αx3 + αx4 = α(x3 + x4) = 0.

Ìè ïåðåâiðèëè çàìêíåíiñòü L âiäíîñíî ìíîæåííÿ íà ñêàëÿð.

Iíøi àêñiîìè ëiíiéíîãî ïðîñòîðó ïåðåâiðÿþòüñÿ åëåìåíòàðíî. Ïî-

ìiòèìî, ùî íóëüîâèé âåêòîð � öå

θ =


0
0
0
0
0

 , θ ∈ L,

à ïðîòèëåæíèé âåêòîð � öå 
−x1
0
−x3
−x4
−x5

 .
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Ëåãêî áà÷èòè, ùî

−x5 = −(2x1) = 2(−x1),
−x3 − x4 = −(x3 + x4) = 0,

òîìó ïðîòèëåæíèé âåêòîð ëåæèòü â L. Îòæå, L � ëiíiéíèé ïiäïðî-

ñòið R5.

Çíàéäåìî áàçèñ L. Çàçâè÷àé ïðè ïîáóäîâi áàçèñó íàìàãàþòüñÿ îäíó ç

êîìïîíåíò âåêòîðà ïîêëàñòè ðiâíîþ 1, à iíøi, ÿêi ìîæëèâî, ïîêëàñòè

ðiâíèìè íóëþ. Âðàõîâóþ÷è óìîâè x5 = 2x1 i x3 + x4 = 0, ñïðîáó¹ìî ó

ÿêîñòi áàçèñíèõ âåêòîðiâ îáðàòè

e1 =


1
0
0
0
2

 , e2 =


0
0
1
−1
0

 .

Ïåðåâiðèìî, ùî öi âåêòîðè ¹ ëiíiéíî íåçàëåæíèìè.

α


1
0
0
0
2

+ β


0
0
1
−1
0

 = 0.

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî 
α = 0

β = 0

−β = 0

2α = 0.

Òàêèì ÷èíîì, α = β = 0. Âåêòîðè e1 òà e2 ëiíiéíî íåçàëåæíi. Ïî-

êàæåìî, ùî áóäü-ÿêèé âåêòîð ç L ìîæíà ïîäàòè ó âèãëÿäi ëiíiéíî¨

êîìáiíàöi¨ e1 i e2. Äiéñíî,
x1
0
x3
x4
x5

 =


x1
0
x3
−x3
2x1

 = x1


1
0
0
0
2

+ x3


0
0
1
−1
0

 = x1e1 + x3e2.

Îòæå, e1, e2 � áàçèñ ïiäïðîñòîðó L, dimL = 2.

Äîìàøí¹ çàâäàííÿ: È. Â. Ïðîñêóðÿêîâ, Ñáîðíèê çàäà÷ ïî ëèíåéíîé àë-

ãåáðå, �� 639-642, 1285-1293, 1297-1300.

Êîíñóëüòàöi¨ Çàâàðçiíî¨ Î.Î. ïðîõîäèòèìóòü çàñîáàìè åëåê-

òðîííî¨ ïîøòè òà scype. Çà ïîòðåáè çâåðòàéòåñÿ çà àäðåñîþ:

olesia.zavarzina@yahoo.com.
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